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BAUES COFIBRATION FOR QUADRATIC MODULES OF LIE
ALGEBRAS

KORAY YILMAZ AND ELIS SOYLU YILMAZ

ABSTRACT. In this paper; free quadratic modules and totally free objects in the
category of quadratic modules are constructed over Lie algebras. We use the
free quadratic modules of Lie algebras to show that the category of quadratic
module of Lie algebras is a cofibration category by means of Baues.

1. INTRODUCTION

Whitehead defined the notion of crossed modules of groups in[I2]. Simplicial
groups introduced in [9]. Using simplicial methods Conduch defined 2-crossed mod-
ules [6]. Ellis in [8] defined the notion of free crossed modules and free 2-crossed
modules in the category of Lie algebras and gave the relations among 2-crossed
modules of Lie algebras and simplicial Lie algebras. He also proved some classical
results for Lie algebraic versions. In the Moore complex of a simplicial Lie alge-
bra using the image of the higher order Peiffer elements Akga and Arvasi in [2]
explained the relations among 2-crossed modules of Lie algebras and simplicial Lie
algebras .

Quadratic modules of groups are algebraic models for homotopy connected 3-
types introduced by Baues [4]. Baues in [4] constructed a functor from the category
of simplicial groups to the category of quadratic modules. In [II], Lie algebra
versions of quadratic modules was defined, and the connections between 2-crossed
modules ,quadratic modules and simplicial Lie algebras were explored by using
simplicial properties in [2].

2. QUADRATIC MODULES OF LIE ALGEBRAS

We will denote the category of Lie algebras by £ie2llg and every object we will
examine in Lie2Alg will be over a fixed commutative ring. In [10] Kassel and Loday
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introduced crossed modules of Lie algebras. Let A and B be two objects in £ie2llg.
An action of B on A is a bilinear map B x A — A, (b,a) — b - a satisfying

[b,b']-a = b-(t/-a)—b(b-a)
b-la,a'] = [b-a,ad]+]a,b-d]

for all a,a’ € A and b, b’ € B.
Let 0 : A — B be a Lie algebra homomorphism. If the following condition is
satisfied

CM1) O(b-a)=b,0a]

forallbe Banda € A, 9: A — B is called a pre-crossed module of Lie algebras[g].
If 0 : A — B satisfy the extra condition

CM2) (9a)-ada =[a,d]

for all a,a’ € A. then 0 : A — B is called a crossed module. Let 9 : A — B be a
pre-crossed module. The Peiffer element for a1, as € A is the Peiffer Lie ideal of A
is P»(0) generated by elements of the form

(a1,a2) = (Oa1) - az — [a1, az]

Here [a1,as] is the Lie bracket of elements aj,as in the Lie algebra A. We recall
the following notations from [4].

Definition 1. The diagram of homomorphisms of Lie algebras

cecC

e

Cy——C

Co

a

satisfying the following azioms is called quadratic module ([11])(w,d,0) of Lie al-
gebras .

QM1) 9 : Cy — Cy is anil(2)-module and the quotient map C; — C = C§" /[(C{), (C{)]
is given by c1 +— [c1], where [c1] € C denotes the class represented by ¢1 € Cy. The
map w is defined by Peiffer multiplication, that is for c¢1,¢} € Cy

w(la] ® [@]) = 0(cr) - ¢1 = [er, ca-

QM?2) The bottom row is a complex of Lie algebras and for ¢1,c) € Cy
dw([er] @ [e1]) = w(lea] ® [e1]) = D(ex) - ) = [ex, ]

QMS) For cy € CQ,CQ < Co
(co) - c2 = w([dea] ® [eo] + [co] ® [0ea]).
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QM4) For ca,ch € Csy,
w([dc2] ® [dcy]) = [e2, c].

A morphism ¢ = (f2, f1, fo) : (w,8,0) — (w',d’,0") in the category of quadratic
modules of Lie algebras is a commutative diagram,

cCxeC - Cs Ch Co
Wm@@*l le fll fni
C'® ' —= ) — Cf —> G

We will denote this category by L£ieQIN.

3. FREE QUADRATIC MODULE CONSTRUCTION IN LieQIN.

We recall the free simplicial Lie algebra construction by use of the ‘step-by-
step’ construction[I]. For more details regarding the simplicial analogue of André’s
construction, we refer to the paper [3]. Now, we will give briefly from [3] ¢ skeleton
of a free simplicial Lie algebra up to dimension 2 and a free simplicial Lie algebra’s
step-by-step’ construction in order to construct a (totally) free object in LieQIMN.

