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Abstract

In this manuscript, by using an integral identity together with both the Hölder, Hölder-İşcan
and the Power-mean integral inequalities we obtain several new inequalities for n-time
differentiable trigonometrically convex functions.

1. Preliminaries

Ω : I ⊆ R→ R be a convex function on the interval I of real numbers and r,s ∈ I with r < s. The inequality

Ω

(
r+ s

2

)
≤ 1

s− r

∫ s

r
Ω(u)du≤ Ω(r)+Ω(s)

2

is well known in the literature as Hermite-Hadamard’s (H-H) integral inequality for convex functions [13]. The classical H-H inequality
provides estimates of the mean value of a continuous convex or concave function. In recent years, significant improvements and generalizations
have been found on convexity theory and H-H inequality; see for example [1–6, 8, 13].

Definition 1.1. A function Ω : I ⊆ R→ R is said to be convex if the inequality

Ω(εr+(1− ε)s)≤ εΩ(r)+(1− ε)Ω(s)

is valid for all r,s ∈ I and ε ∈ [0,1]. If this inequality reverses, then Ω is said to be concave on interval I 6=∅.

For some inequalities, generalizations and applications concerning convexity see [2–4, 6, 11–15]. Recently, in the literature there are so many
papers about n-times differentiable functions on several kinds of convexities. In references [2, 4, 8, 14], readers can find some results about
this issue. Many papers have been written by a number of mathematicians concerning inequalities for different classes of convex functions
see for instance the recent papers [1, 3, 5, 6] and the references within these papers.
In [9], Kadakal gave the concept of the trigonometrically convex functions and related Hermite-Hadamard type inequalities.

Definition 1.2 ( [9]). A non-negative function Ω : I→ R is called trigonometrically convex function on interval [r,s], if for each r,s ∈ I and
ε ∈ [0,1],

Ω(εr+(1− ε)s)≤
(

sin
πε

2

)
Ω(r)+

(
cos

πε

2

)
Ω(s).

If this inequality reveresed, then the function is called trigonometrically concave.

Email addresses and ORCID numbers: kebekar@gmail.com, https://orcid.org/0000-0002-7531-9345 (K. Bekar)



110 Universal Journal of Mathematics and Applications

Theorem 1.3 ( [9]). Let the function Ω : [r,s]→ R, s > 0, be a trigonometrically convex function. If 0≤ r < s and Ω ∈ L [r,s], then the
following inequality holds:

1
s− r

∫ s

r
Ω(x)dx≤ 2

π
[Ω(r)+Ω(s)] .

Remark 1.4. It is easily seen that, if the function Ω : [r,s]→ R, s > 0, be a trigonometrically concave function, then for 0 ≤ r < s and
Ω ∈ L [r,s], then the following inequality holds:

1
s− r

∫ s

r
Ω(x)dx≥ 2

π
[Ω(r)+Ω(s)] .

Theorem 1.5 ( [9]). Let the function Ω : [r,s]→ R, s > 0,be a trigonometrically convex function. If 0 ≤ r < s and Ω ∈ L [r,s], then the
following inequalities holds:

Ω

(
s+ r

2

)
≤
√

2
s− r

∫ s

r
Ω(x)dx.

Remark 1.6. It is easily seen that, if the function Ω : [r,s]→ R, s > 0, be a trigonometrically concave function, then for 0 ≤ r < s and
Ω ∈ L [r,s], then the following inequality holds:

Ω

(
a+b

2

)
≥
√

2
s− r

∫ s

r
Ω(x)dx.

A refinement of Hölder integral inequality better approach than Hölder integral inequality can be given as follows:

Theorem 1.7 (Hölder-İşcan Integral Inequality [7]). Let p > 1 and 1
p +

1
q = 1. If f and g are real functions defined on interval [r,s] and if

| f |p, |g|q are integrable functions on [r,s] then

∫ s

r
| f (x)g(x)|dx≤ 1

s− r

{(∫ s

r
(s− x) | f (x)|p dx

) 1
p
(∫ s

r
(s− x) |g(x)|q dx

) 1
q

+

(∫ s

r
(x− r) | f (x)|p dx

) 1
p
(∫ s

r
(x− r) |g(x)|q dx

) 1
q

}

Let 0 < r < s, throughout this paper we will use

A(r,s) =
r+ s

2

Lp (r,s) =
(

sp+1− rp+1

(p+1)(s− r)

) 1
p

, r 6= s, p ∈ R, p 6=−1,0

for the arithmetic and generalized logarithmic mean, respectively.

2. Main Results

We will use the following Lemma for obtain our main results.

