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differentiable trigonometrically convex functions.

1. Preliminaries

Q:1CR — R be aconvex function on the interval  of real numbers and r,s € I with » < s. The inequality

a(75) ;2 [ 20500

is well known in the literature as Hermite-Hadamard’s (H-H) integral inequality for convex functions [13]. The classical H-H inequality
provides estimates of the mean value of a continuous convex or concave function. In recent years, significant improvements and generalizations
have been found on convexity theory and H-H inequality; see for example [1-6, 8, 13].

Definition 1.1. A function Q : 1 CR — R is said to be convex if the inequality
Qer+(1—g)s) <eQ(r)+(1—¢€)Q(s)
is valid for all r,s € I and € € [0, 1]. If this inequality reverses, then Q is said to be concave on interval 1 # @.

For some inequalities, generalizations and applications concerning convexity see [2—4,6,11-15]. Recently, in the literature there are so many
papers about n-times differentiable functions on several kinds of convexities. In references [2,4, 8, 14], readers can find some results about
this issue. Many papers have been written by a number of mathematicians concerning inequalities for different classes of convex functions
see for instance the recent papers [1,3,5,6] and the references within these papers.

In [9], Kadakal gave the concept of the trigonometrically convex functions and related Hermite-Hadamard type inequalities.

Definition 1.2 ( [9]). A non-negative function Q : I — R is called trigonometrically convex function on interval [r,s), if for each r,s € I and
e€el0,1],

Qer+(1—g)s) < (sin%e) Q(r)+ (cos%‘(:) Q(s).

If this inequality reveresed, then the function is called trigonometrically concave.
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Theorem 1.3 ([9]). Let the function Q : [r,s] = R, s > 0, be a trigonometrically convex function. If 0 <r < s and Q € L|r,s), then the
following inequality holds:

1 Powax< % [Q(r)+Q(s)].-

s—rJr

Remark 1.4. It is easily seen that, if the function Q : [r,s] = R, s > 0, be a trigonometrically concave function, then for 0 < r < s and
Q € L{[r,s|, then the following inequality holds:

1 owax> % [Q(r)+Q(s)].

s—rJr

Theorem 1.5 ( [9]). Let the function Q : [r,s] — R, s > 0,be a trigonometrically convex function. If 0 < r < s and Q € L][r,s|, then the
following inequalities holds:

Q(S+r> s—r/Q

Remark 1.6. It is easily seen that, if the function Q : [r,s] = R, s > 0, be a trigonometrically concave function, then for 0 < r < s and
Q € L[r,s), then the following inequality holds:

of4th zﬁ " Q).
(5% ®

2 s—rJr

A refinement of Holder integral inequality better approach than Holder integral inequality can be given as follows:

Theorem 1.7 (Holder-Iscan Integral Inequality [7]). Let p > 1 and % + é = 1. If f and g are real functions defined on interval [r,s] and if
17,

are integrable functions on [r,s] then

1 1 1

[ 10st dx<]r{(/rs(sX)f(x)lde);)(/rs(sX)g(X)quX)q H([a-ntrera) ([a-nlwra)”

Let 0 < r < s, throughout this paper we will use

r+s
2

A(rs) =

Sp+l _ rp+1

»
Ly(rns)=|—————=) , r#s, peR, -1,0
for the arithmetic and generalized logarithmic mean, respectively.

2. Main Results

We will use the following Lemma for obtain our main results.

Lemma 2.1 ([10]). Let Q:1 C R — R be n-times differentiable mapping on I° for n € N and QW ¢ L|r,s], where r,s € I° with r < s, we
have the identity

n—1 (k) s Sk-H _ (k) r rk-H s _1\nt+l o s
Z(—l)"(Q (s) (kﬂs)z! ) )—/r Q(x)dx:%/r X' (x)dx 2.1)

where an empty sum is understood to be nil.