From [3], we recall the 2-skeleton of the free simplicial Lie algebra. We should
point out that there is an additional structure such as augmentation L(X) — L
given by sending all X to zero, where L(X) is the free Lie algebra over X. Thus
we get the augmentation ideal LT (X).

Let P be a Lie algebra and I = (21, z32, ..., %, ) be an ideal of P generated by the
elements x1,x2, ...,x, € P. Let K(P,0) denote the simplicial Lie algebra and for
all 4,j d; = s; = id. There is an obvious epimorphism f : P — P/I. Then we have
an isomorphism P/ker f =2 P/I. Let Q° = {x1, 7, ...,2,,} C ker f. This 1-skeleton
L™ of P/I can be built by adding new determinates X = {X1, Xs,..., X,,} into
L = P to form LV = L{"(X) = P[X1, X,, ..., X,,], the free Lie algebra on X
with

do,dy
P[Xy,., X, —3 P
Sn

where d1(X;) = x; € ker f, do(X;) = 0 and so(p) = p € P. Thus the 1-skeleton
looks like

— s
LM ... P[spX, s X] P[X] P P/I = B.

-

Define Q' = {y1,92,..ym} C 71 (LM)) set of generators and killed off the el-
ements in w1 (L™). We add a new generator Y = {Y3,Y3,...,Y;,} into Lél) to
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get

L = LVY] = Plso X, s1 X][Y]
with the maps d3(Y;) = 0,d3(Y;) = 0 and d3(Y;) = y;. Thus the augmented 2-
skeleton looks like:

d%,d%,d% dé di
' f

e
L® ... P[spX, s X|[Y] P[X] P P/I.
B

S0

50,81

Construction of this 2-dimensional data consists of a function ¥ : X — P,
which is 1-dimensional data, used to induce d; : P[X] — P and a function
¥ : Y — PT[X] which is 2-dimensional construction data used to induce dy :
P[soX,s1X][Y] — P[X]. The constructed 2-dimensional construction data will be
denoted by (¢, 4, P).

Definition 2. Let 9 :Y — C5 be a function and the following diagram
cCeC

Cz iz Cl i Cﬂ ’

be an object in LieQIM. If for any object in LieQM say (w', D, 01) and V' Y’ — C}
such that 959" = 991, then there exists a unique morphism ® : Cy — Cb such that
05D = 0y We say that (w, o, 01) is the free object on the function &9 :' Y — C
in LieQM. If 01 is a free nil(2)-module then (w,02,01) is a totally free object in
LieQM.

Theorem 3. A totally free object in L£ieQM exists on (¥, 1, P).

Proof. Let 9 : X — P and ¢ : Y — PT[X] be two functions to form (49,1, P).
Since there is an action of P on P*T[X], : PT[X]| — P is a free pre-crossed module
in LieAlg with basis ¥ : X — P. Here P[X] = NLgl) = kerdy is the positively
degree part of P[X]. Define

q : PY[X] — PY[X]/Ps = M.

Then we get the following commutative diagram,
X — s pH[X]

Sk

P <— P*[X]/P,

(5]
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where the morphism
o : PY[X]|/P3; — P
x+ Ps —  O(x)

is in LieAlg and i is the inclusion. Since & : PT[X] — P is a pre-crossed module in
LieAlg we have d(P3) = 0. Thus &, : M = P1[X]/P; — P is a free nil(2) -module
on the function d;¢1i. Now, from the 2-skeleton L(?), take

D = NL = PlsoX] 51X, Y] N (50 — 51)(X)).
Then, by using the function
@Y — M =PY[X]|/P;
we get a morphism of Lie algebras
0 : PlsoX] " [s1X,Y]N ((s0 — 51)(X)) — PT[X]/Ps

such that 0(y) = ¢19(y). Let the second order Peiffer Lie ideal be P’ = 83(NL§)2) N

D§2)) C D. The generators of this ideal were obtained by the images of the functions
M, g given in [2]. Then, q1¢(P’) = 0. Taking L = D/P’ we get a morphism
¢’ L — M making the following diagram commutative.

p—1 -

N

For X;, X; € P*[X] the Peiffer elements are given by
(Xi, Xj) = [X5, X;5] — 0(X3) X;
and for all X;, X;, X}, € PT[X] we have the elements of P5 as
[s1.((X3, X)), 81(X0) = s0(Xe)] + 0(VLE 1 DY)
and
[s1.(X0), 51 (X5, Xa)) = s0(X;, X)) + 05 (VLS 1 D).
Let g2 : L — L' = L/P} where L' = L/Pj. Since 1(P}) = P3, we define ¢":L' —
Cy such that 1" gs = g1%. Then, the diagram

