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Abstract. The purpose of this study is to introduce the existence and uniqueness of ¢-fixed point for some new
contractions in complete b-metric spaces. Firstly, in this paper, we presented new definitions called (F, a, ¢, 6)¢
and (F, a, ¢, 6), -weak contractions in complete b-metric spaces as a generalization of metric spaces. Later, we
proved ¢-fixed point theorems for (F,a,¢,8);and (F,a, @, 8),-weak contractions in complete b-metric
spaces. As applications, we derived some fixed point results in complete partial b-metric spaces as a
generalization of partial metric spaces. The presented theorems extend and generalize some ¢-fixed point results
which are known in the literature. Also, some results in this paper generalizes many existing some fixed point
results in the literature.

Keywords: b-metric space, ¢-fixed point, (F, a, ¢, 8)s-contraction.

b-Metrik Uzaylarda ¢-Sabit Nokta Teoremleri ve Uygulamalari

Ozet. Bu ¢alismanin amac1, b-metrik uzaylarda bazi yeni biiziilmelerin ¢-sabit noktalarinin varligini ve tekligini
gdstermektir. Oncelikle, bu calismada, b-metrik uzaylarda (F, a, ¢, 8) ve (F, a, @, 8) —zay1f biiziilme isimli
iki tanim verilmistir. Sonra, b-metrik uzaylarda bu tanimlar i¢in ¢-sabit nokta teoremleri ispatlanmistir.
Uygulama olarak, kismi metrik uzaylarin genellestirmesi olan tam kismi b-metrik uzaylarda baz1 sabit nokta
sonuglar1 verilmistir. Bu ¢aligmada elde edilen teoremler, literatiirde bilinen ¢-sabit nokta sonuglarindan daha
genel ve genis oldugu gibi, literatiirde var olan bazi sabit nokta sonuglarindan da daha geneldir.

Anahtar Kelimeler: b-metrik uzay, ¢-sabit nokta, (F, a, ¢, 6)-biiziilme.

1. INTRODUCTION

The Banach contraction principle is one of the most important subjects in mathematics. By using this
principle, most authors have proved several fixed point theorems for various mappings in several metric
spaces [1-3,5,6,8-11,16-23]. Bakhtin [12] and Czerwik [21] introduced b-metric spaces as a generalization
of metric spaces and proved the contraction mapping principle in b-metric spaces that is an extension of
the Banach contraction principle in metric spaces. Since then, a number of authors have investigated fixed
point theorems in b-metric spaces [13, 14, 24].

On the other hand, Jleli, Samet and Vetro [13] introduced the concept of @-fixed point and established
some existence results of @-fixed points for various classes of operators in metric spaces. Samet, Vetro
C. and Vetro P. [4] introduced the notion of a—admissible mapping in metric spaces.

Later, Sintunavarat [27] introduced the concepts of a-admissible mapping type S, as some generalizations
of a-admissible mapping and then he proved some fixed point theorems by using his new types of a-
admissibility mapping in b-metric spaces.
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In this paper, we introduced some new mappings satisfying (F, a, ¢, 8)s-contraction and (F, a, @, 6)-
weak contraction and proved some new ¢-fixed point theorems in b-complete metric spaces. The
presented theorems extend and generalize the ¢-fixed point results. As applications of the obtained results,
we presented some fixed point theorems in partial b-metric spaces are derived from our main theorems.

2. PRELIMINARIES

Definition 1. [21] Let X be a nonempty set and s > 1 a real number. A mapping d,: X X X — [0,00) s
called a b-metric if for all x,y,z € X, the following conditions are satisfied:

(i) dp(x,y) = Oifandonlyifx = y,

(i) dp(x,y) = dp(y, %),

(iii) dp(x,2) < s[dp(x,y) + dp (v, 2)].

In this case, (X, dp) is called a b-metric space.

Definition 2. [7] A sequence {x,} in a b-metric space (X, d}) is said to be:

(i) b-convergent to a point x € X if lim dj(x,,x) = 0.
n—oo
(i) A sequence {x,} in a b-metric space (X, d,) is called a Cauchy sequence if lim dj(x,,x,) = O.
n,m—oo

(iii) A b-metric space (X, d},) is called complete if every Cauchy sequence {x,} in X b-converges to a
pointx € X.

(iv) Afunction f : X — Y isb-continuousatapointx € X if{x,} € X b-convergesto x, then {fx,,} C
Y b-converges to fx, where (Y, p) is a b-metric space.

