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Abstract: In this paper, we investigate geometric properties of souneature tensors of a four-dimensional Walker manifoldm8o
characterization theorems are also obtained.
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1 Introduction

A Walker n-manifold is a pseudo-Riemannian manifold, which admitshlifof parallel nullr-planes, withr < 3. The
canonical forms of the metrics were investigated by A. G.R&a[10]. Of special interest are the even-dimensional
Walker manifoldgn = 2m) with fields of parallel null planes of half dimensign= m).

It is known that Walker metrics have served as a powerful tdotonstructing interesting indefinite metrics which
exhibit various aspects of geometric properties not giveary positive definite metrics. Among these, the significant
Walker manifolds are examples of the non-symmetric andlmmmegeneous Osserman manifolds3]. Recently, it was
shown H,6,7] that the Walker 4-manifolds of neutral signature admit & pamprising an almost complex structure and
an opposite almost complex structure, and that Peteanffahérdefinite Kahler-Einstein metric on a torus was obtdine
as an example of a Walker 4-manifold. Moreover, Banyaga aasssimba derived iri] a Walker metric when studying
the non-existence of certain Einstein metrics on some sgetiplmanifolds.

Our purpose is to study restricted 4-Walker metrics by fomyusn their curvature properties. The main results of this
paper are the characterization of Walker metrics which @mst&in, locally symmetric Einstein and locally conforigal
flat. The paper is organized as follows. In sectthmwe recall some basic facts about Walker metrics by expligititing

its Levi-Civita connection and the curvature tensor. Walikeetrics which are Einstein are investigated in secton
(Theoreml). In section4, we study the Walker metrics which are locally symmetricdin (Theoren®). Finally, we
discuss in sectioB, the conformally locally flat property of Walker metric (Térem3).

2 The canonical form of a Walker metric

Let M be a pseudo-Riemannian manifold of signat(ma). We suppose given a splitting of the tangent bundle in the
form TM = 21 & 9, where ;1 and 2, are smooth subbundles which are called distribution. Thifind two
complementary projectioms; and % of TM onto 2; and %,. We say that%; is parallel distribution if0m = O.
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Equivalently this means that¥; is any smooth vector field taking valuesdn, thenX; again takes values i . If M
is Riemannian, we can take, = @f to be the orthogonal complement@i and in that cas&’; is again parallel. In the
pseudo-Riemannian setting; N 2, need not be trivial. We say th&t, is a null parallel distribution i&7; is parallel and
the metric restricted taz; vanish identically. Manifolds which admit null parallelstiibution are called Walker
manifolds.

A neutralg on an 4-manifoldM is said to be a Walker metric if there exists a 2-dimensiomndl gistribution 2 on M
which is parallel with respect tg. From Walker theoremi[d], there is a system of coordinatés;, u,,us,us) with
respect to whicly takes the local canonical form

(gi,-><|2 ';)

wherel, is the 2x 2 identity matrix andB is a symmetric Z 2 matrix whose the coefficients are the functions of the
(u1,---,us). Note thatg is of neutral signatur¢+ + ——) and that the parallel null 2-plan@ is spanned locally by
{01,02}, whered = %,i =1,2,3,4.

LetMapc = (0,0apc), Whered be an open subset Bf* anda, b,c € > (¢) be smooth functions o#, then

0 01 0
( Jii = 0 0 0 1
Oab,c)ij = 1 0 a cl|’
0O 1 c b
wherea,b andc are functions of théu,,---,us). We denoteh; = %U.UA) andh;;j = ‘3"%’7[;[']}“4) for any function

h(ug,--- ,u4). In[3], Einsteinian, Osserman or locally conformally flat Walkesnifolds were investigated in the restricted
form of metrics wherc(ug, Uy, us, us) = 0. In this paper, following3], we consider the specific Walker metrics on a 4-
dimensional manifold with

a=a(u;,up), b=Db(u,up) and c=c(uuy), (1)

and investigate conditions for a Walker metrid fo be Einsteinian, locally symmetric Einstein and locanformally
flat.

A straightforward calculation show that the Levi-Civitantection of a Walker metriclj is given by

1 1 1 1
09,03 = 2101+ 5C102, 09,04 = €101 + 50102,

2 2 2 2
1 1 1 1
0g,03 = 532(91 + 502(927 0g,04 = 502(91 + ébzﬁz,

1 1 1 1
D,;sdg = E(aal +cap)dL+ E(baz +cay)dr— 58.103 — 53204,

1 1 1 1
D9304 = E(acl +Ce)oL+ > (bcz+c¢¢)d2 — 50103 — 50204,

1 1 1 1
0,04 = E(abl +chp)d; + E(bbz +cby)ds — §b1(93 — §b2t94-
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From relations above, after a long but straightforward wakion we get that the nonzero components of (l)-
curvature tensor of any Walker metrit) @re determined by

1
a2, Rizoa= C12,

1 1 1
Ri313= za1;1, Riz14= -C1;1, Rizoz= 2 5

2 2 2

1 1 1 1
Ri33s= Z(azbl— C1C2), Rusa= Ebl;L Ri423= 512 Ri424= Ebl;Za

a2, Rozoa= -Co2,

1 1
Ri43a= 2 (c2 —agby +b1c — bacy), Rozzz= = >

2

1 1 1
Ro3za= Z(*C% +aghy+ajcr —axCy), Roapa= Ebz;z, Roaza= = (—aghy + c1Cy),

4
1
R3434= 2 (aé + b(% —aayby — caghy — capby — bapby + ZCCj_Cz). (2)