Lemma 2.1 ( [10]). Let Ω : I ⊆ R→ R be n-times differentiable mapping on I◦ for n ∈ N and Ω(n) ∈ L [r,s], where r,s ∈ I◦ with r < s, we
have the identity

n−1

∑
k=0

(−1)k

(
Ω(k)(s)sk+1−Ω(k)(r)rk+1

(k+1)!

)
−
∫ s

r
Ω(x)dx =

(−1)n+1

n!

∫ s

r
xn

Ω
(n)(x)dx (2.1)

where an empty sum is understood to be nil.

Theorem 2.2. For n ∈ N; let Ω : I ⊆ (0,∞)→ R be n-times differentiable function on I◦ and r,s ∈ I◦ with r < s. If Ω(n) ∈ L [r,s] and∣∣∣Ω(n)
∣∣∣q for q > 1 is trigonometrically convex function on the interval [r,s], then the following inequality holds:

∣∣∣∣∣n−1

∑
k=0

(−1)k

(
Ω(k)(s)sk+1−Ω(k)(r)rk+1

(k+1)!

)
−
∫ s

r
Ω(x)dx

∣∣∣∣∣≤ s− r
n!

(
4
π

) 1
q

Ln
np(s,r)A

1
q

(∣∣∣Ω(n)(r)
∣∣∣q , ∣∣∣Ω(n)(s)

∣∣∣q) . (2.2)

Proof. If the function
∣∣∣Ω(n)

∣∣∣q for q > 1 is trigonometrically convex on the interval [r,s], using Lemma 2.1, the Hölder integral inequality and

∣∣∣Ω(n)(x)
∣∣∣q = ∣∣∣∣Ω(n)

(
s− x
s− r

r+
x− r
s− r

s
)∣∣∣∣q ≤ sin

π (s− x)
2(s− r)

∣∣∣Ω(n)(r)
∣∣∣q + cos

π (s− x)
2(s− r)

∣∣∣Ω(n)(s)
∣∣∣q ,
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we get ∣∣∣∣∣n−1

∑
k=0

(−1)k

(
Ω(k)(s)sk+1−Ω(k)(r)rk+1

(k+1)!

)
−
∫ s

r
Ω(x)dx

∣∣∣∣∣
≤ 1

n!

∫ s

r
xn
∣∣∣Ω(n)(x)

∣∣∣dx

≤ 1
n!

(∫ s

r
xnpdx

) 1
p
(∫ s

r

∣∣∣Ω(n)(x)
∣∣∣q dx

) 1
q

≤ 1
n!

(∫ s

r
xnpdx

) 1
p
(∫ s

r

[
sin

π (s− x)
2(s− r)

∣∣∣Ω(n)(a)
∣∣∣q + cos

π (s− x)
2(s− r)

∣∣∣Ω(n)(b)
∣∣∣q]dx

) 1
q

=
1
n!

(∫ s

r
xnpdx

) 1
p
(∣∣∣Ω(n)(r)

∣∣∣q ∫ s

r
sin

π (s− x)
2(s− r)

dx+
∣∣∣Ω(n)(s)

∣∣∣q ∫ s

r
cos

π (s− x)
2(s− r)

dx
) 1

q

=
1
n!

(
snp+1− rnp+1

np+1

) 1
p
(

2
π
(s− r)

∣∣∣Ω(n)(r)
∣∣∣q + 2

π
(s− r)

∣∣∣Ω(n)(s)
∣∣∣q) 1

q

=
1
n!

(s− r)
1
p (s− r)

1
q

(
4
π

) 1
q
(

snp+1− rnp+1

(np+1)(s− r)

) 1
p


∣∣∣Ω(n)(r)

∣∣∣q + ∣∣∣Ω(n)(s)
∣∣∣q

2


1
q

=
s− r

n!

(
4
π

) 1
q
[

snp+1− rnp+1

(np+1)(s− r)

] 1
p


∣∣∣Ω(n)(r)

∣∣∣q + ∣∣∣Ω(n)(s)
∣∣∣q

2


1
q

=
s− r

n!

(
4
π

) 1
q

Ln
np(r,s)A

1
q

(∣∣∣Ω(n)(r)
∣∣∣q , ∣∣∣Ω(n)(s)

∣∣∣q) .

Corollary 2.3. Under the conditions Theorem 2.2 for n = 1 we have the following inequality:

∣∣∣∣Ω(s)s−Ω(s)s
s− r

− 1
s− r

∫ s

r
Ω(x)dx

∣∣∣∣≤ ( 4
π

) 1
q

Lp(r,s)
[
|Ω′(r)|q + |Ω′(s)|q

2

] 1
q

.