Ce®cC

A

L Ca P

'L")” al
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is a totally free object in £ieQ9. Here quadratic map w is defined as follows:
w{aXi} o {aX}) = elsX (X —s0X)] +0:(NLY 0 DY)
for X; € PT[X], 1(X;) € M = PY[X]/Ps; and {1 X;} € C = M°"/J[(M°"),(M*)].
For another object in £ieQIM say

¥ F
w’ 95 o

D Cy P

ceC

and a function ¢ : Y — D there is a unique morphism
oL — D
(@y+P)) — J()

satisfying 05® = v". Thus (w, ", 01) is the required totally free object in Lie QM
with basis q1¢ : Y — Cs. O

4. QUADRATIC CHAIN COMPLEXES OF LIE ALGEBRAS AND SIMPLICIAL LIE
ALGEBRAS

A functor from the category of simplicial Lie algebras to quadratic chain com-
plexes of Lie algebras is defined in [I1]. By using this functor from a free simplicial
Lie algebra we can get a totally free quadratic chain complex of Lie algebras. Now
we will give the definition of a quadratic chain complex of Lie algebras. The group
case is given by Baues [4].

Definition 4. A diagram of Lie homomorphisms between Lie algebras

CaecC
C:--- Cs P Cy P Ch o Co

is called quadratic chain complex of Lie algebras if
(1) forn =21 Cy acts on C,, ,and for n > 3 91(C4) acts on trivial on C,, ;
(i) for alli > 1 0;0;41 = 0 and each 0, is a Lie Cy-module homomorphism;

(iid)

Cec
G ——=C1 ——=Co

s in LieQMN .
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Let C, C’ be two quadratic chain complexes of Lie algebras. A quadratic chain
map f: C — C’ is a family of Lie homomorphisms between Lie algebras (n > 0),
fn i Cp — C! with frdpy1 = dpi1fnea such that (fo, f1, fo) is a morphism in
LieQ9. We denote the category of quadratic chain complexes of Lie algebras by
QuadchainLie.

If the quadratic module at the base is a free object in £ieQ9 and for n > 3, C,
are free Lie algebras then quadratic chain complex of Lie algebras C will be called
free. In addition if the base quadratic module is totally free £ie QN then it will be
totally free.

A chain complex of Lie algebras

2 bl
P T P2 P1 Po

is called crossed complex of Lie algebras if

(1) O1 : py — pp is a crossed module in Lie2Alg,

(7) Each 0, is a Lie py-module homomorphism and p,, is a Lie p,-module for
n > 1, and 01 (p;) acts trivially,

(441) OpOny1 = 0 for n > 1.

Carrasco and Cegarra [5] constructed a functor from the category of simplicial
groups to category of crossed complexes of groups. Now from [3], we give the Lie
algebra version of this functor. For a simplicial Lie algebra L, Arvasi defined in [3]

NL,
(NL,NDyp)+dpi1(NLyy1 N Dyyy)

Thus we get a crossed complex C(V (L) in £ieAlg. d” induces a map 9,, : CH(L),, —
CM(L),_;. Arvasi also showed in [3] that C™(L) is a free crossed complex in
Lielg if L is a free simplicial Lie algebra.

Using the Moore complex of a simplicial Lie algebra we get a quadratic chain
complex in L£ieAlg. Let NL be the Moore complex of a simplicial Lie algebra
L7 define Cn = C(Q)(L)n by C() = NL(), Cl = NLl/P3, CQ = (NL2/83(NG3 N
Ds))/P;, and for n > 3, C, = NL,/(NL, N D,,) + dpy1(NLpy1 N Dyy1) with
Oy, induced by the differential of NL and C = (C{")/[(C{"), (C{")] and where P;
is the ideal of NL; generated by (x,(y, z)) and ((z,y),z) and P4 is the ideal of
NLy/95(NLs N D3) generated by elements x,y,z € NLi;

[s1(z,y), 512 — s502] + O3(NG5 N Ds)
and
[s12, s1(y, 2) — s0(y, 2)] + O3(NG5 N D3)
as given in [I1].