Theorem 2.2. Forn € N; let Q: 1 C (0,00) — R be n-times differentiable function on I° and r,s € I° with r < s. If Q") € L[r,s] and

‘QW ! for g > 1 is trigonometrically convex function on the interval [1,s), then the following inequality holds:
n—1 (k) (g)gh+1 _ )t 1
Q (s) Q. 4\ q 1 q q
(-1 - [amard < () ot (o] Jem o). @2
k;) (k+1 ) n) " < )

q
Proof. If the function ’Q(”) for g > 1 is trigonometrically convex on the interval [r,s], using Lemma 2.1, the Holder integral inequality and

200 = ‘Q(”) (Erﬂ*’s)

S—r S—r

q
ﬂ —
<sin (s—x)

- 2(s—r)

T(s—x)
2(s—r)

q

2",

‘Q(")(r)‘q +cos

}
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we get

n—1 Q) (s)s k+1 _ rk+1
kg(_l)k< (k+1 > /Q

’ Q<">(x)"dx)‘]’

< % (/rsx””dx>; (/: {smgg:f)) Q<”)(b)ﬂ dx);
nl!(/rsx””dx>ll] (‘Q(">(r) "/rssin’;((jf))dx+‘9(”)(s)’q/rscos§((j’r‘))dx>'l'
- (Y (Gl s 2 o)

oot () (e [l R

ik

SCRE =

"

T

s faNE [ et et 13 [[@O )]+ |
() [Grren) :

1

_r (%) "L (rs)A (’Q(")(r)‘q,‘ﬂ(")(s)’q>.

n!
O
Corollary 2.3. Under the conditions Theorem 2.2 for n = 1 we have the following inequality:
1 1
Q(s)s —Q 1 s 4\q Q)|+ |9 ()77«
' (s)s—Qls)s 1 Q(x)dx| < <—) ILp(r,S) {—| O+
s—r s—rJr T 2
Proposition 2.4. Let r,s € (0,00) withr <s, ¢ > 1 and m € (—o0,0]U[1,00)\ {—2¢, —q}, we have
241 4\ 4 1
L0 < (3) Lol 07,57
Proof. Under the assumption of the Proposition, let Q(x) = mLH] xitl xe (0,0). Then
}Q’ (%) !q =x"
is trigonometrically convex on (0, ) and the result follows directly from Corollary 2.3. O

Theorem 2.5. Forn € N; let Q : 1 C (0,00) — R be n-times differentiable function on I° and r,s € I° with r < s. IfQ(”> € L[r,s] and

‘ QM) [r,s], then the following inequality holds:

n—1 ' Q(k)(s) k+1 _ rk+1
kg(*” (k+1 /Q

- (sfr)% ([SLZII;(V,S) _ et (VNY)])% (ﬂi ’Q(”)(r)‘qu y ‘Q(iﬁ

np+1

) q>;

+ (Sir)é ([L:Z’Zﬂ(r,s) —aL%(r,s)D% (72(7;; 2 ‘Q(")(V)’q-i-% ‘Q(n)(s)‘q) é 2.3)

q .
Proof. If the function ’QV’) for g > 1 is trigonometrically convex on the interval [r,s], using Lemma 2.1, the Holder-Iscan integral

inequality and

el = o (Zr+125)

! < sm;:éj::)) ‘Q(")(r)‘q—i-cosgéj::)) ‘Q(")(S)‘q~,
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we get

n—1 (k) (5)sk+1 — Q) () k+1 X
Z(_l)k (Q ( ) S_)Z ( )rk >_ i Q(x)dx

= (k+1)!
S
< e X Q (x)‘dx
n!Jr

o™ ‘qu) !

< #—r) (/S (sfx)x"pdx) /rs (s—x) {sm;r((j:f)) ‘Q(”>(a)‘q+cos;r((j:f)) ‘Qm)(b)m dx):’
rs(x—r) {smgg::)) ’ ) )‘q—i-cos?;g:f)) ‘ (")(S)H dx)q
|

(/ x"”dx) Q(”)(r)‘q/rs(s—x)sing((j:f))dx—i-‘Q ‘/ (b—x)cos (:: f))dx>]

r)‘q/s (x—r7) sin;r((:::f))dx+ ‘Q(">(s)‘q/rs (x—r)cos;r(j_r) dx)

(
e ([ (]
(
G

</ )