Proposition 2.4. Let r,s ∈ (0,∞) with r < s, q > 1 and m ∈ (−∞,0]∪ [1,∞)\{−2q,−q}, we have

L
m
q +1
m
q +1(r,s)≤

(
4
π

) 1
q

Lp(r,s)A
1
q (rm,sm)

Proof. Under the assumption of the Proposition, let Ω(x) = q
m+q x

m
q +1, x ∈ (0,∞). Then

∣∣Ω′(x)∣∣q = xm

is trigonometrically convex on (0,∞) and the result follows directly from Corollary 2.3.

Theorem 2.5. For n ∈ N; let Ω : I ⊆ (0,∞)→ R be n-times differentiable function on I◦ and r,s ∈ I◦ with r < s. If Ω(n) ∈ L [r,s] and∣∣∣Ω(n)
∣∣∣q for q > 1 is trigonometrically convex function on the interval [r,s], then the following inequality holds:

∣∣∣∣∣n−1

∑
k=0

(−1)k

(
Ω(k)(s)sk+1−Ω(k)(r)rk+1

(k+1)!

)
−
∫ s

r
Ω(x)dx

∣∣∣∣∣
≤ (s− r)

1
q

n!

([
sLnp

np(r,s)−Lnp+1
np+1(r,s)

]) 1
p

(
4

π2

∣∣∣Ω(n)(r)
∣∣∣q + 2(π−2)

π2

∣∣∣Ω(n)(s)
∣∣∣q) 1

q

+
(s− r)

1
q

n!

([
Lnp+1

np+1(r,s)−aLnp
np(r,s)

]) 1
p

(
2(π−2)

π2

∣∣∣Ω(n)(r)
∣∣∣q + 4

π2

∣∣∣Ω(n)(s)
∣∣∣q) 1

q

. (2.3)

Proof. If the function
∣∣∣Ω(n)

∣∣∣q for q > 1 is trigonometrically convex on the interval [r,s], using Lemma 2.1, the Hölder-İşcan integral
inequality and

∣∣∣Ω(n)(x)
∣∣∣q = ∣∣∣∣Ω(n)

(
s− x
s− r

r+
x− r
s− r

s
)∣∣∣∣q ≤ sin

π (s− x)
2(s− r)

∣∣∣Ω(n)(r)
∣∣∣q + cos

π (s− x)
2(s− r)

∣∣∣Ω(n)(s)
∣∣∣q ,
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we get ∣∣∣∣∣n−1

∑
k=0

(−1)k

(
Ω(k)(s)sk+1−Ω(k)(r)rk+1

(k+1)!

)
−
∫ s

r
Ω(x)dx

∣∣∣∣∣
≤ 1

n!

∫ s

r
xn
∣∣∣Ω(n)(x)

∣∣∣dx

≤ 1
n!

(∫ s

r
xnpdx

) 1
p
(∫ s

r

∣∣∣Ω(n)(x)
∣∣∣q dx

) 1
q

≤ 1
n!(s− r)

(∫ s

r
(s− x)xnpdx

) 1
p
(∫ s

r
(s− x)

[
sin

π (s− x)
2(s− r)

∣∣∣Ω(n)(a)
∣∣∣q + cos

π (s− x)
2(s− r)

∣∣∣Ω(n)(b)
∣∣∣q]dx

) 1
q

+
1

n!(s− r)

(∫ s

r
(x− r)xnpdx

) 1
p
(∫ s

r
(x− r)

[
sin

π (s− x)
2(s− r)

∣∣∣Ω(n)(r)
∣∣∣q + cos

π (s− x)
2(s− r)

∣∣∣Ω(n)(s)
∣∣∣q]dx

) 1
q

=
1

n!(s− r)

(∫ s

r
(s− x)xnpdx

) 1
p
(∣∣∣Ω(n)(r)

∣∣∣q ∫ s

r
(s− x)sin

π (s− x)
2(s− r)

dx+
∣∣∣Ω(n)(s)

∣∣∣q ∫ s

r
(b− x)cos

π (s− x)
2(s− r)

dx
) 1

q

+
1

n!(s− r)

(∫ s

r
(x− r)xnpdx

) 1
p
(∣∣∣Ω(n)(r)

∣∣∣q ∫ s

r
(x− r)sin

π (s− x)
2(s− r)

dx+
∣∣∣Ω(n)(s)

∣∣∣q ∫ s

r
(x− r)cos

π (s− x)
2(s− r)

dx
) 1

q

=
1

n!(s− r)