Definition 3. [27] Let X be a nonempty set and s > 1 a given real number. Leta : X X X — [0, o)
andT : X — X be mappings. We say T is an a-admissible mapping type S ifforall x,y € X, a(x,y) =
s leads to a(Tx, Ty) = s. In particular, T is called a-admissible mapping if s = 1.

Definition 4. [26] Let s > 1 be a real number. A mapping ¢ : [0,00) — [0,0) is called a (b)-
comparison function if

(b1) ¢ is monotone increasing,

(b2) there exists po € N, a € (0,1) and a convergent series of nonnegative terms Y.>_; v, such that
bP+1pPHL(t) < abP* P (t) + vy, forp = py and any t € [0, ).

Lemmab5. [25] If ¢ : [0,0) — [0,0) is a (b)-comparison function, then;
(1) the series Y5> bP ¢P(t) converges for any t € R*,

(2) the function s;: [0,0) — [0, o) defined by s, (t) = X7- bP$P(t),t € [0, ), is increasing and
continuous at 0.

Lemma 6. [15] Let ¢ : [0,00) — [0,00) be (b)-comparison function with constant s > 1 and a,, €
R*,n € N such that a,, » 0,as n — oo then ¥7_os,_,¢" P (t) = 0,as n - oo.
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Let (X, d) be a metric space, ¢ : X — [0,0) be a given functionand T : X — X be an operator. The
set of all fixed points of the operator T will be denoted by

Fr ={x € X: Tx = x}.
The set all zeros of the function ¢ will be denoted by
Zo=1{x € X: @px) = 0}.

Definition 7. [13] An element z € X is said to be a ¢-fixed point of the operator T if and only if z €
Fr NZ,.

Definition 8. [13] T is a ¢-Picard operator if and only if

(i)Frn Z, = {z},

(i)x, = zasn - oo, foralln € N.

Definition 9. [13] T is a weakly ¢-Picard operator if and only if

()Frn Z, = 0,

(i) the sequence {x,} converges for each x € X and the limit is a ¢-fixed point of the operator T.
We denote by F the set of functions F : [0,0)3 — [0, ») satisfying the following conditions:
(F1) max{a,b} < F(a,b,c)forall a,b,c € [0, ),

(F2) F(0,0,0) = 0,

(F3) F is continuous.

The following functions are given as examples:

()F(a,b,c)=a +b+ c,

(i) F(a,b,c) = max{a, b} +c,

(iii) F(a,b,c) = a +a?+b+c.

Definition 10. [13] Let (X, d) be a metric space, ¢ : X — [0, ) be a given function and F € F. The
operator T : X — X isan(F, ¢)- contraction if and only if for x,y € X

F(d(Tx, Ty), p(Tx)p(Ty)) < kF(d(x,y), 9(x), o))
for some constant k € (0,1).

Definition 11. [13] Let (X, d) be a metric space, ¢ : X — [0, o) be a given functionand F € F. The
operator T: X — X is an (F, ¢)-weak contraction if and only if for x,y € X

F(d(Tx,Ty), o(Tx)9(Ty)) < kF(d(x,y), p(x), ()

+L(FA, Tx), (¥), ¢(Tx)) — F(0, ), (Tx))).
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for some constant k € (0,1)and L = 0.
3. MAIN RESULTS

In this work, we use J, to denote the class of all (b)-comparison functions
0 : [0,00) = [0,00) suchthatf8(t) < tforallt > 0 unlessand until it is stated otherwise.

Definition 12. Let (X,d,) be a b-metric space with coefficient s > 1, a: X X X — [0,0) be a
mappingand ¢ : X — [0, o) be lower semi continuous function, 8 € J, ande > 1. Amapping T: X —
X is said to be an (F, a, ¢, ) s-contraction mapping if

x,y € Xwitha(x,y) = s =

s2F(dy (Tx, T), (TX)p(Ty)) < 6 (F(dy (1), 0 (), 9(3)))- (31)

Theorem 13. Let (X,d, ) be a complete b-metric space with coefficient s >1 andT: X — X be a-
admissible mapping type S. Suppose that the following conditions hold:

(1) there exists x, € X such that a(xy, Txy) = s,

(2) T isan (F, a, @, 8),- contraction mapping,

(3) if {x,} is a sequence in X such that a(x,, ,x,4+1) = s and x,, = x then a(x,, ,x) > s foralln € N.
Then

(i) Fr € Z,,

(ii) T is ¢- Picard operator. Moreover, if a(x,y) = s forall x,y € F, then T has a unique ¢-fixed point.