Proposition 5. Let L be a simplicial Lie algebra (cf.[7],[8]), then C = CP)(L) is
a quadratic chain complex in LieUlg.
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Proof. We know from [I1] (Cs, Cy, Cp, w,w) is a quadratic module. Since 0203 is a
complex of Lie algebras the proof is straightforward. (]

Then, we get a functor
C®? . GimpLieAlg — LieQuadchain.
Baues [4] constructed a functor,
A Quadchain — Xchain.

Next we will give Lie algebraic version of this functor.

For a quadratic chain complex C in Liedlg, A(C) = (p,,, dn)n>0 is a crossed
complex in LieAlg. The extra structures are: p, = A(C)g = Cop, p; = AM(C)1 =
Ci/w(C®C)=CE, py =ANC)z =Cy/(w(C®C)) and for n > 3 p,, = C,, . Then
we have

ds do d,
AMC):--- Cy C3 — p2 p1 Co

in which dy : p; — (Y is a crossed module in LieAlg.

Corollary 6. For a simplicial Lie algebra L,

ACP)(L) = cM(L).

Proposition 7. C? (L) is a totally free quadratic chain complex if L is a free
simplicial Lie algebra.

Proof. From Theorem [3{ C(®)(L) is totally free on 2-dimensional construction data.
And for n > 3 C,, are free proved in [3]. O

For a free simplicial Lie algebra L, since AC® (L) = CM(L), AC®(L) is a
totally free crossed complex in LieRllg as given in [3].

5. COFIBRATIONS IN THE CATEGORY Quad€hainlie

In this section, we give the definition of Baues cofibration for quadratic modules
over Lie algebras. For a quadratic chain map f:0 — ¢’ in £ielg we define homotopy
modules

71 (0) = coker (dg)
_ ker(dy) .
™ )

If f induces a morphism of 7, (f,,) for n > 1 then f is a weak equivalence. It is
clear that

n > 2.

FreeQuad Lie C QuadChainlie
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Definition 8. For a map f : A — B in QuadLie if f is a free extension in each

degree n then f is a cofibration.
We define a free extension in degree n with basis 0, : X,, — B,_1 where the

diagram
J
X n Bn

B‘n.—l

commutes. Define B’ be any quadratic chain complex of Lie algebras and A™, B™, B'™
be the n-skeleton of A, B and B’ respectively. Let 8 : A — B', o» ! : B*»7!
— B'™71 be quadratic chain maps of lie algebras such that

anflfnfl _ Bn—l . Anfl N anl
and assume a function ¢ : X, — B}, is chosen for the diagram of unbroken arrows

Ay ———A

n

n—1

fn fn_l

Bn—l

Sn—l

O Xn Q-1

B~ B,
commutes. Then the quadratic complex map o™ : B™ — B'™ of Lie algebras is
unique. Totally free quadratic chain complexes of Lie algebras are cofibrant objects
in QuadChainLie. That is

SreeQuad Lie = QuadChainLie,

where QuadChainLie denotes the full subcategory of quadratic complexes of Lie
algebras consisting of cofibrant objects.

Lemma 9. Let A™ be an n-skeleton. Assume that a function Oy : X,, — B,_1 and
frt o Anml — B gre given. Then there exists a free extension in each degree
fm: A" — B™ with basis 0,, such that 82 = 1.
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Proof. In degree 1;
Bl = A1 x I [A)('l]jL

where F' [X]T denotes the free module on X.
In degree 2;

(ZQ:BQ*F(AQUXQ)XBl_)B

free nil(2) —module of Lie algebras with basis (f1,dz2,02). However the map

i: Ay — DBy is not a morphism of nil(2) —modules of Lie algebras. Let J be the
ideal of By with relations

i(j1)i(ja)i (juda ') =1

-1
i) (P @iGn) =1
for jo,j2 € As,a € A;. Then
dQ:BQZBQ/J*)Bl

becomes the required nil(2) —module of Lie algebras.
Finally for degree n > 3; B,, is the direct sum

where M is the free R-module in Lie2Alg. O

Proposition 10. The category QuadChainLie with weak equivalences and cofibra-
tions is a cofibration structure.

Pushout object in QuadChainlie
B —?3- B’
I
A—s A

can be defined as follows. Let B,, be the free extension of A. Defining B’ as a free
extension of A, the basis of B’ can be given as

fn—ld/mn Xy = Ap1 — Byoyn > 2.

For a cofibration C, Cc with weak equivalences and cofibrations is a cofibration
structure.

Corollary 11. Quad€hainlie is a cofibration structure.
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