(s—r [L””rs Zﬁii <4 s—r)? )‘q+2(7r—2)(s_r)2‘Q(n)(s)‘q)q

2
1

< { L7 (1 5) L L(Z (s—r)° ‘Q ‘<1+4(S*r)2 ‘Q(n)(s)“’>q

np+1 2

L
q

% ([San Ziﬂ(” s)]); (ﬁ ‘Q<")(r)‘q+ 2(7;2_2) ‘Q(n)(s)‘q);
24 ) (552 - el

O

Theorem 2.6. For n € N; let Q: 1 C (0,00) — R be n-times differentiable function on I° and r,s € I° with r < s. If Q") € L[r,s] and

q
‘Q(") for q > 1 is trigonometrically convex on the interval [r,s| , then the following inequality holds:

n—1 (k) (5)sk+1 — Q) () k+1 s
Z(_l)k<g . (k+1§)2! . >_/ fx)ax

- e 4D (o)

where

S (r,s):/r.sx"sing((j:f))dx, Sz(r,s):/r.sx"cosg((j:f))dx.

Proof. From Lemma 2.1 and Power-mean integral inequality, we have

n-1 0 () sk — Q) () h+1 s
Z(_l)k<g . (k+1§;! . >_/ x)dx

(f4e)
< ([ea) ([0 M ff—_ 533 !9““”'”6083 Sl u)
(f4e)

- 'S S—X é
(‘Q n ))) dx+ ‘QW(S) ! : x"cos;(iir))) dx)

_rn+1

= H(s—r))“é {m] o {]fz(")(s)}qsl (ns)-i—’Q(")(r)‘qu (ns)}é

1 1
q

- i'(sfr)‘—aLZ(l”') {[em|"s10:5)+ |20 52 5) }
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Corollary 2.7. Under the conditions Theorem 2.6 for n = 1 we have the following inequality:

1

Q(s)s—Q /Q ‘ <r+s> ]{2ns—4(s—r 2 4(s—r)—27rr|Q,(S)’qq'

s—r s—r 2 2

Proposition 2.8. Let r,s € (0,00) withr <s, ¢ > 1 and m € (—o0,0]U[1,00)\ {—2¢, —q}, we have

1
g+l 1-1 2ns—4(s—r) 4(s—r)—2mr 4
L%Jrl (ﬂs) <A q(r,s) |: ;) m p A

Proof. The result follows directly from Corollary 2.7 for the function

q /H+1
Qx) = x1 ", x € (0,00).
()= (0.

This completes the proof of Proposition. O

Corollary 2.9. Using Proposition 2.8. for m = 1, we have following inequality:
1
4(s— r)z} a

7 1-1
L (rs)<A q(r,s){ p)

Corollary 2.10. Using Proposition 2.8 for ¢ = 1, we have following inequality:

27ts—4(s—r)’m+4(s—r)—27rrsm

m+1
Lyi1(rs) < 2 2

‘m+1

Corollary 2.11. Using Corollary 2.10 for m = 1, we have following inequality:

4(s— r)2

L3(r,s) <
2(}’ S) = 2

Corollary 2.12. With the conditions of the Theorem 2.6 for ¢ = 1 we have the following inequality:

n—1 (k) (5)skt1 — k) () k+1 X
Z(il)k (Q () (k+]£)2" () )/r Q(x)dx

k=0

S%{‘Q ’Sl TS +’Q ‘Sz(rs)}

Theorem 2.13. Forn e N; let Q: 1 C (0,00) — R be n-times differentiable function on I° and r,s € I° with r < s. If Q") € L[r,s] and

q
‘Q(”) for g > 1 is trigonometrically concave on the interval [a,b] , then the following inequality holds:

S <Q<k><s> k(*;;]f)z "“) [ o6 (i);q%(rvs)"’(") (%)‘

q
Proof. Since ’Q(") for g > 1 is trigonometrically concave on the interval [r, s], with respect to Hermite-Hadamard inequality we can write
q p—
Q(”)(x)’ dx < sSTr

q
o <i5>
V2 2

Using Lemma 2.1 and the Holder integral inequality we have

n—1 Q(k)(s)sk+l rk+1
Z(_l)k< (k+1). ) / Q(x

k=0

r

)E (/3 Q(M(x)‘qu)g
1 s , s—r r+s N\
— n (n)
<o) (e (7))
1)2; { ]"’ e
2 (np+1)(s—r) 2
Q<n) r+s
3 .

Corollary 2.14. With the conditions of the Theorem 2.13 for n = 1 we have the following inequality:

() o ().

Q(s)s—Q(s)s 1 /SQ(x)dx

S—r S—rJr
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