Proof. (i) Assume that ¢ € X is a fixed point of T such that a(§,¢) > s. Applying (3.1) withx =y = ¢,
we obtain

F(0,0(),9(§) < s°F(0,0(), ¢(£)
< 0(F(0,0(£),0()). (3.2)
Then we get
F(0,0(9),0(©) < 5° F(0,0(), 9(§)) < 6(F(0,9(£), 0(£)))
then we have
F(0,0(8), () < 6 (F(0,0(9),0(D))

From the property of 8, we have

F0,9(5),($) = 0. (3.3)

On the other hand, from (F1), we have

¢ < F(0,0(8),9()). (3.4)
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From (3.3) and (3.4), we obtain ¢ (&) = 0, which proves (i).

(i) Let x, € X be such that a(x,,Tx,) = s. Define a sequence {x,} by x,4,1 = Tx,, foralln € N.
Since T is an a-admissible mapping and a(xy, x;) = a(xq, Txy) = s, we deduce that

a(xq,x3) = a(Txy,Tx,) = s. Continuing this process, we get a(x,, x,+1) = s foralln e N u {0}. If
Xn, = Xp41, fOrsomen € N, thenx,, = Tx,. Thus, x,, is a fixed point of T.

Therefore, we assume that x,, # x,41, for all n € N. Using condition (1) as a(x,_1 ,x,) = s for all
n € N, we obtain
F(db (Txn—l: Txn ): ¢(Txn—1)' @(Txn ))

< sEF(dp(Txn-1,Txn ), (Txp_1), 9(Txy ))

< O(F(dp(tn-1,%n), 9 (n-1), 0 (xn)))
< 6"(F(dy(x0,%1), 9 (o), 9(x1))). (35)
Then from (F1), we have
max{dy Cen, Xner ), @)} < 0™ (F(dy G0, x1), 00D, 9(x1))) (36)
which implies
iy G, a1 ) < 0 (F(dy Ceo 30, 00D, 9(x1)) ). (37)

Now we show that {x,,} is a Cauchy sequence. Suppose that k € N suchthat k > 0. By using the triangle
inequality, we get

db(xn:xn+k ) < Sdb(xn :xn+1) + Szdb(xn+1 'xn+2) + ..+ Skdb(xn+k—1 'xn+k))

< 56 ™ (F(dp(xo, 12), 9(x0), 9(x1)) ) + 570 ™ (F(dy (0, 11), 9 Cx), 9 () ) +
+ K0 L (F(dy (xo %1, 9 (o), 9 (31)))

= 5711-1 [s"g™ (F(db (x0,%1), p(x0), (p(xl))) +sntig ntt (F(db (%0, x1), 9(x0), §0(x1))) +
o STTRTLG MR (d (30, 1), @ (X)), 9 (1))

We denote S,, = ;o sP0 P (F(dlJ (%0 ,%1), p(xg), (p(xl))) for n > 1, then we get

1
dp(Xn, X4 ) < 75 [Snak-1 = Sp-al n2 1, k= 1
From Lemma 5, we have }.7_; sP6? (F(dlJ (%0 ,%1), (p(xo),tp(xl))) is convergent. Hence, there exists
S= lim S,, and from above the inequality, it implies that {x,} is a Cauchy sequence. Since (X, d}) is

n—oo

complete, then the sequence {x,, } converges some z € X and

lim dp(x,,z) = 0. (3.8)
n—oo
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Now, we shall prove that z is a ¢-fixed point of T. Observe that from (3.6), we have
limp(x,) = 0. (3.9
n—-oo

Since ¢ is lower semi continuous, from (3.8) and (3.9) we obtain

o(z) = 0. (3.10)
Using (3.1) and from condition (3), we have
s€ F(dp(Xn+1,T2), 9(xn+1), 9(2)) < O(F(dp(xXp, 2), 9 (xn), 9(2))). (3.11)

Lettingn — ooin 3.11, using 3.8, 3.9, 3.10, (F2) and the continuity of F, we have

s® F(limdy(x,41,T2),0,0(2)) < 6(F(0,0,0)) =0
n—-oo

which implies from condition (F1) that
lim dy, (x,,41,T2) = 0. (3.12)
n—-oo

On the other hand, from the condition (iii) of definition b-metric space, we have

dy(z,Tz) < s[dp(z,xXp41) + dp(Xn41, T2)]-

Taking the limitasn — oo in above the inequality, using (3.8) and (3.12), we get d, (z,Tz) = 0, that is,
Tz = z.Hence z is a ¢-fixed point of T. Now we show that z is the unique ¢-fixed point of T. Assume
that w € X is another ¢-fixed point of T. From (3.1), we have

s°F (dp(Tz,Tw), ¢(Tz), o(Tw)) < 0(F(dp(z,w), 9(2), p(W)))
and then
s€ F(dy(z,w),0,0) < 6(F(dy(z,w),0,0))
which implies dj, (z,w) = 0, thatis z = w.