(
(s− r)

[
sLnp

np(r,s)−Lnp+1
np+1(r,s)

]) 1
p

(
4(s− r)2

π2

∣∣∣Ω(n)(r)
∣∣∣q + 2(π−2)(s− r)2

π2

∣∣∣Ω(n)(s)
∣∣∣q) 1

q

+
1

n!(s− r)

(
(s− r)

[
Lnp+1

np+1(r,s)− rLnp
np(r,s)

]) 1
p

(
2(π−2)(s− r)2

π2

∣∣∣Ω(n)(r)
∣∣∣q + 4(s− r)2

π2

∣∣∣Ω(n)(s)
∣∣∣q) 1

q

=
(s− r)

1
q

n!

([
sLnp

np(r,s)−Lnp+1
np+1(r,s)

]) 1
p

(
4

π2

∣∣∣Ω(n)(r)
∣∣∣q + 2(π−2)

π2

∣∣∣Ω(n)(s)
∣∣∣q) 1

q

+
(s− r)

1
q

n!

([
Lnp+1

np+1(r,s)− rLnp
np(r,s)

]) 1
p

(
2(π−2)

π2

∣∣∣Ω(n)(r)
∣∣∣q + 4

π2

∣∣∣Ω(n)(s)
∣∣∣q) 1

q

.

Theorem 2.6. For n ∈ N; let Ω : I ⊆ (0,∞)→ R be n-times differentiable function on I◦ and r,s ∈ I◦ with r < s. If Ω(n) ∈ L [r,s] and∣∣∣Ω(n)
∣∣∣q for q≥ 1 is trigonometrically convex on the interval [r,s] , then the following inequality holds:∣∣∣∣∣n−1

∑
k=0

(−1)k

(
Ω(k)(s)sk+1−Ω(k)(r)rk+1

(k+1)!

)
−
∫ s

r
Ω(x)dx

∣∣∣∣∣≤ 1
n!
(s− r)1− 1

q L
n
(

1− 1
q

)
n

{∣∣∣Ω(n)(r)
∣∣∣q S1 (r,s)+

∣∣∣Ω(n)(s)
∣∣∣q S2 (r,s)

} 1
q
,

where

S1 (r,s) =
∫ s

r
xnsin

π (s− x)
2(s− r)

dx, S2 (r,s) =
∫ s

r
xncos

π (s− x)
2(s− r)

dx.

Proof. From Lemma 2.1 and Power-mean integral inequality, we have∣∣∣∣∣n−1

∑
k=0

(−1)k

(
Ω(k)(s)sk+1−Ω(k)(r)rk+1

(k+1)!

)
−
∫ s

r
Ω(x)dx

∣∣∣∣∣
≤ 1

n!

∫ s

r
xn
∣∣∣Ω(n)(x)

∣∣∣dx

≤ 1
n!

(∫ s

r
xndx

)1− 1
q
(∫ s

r
xn
∣∣∣Ω(n)(x)

∣∣∣q dx
) 1

q

≤ 1
n!

(∫ s

r
xndx

)1− 1
q
(∫ s

r
xn
[

sin
π (s− x)
2(s− r))

∣∣∣Ω(n)(r)
∣∣∣q + cos

π (s− x)
2(s− r))

∣∣∣Ω(n)(s)
∣∣∣q]dx

) 1
q

=
1
n!

(∫ s

r
xndx

)1− 1
q
(∣∣∣Ω(n)(r)

∣∣∣q ∫ s

r
xnsin

π (s− x)
2(s− r))

dx+
∣∣∣Ω(n)(s)

∣∣∣q ∫ s

r
xncos

π (s− x)
2(s− r))

dx
) 1

q

=
1
n!
(s− r))1− 1

q

[
sn+1− rn+1

(n+1)(s− r)

]1− 1
q {∣∣∣Ω(n)(s)

∣∣∣q S1 (r,s)+
∣∣∣Ω(n)(r)

∣∣∣q S2 (r,s)
} 1

q

=
1
n!
(s− r)1− 1

q L
n
(

1− 1
q

)
n

{∣∣∣Ω(n)(r)
∣∣∣q S1 (r,s)+

∣∣∣Ω(n)(s)
∣∣∣q S2 (r,s)

} 1
q
.
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Corollary 2.7. Under the conditions Theorem 2.6 for n = 1 we have the following inequality:∣∣∣∣Ω(s)s−Ω(s)s
s− r

− 1
s− r

∫ s

r
Ω(x)dx

∣∣∣∣≤ ( r+ s
2

)1− 1
q
[

2πs−4(s− r)
π2

∣∣Ω′(r)∣∣q + 4(s− r)−2πr
π2

∣∣Ω′(s)∣∣q] 1
q

.