Definition 14. Let (X, dj) be a b-metric space with coefficient s > 1, a: X X X — [0, ) be a mapping
and ¢ : X — [0, ) be lower semi continuous function, 8 € J, and € > 1. A mapping T: X — X is said
to be an (F, a, ¢, 0)¢-weak contraction mapping if

x,y € Xwitha(x,y) > s =
s¢F(dy(Tx, Ty), p(Tx)@(Ty)) < 0(F(dy(x,¥), p(x), p(¥)))

+L (F(dp(, Tx), (1), (1)) = F(0,0(»), ¢(Tx))) (3.13)

Theorem 15. Let(X,d,) be a complete b-metric space with coefficient s > 1 and T: X — X be a-
admissible mapping type S. Suppose that the following conditions hold:

(1) there exists x, € X such that a(xy, Txg) = s,

(2) T isan (F,a, @, 8)s—weak contraction mapping,
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(3) ) if {x,} is a sequence in X such that a(x,, , x,4+1) = s and x,, = x then a(x,, ,x) = s foralln € N.
Then
() Fr € Z,,

(i) T is @-weakly Picard operator. Moreover, if a(x,y) = s for all x,y € Fr, then T has a unique ¢-
fixed point.

Proof. (i) Assume that ¢ € X is a fixed point of T such that «(¢,§) = s. Applying (3.13) withx =y = ¢,
we obtain

F(0,9(9),9(9) < s°F(0,0(), 9(9))
< 0(F(0,0(5), 9(£)))
+LIF(0,0(9),0(9) = F(0,0(8), ()
= 6(F(0,0(£),0()). (3.14)
F(0,0(8), () < 52 F(0,0(), 0(£)) < 8(F(0,0(), ¢(£)))
then we get
F(0,0(£),0() < 6(F(0,0(8),0(5))-

From Lemma 5, we have

F(0,9(5),9(5) = 0. (3.15)
On the other hand, from (F1), we have
P(&) < F(0,9(8),9(5)). (3.16)

From (3.15) and (3.16), we obtain ¢ (&) = 0, which proves (i).

(if) Let xo € X be such that a(x,, Txy) = s. Define a sequence {x,,} by x,, =Tx,_, foralln € N. Since
T is an o-admissible mapping and a(xy,x;) = a(xy,Txy) = s, we deduce that a(xq,x,) =
a(Txy, Tx;) = 1. Continuing this process, we get a(x, ,x,4+1 ) = s foralln € N U {0}. If x;, = x;,41,
for some n € N, then x,, = Tx,,. Thus, x,, is a fixed point of T.

Therefore, We assume that x,, # x,,,4, foralln € N. Using condition (1) as a(x,_1,x,) = s forall
n € N, we obtain
F(dp(Txn-1,Txp ), (Txn-1), 9(Txn ))) < s “F(dp(Txn—1,Txn ), 9(Txn_1 ), @(Txy))
< 0(F(dp(Xp—1,%n), 9 (Xn-1), 9 (xn)))
+L(F(0,9(Txn-1 ), 9(Txn ))

—F (0, 0(Txp—1), 9(Txn)))
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< 0" (F(dp(xo,X1), 9 (%0), 9(x1)))- (3.17)
The rest of the proof follows using similar argument to proof of Theorem 13.
4. APPLICATIONS

In this section, we give some fixed point results in partial b-metric spaces, using the main results in the
previous section.

Firstly, let us recall some basic definitions on partial b-metric spaces.

Definition 16. [23] Let X be a nonempty set and and s > 1 be a given real number.