Proposition 2.8. Let r,s ∈ (0,∞) with r < s, q > 1 and m ∈ (−∞,0]∪ [1,∞)\{−2q,−q}, we have

L
m
q +1
m
q +1(r,s)≤ A1− 1

q (r,s)
[

2πs−4(s− r)
π2 rm +

4(s− r)−2πr
π2 sm

] 1
q

.

Proof. The result follows directly from Corollary 2.7 for the function

Ω(x) =
q

m+q
x

m
q +1,x ∈ (0,∞) .

This completes the proof of Proposition.

Corollary 2.9. Using Proposition 2.8. for m = 1, we have following inequality:

L
1
q +1
1
q +1

(r,s)≤ A1− 1
q (r,s)

[
4(s− r)2

π2

] 1
q

.

Corollary 2.10. Using Proposition 2.8 for q = 1, we have following inequality:

Lm+1
m+1(r,s)≤

2πs−4(s− r)
π2 rm +

4(s− r)−2πr
π2 sm.

Corollary 2.11. Using Corollary 2.10 for m = 1, we have following inequality:

L2
2(r,s)≤

4(s− r)2

π2 .

Corollary 2.12. With the conditions of the Theorem 2.6 for q = 1 we have the following inequality:∣∣∣∣∣n−1

∑
k=0

(−1)k

(
Ω(k)(s)sk+1−Ω(k)(r)rk+1

(k+1)!

)
−
∫ s

r
Ω(x)dx

∣∣∣∣∣≤ 1
n!

{∣∣∣Ω(n)(r)
∣∣∣S1 (r,s)+

∣∣∣Ω(n)(s)
∣∣∣S2 (r,s)

}
Theorem 2.13. For n ∈ N; let Ω : I ⊂ (0,∞)→ R be n-times differentiable function on I◦ and r,s ∈ I◦ with r < s. If Ω(n) ∈ L [r,s] and∣∣∣Ω(n)

∣∣∣q for q > 1 is trigonometrically concave on the interval [a,b] , then the following inequality holds:∣∣∣∣∣n−1

∑
k=0

(−1)k

(
Ω(k)(s)sk+1−Ω(k)(r)rk+1

(k+1)!

)
−
∫ s

r
Ω(x)dx

∣∣∣∣∣≤ s− r
n!

(
1
2

) 1
2q

Ln
np(r,s)

∣∣∣∣Ω(n)
(

r+ s
2

)∣∣∣∣ .
Proof. Since

∣∣∣Ω(n)
∣∣∣q for q > 1 is trigonometrically concave on the interval [r,s], with respect to Hermite-Hadamard inequality we can write

∫ s

r

∣∣∣Ω(n)(x)
∣∣∣q dx≤ s− r√

2

∣∣∣∣Ω(n)
(

r+ s
2

)∣∣∣∣q .
Using Lemma 2.1 and the Hölder integral inequality we have∣∣∣∣∣n−1

∑
k=0

(−1)k

(
Ω(k)(s)sk+1−Ω(k)(r)rk+1

(k+1)!

)
−
∫ s

r
Ω(x)dx

∣∣∣∣∣≤ 1
n!

∫ s

r
xn
∣∣∣Ω(n)(x)

∣∣∣dx

≤ 1
n!

(∫ s

r
xnpdx

) 1
p
(∫ s

r

∣∣∣Ω(n)(x)
∣∣∣q dx

) 1
q

≤ 1
n!

(∫ s

r
xnpdx

) 1
p
(

s− r√
2

∣∣∣∣ f (n)( r+ s
2

)∣∣∣∣q) 1
q

=
s− r

n!

(
1
2

) 1
2q
[

snp+1− rnp+1

(np+1)(s− r)

] 1
p
∣∣∣∣Ω(n)

(
r+ s

2

)∣∣∣∣
=

s− r
n!

(
1
2

) 1
2q

Ln
np(r,s)

∣∣∣∣Ω(n)
(

r+ s
2

)∣∣∣∣ .
Corollary 2.14. With the conditions of the Theorem 2.13 for n = 1 we have the following inequality:∣∣∣∣Ω(s)s−Ω(s)s

s− r
− 1

s− r

∫ s

r
Ω(x)dx

∣∣∣∣≤ (1
2

) 1
2q

Lp(r,s)
∣∣∣∣Ω′( r+ s

2

)∣∣∣∣ .
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