A function p,: X X X — R* is a partial b-metric if for all x,y, z € X, the following
conditions are satisfied:

P x=y & pp (%) =pp(x,¥) = Pp(¥,¥),

(P2) pp(x, %) < pPp(x,¥),

(P3) pp(x,y) = Py, %),

(P) Po(xY) < s(Pp(,2) + Pu(zY) — Pp(2.2)) + (S (Pp(62) + Py, Y)).
Definition 17. [28] A sequence {x,,} in a partial b-metric space (X, p,) is said to be:

(i) pp-convergent to a point x € X if lim p,(x, x,) = pp(x, x).
n—-oo

(i) A sequence {x,}in a partial b-metric space (X,p,) is called a Cauchy sequence if
lim py, (x,, x,,,) exists and is finite.
m,n—oo

(iii) A partial b-metric space (X, pp) is called complete if every Cauchy sequence {x,,} in X converges to
apointx € X suchthat, lim p,(x,,xy,) = lim p,(x,, x) =pp (x,x).
m,n—-oo m,n—oo

Proposition 18. [28] Every partial b-metric p;, defines a b-metric d,,, , where

dp, (x,¥) = 2pp(x,¥) —pp(x,y) —pp(y,y) forallx,y € X.
Lemma 19. [28] Let (X, p,,) be a partial b-metric space. Then,

(i) A sequence {x,,} in a partial b-metric space (X, p,) isa Cauchy sequence if and only if it is a Cauchy
sequence in the b-metric space (X, dp).

(ii) A partial b-metric space (X, pp) is complete if and only if the b-metric space (X, d},) is complete.
(iii) Given a sequence {x,} in a partial b-metric space (X, p,) and x € X, we have that

lim p, (x, ) =0 & p (6, %) = lim pp(x,x,) =0=_lim_p,(xn, xm) =0
Now, we give our some results in partial b- metric spaces.

Theorem 20. Let (X, pp) be a complete partial b- metric space and let T: X — X is a mapping,
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a:X XX — [0,00)and 6 € J,. Assume that the following conditions hold:
(i) 6(2t) = 20(t) forall t € [0, ),
(i) Forall x,y € X,fors = 1andfore > 0,
sfpp (Tx, Ty) < 6(pp(x,¥)).
Then
(i) T has a unique fixed point z € X.
(i) pp(z,2) = 0.
Proof. Let the metric d,,, on X which is defined by
dp, (x,¥) = 2pp(x,¥) —Pp(x, ) —Dp (0, ¥)
forallx,y € Xand ¢(x) = pp(x,x) forall x € X.Let F:[0,00) 3 — [0, %) be defined by
F(a,b,c) = a+ b + c. From (i) and (ii), it is easy to verify
sé[2pp (Tx, Ty) — pp(Tx,Tx) — pp(Ty, Ty) +pp(Tx,Tx) + pp(Ty,Ty))]
< 0@pp(%,y) — Pr(6,X) —pp 1Y) + 0 (X, %) + Pp(¥,¥)).
Then, from above the inequality, we have
sCF(d(Tx,Ty), (Tx),¢(Ty)) < 0(F(d(x,y), 9(x), 9(¥)))-

Then the hypothesis of Theorem 13 is satisfied and then T has a unigue ¢-fixed point. Hence, T has a
unique fixed point z € X such that p, (z, z) = 0. Therefore, the proof is completed.

Theorem 21. Let (X, p,,) be a complete partial b- metric space and let T: X — X is a mapping,
a:X XX - [0,0)and 8 € J,. Assume that the following conditions hold:
(@) 6(2t) = 26(t) forall t € [0, ),

(b) Forall x,y € X, fors > 1 and for ¢ > 0,

o, y) +pp (Tx, Tx))

st pp(Tx, Ty) < 0(pp(x,¥)) + L(pp(Ty, Tx) — >

Then

(i) T has a unique fixed point z € X.

(i) pp(z,2) = 0

Taking 6(t) = kt, where k € [0,1) in Theorem 20 and 21, we obtain the following corollaries.

Corollary 22. Let (X, pp) be a complete partial b- metric space and let T: X — X is a mapping such that
for all x, y € X and for some constant k € [0,1)
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sépp(Tx, Ty) < kpp(x, y).
Then T has a unique fixed point z € X. Morever p,(z,z) = 0.

Corollary 23. Let (X, p,) be a complete partial b- metric space and let T: X — X is a mapping such that
for all x, y € X and for some constant k € [0,1)

pr (7, y) +pp (Tx, T x))

sépp(Tx, Ty) < 0(pp(x,y)) + L(pp(Ty, Tx) — >

Then T has a unique fixed point z € X. Morever p,(z,z) = 0.
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