Next, letp(X,Y) =tracgZ — R(X,Z)Y} andSc=tr(p), be the Ricci tensor and the scalarcurvature respectiViesn
from (2) we have

1 1
p13= 5(31;1+Cl;2), p1a= E(b1;2+ C1;1);

1 1
P23 = 5(31;2+Cz;2), P2a= E(b2;2+ C1;2);

1
p33=3 (—C3+ @1Cp + @by — apCy + aay.1 + 2cay 2+ bap:o),

1
P34= 5 (fazbl +CiCx+acy;1+ 20C1;2+ bCz;z),

1
pas= 3 (—C3 + agby — byCp + bpey + aby.1 4 2¢by 2 4 bby:p) (3)

and
4 ..
Sc= ) d'pij =ay1+bz+ 2012 (4)

i,]=1

The nonzero components of the Einstein terGgr= pjj — %Cgij are given by

Gi3= %al;lf %bz;z, G = %C:L;lJF %bl;z,

Gaz= %al;z-i- %02;2, Gas= %bz;z— %al;l;

Gaz= %aal;lJr cai 2+ %baz;z— %azcl + %alcz + %azbz - %Cg - %acl;Z - %abz;z

Gas= %acl;ﬁ %Ccl;Z - %azbl + %clcz + %bcz;z— %cal;l— %Cbz;z

Gag= %abl;l‘i‘ chyp— %C% + %albl - %blCZ + %b2cl + %bbz;z - %bal;l_ %bcl;z- (5)

3 Einstein Walker metrics

A Walker metric is said to be Einstein Walker metric if its Ritensor is a scalar multiple of the metric at each point i.e.
there is a constarit so thato = Ag. We have the following result.

Theorem 1.Let (M, g) be a pseudo-Riemannian manifold of dimenslpwhere g is the metric given bi)( Then the
following holds:

(© 2017 BISKA Bilisim Technology
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(1) If a=a(u1),b=Db(u1),c = c(uz), then(M,q) is Einstein if and only if a= Au; + B; ¢ = Eu; + F and b satisfy
aby.1+agb; — c% = 0; where AB, E,F are constants.

(2) Ifa=a(u1),b=b(u1),c=c(uz), then(M, g) is Einstein if and only if & Au; + B; b=Cu; + D; c = Aw + F; where
A,B,C,D,F are constants.

(3) Ifa=a(u1),b=Db(up),c=c(uy), then(M,qg) is Einstein if and only if & Au, + B; b=Cu, + D; c = Aw, + F where
A,B,C,D,F are constants.

(4) If a=a(uz),b=b(uy),c =c(uy), then(M,qg) is Einstein if and only if b=Cu; + D; c = Eu; + F and a satisfy
bag.o+ bpay — c% = 0; where CD, E,F are constants.

(5) If a = a(ug,up), b= b(us,uz) and c= 0 then (M, g) is Einstein if and only if a= KuZ + Au; + B(up) and b=
Kuz + Cu, + D(uz); where K A and C are constants and B are smooth functions satisfying the following PDE’s:

B,D; =0,
(D1(U3K +u1A+B))1 =0,
(B2(U3K + UxC+ D)), = 0.

Proof. It follows that the Walker metricl( is Einstein if and only if the defining functiorssb andc are solutions of the
following PDES:

a1 —b22=0, bypo+c1=0, a2+C2=0,
a1C + aphy — @1 — €3+ 2cay.»+ bagy— acyp =0,
azby — €1C2 +Cag;1 — aC;1 — CC1;2+ bCr2 =0,
agby — b1Cy + bpcy — ¢ + abyg + 2cby 2 — bop = 0. (6)
This system of partial differential equatior® {s hard to solve, for this reason we consider the special icethis section.

The four first statements are easy to obtain. We only provéfthestatements. The Einstein condition is equivalent ® th
following:

(i) az.2=0andb;.o=0;
(i) ag;1—bp2=0;
(iii) aghy =0;
(iv) ajb; +aby.; = 0 andagh, + bap., = 0.

We divide the proof of the proposition into two steps.
Step 1. The PDE system (i) imply that andb take the following forms:
a=aluy)+4a(u) and b=b(u)+b(up). @)
Substituting these functiorssandb from (7) in the equation (ii), we get
a1 = bpo.

Therefore we have the following:
apa(x) =K and bpo(y) =K

whereK is a constant. Thea (Fespectivelyf)) is a quadratic function ofi; (respectivelyu,). Therefore we have the
following
a=Ku?+Au;+B(uz) b=Ku3+Cu+D(uy) (8)

(© 2017 BISKA Bilisim Technology
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whereA andC are constant® = & (respectivelyD = 5) are smooth functions af, (respectivelyu;).

Step 2. The functionsa andb in (8) satisfy the (i) and (ii) PDEs in the Einstein conditions. West consider further
conditions fora andb to satisfy the (iii) and (iv) PDE in the Einstein condition.

(i) From the (iii) PDE’s in the Einstein condition, we get tfidlowing condition:
B,D; =0.
(ii) From (iv), the two equationa;b; + aby.1 = 0 andagh, + bap.» = 0 gives
(D1(uiK + uA+B)), =0,
(Bz(ugK +WC+D)),=0,
which complete the proof.

In [8], the authors apply the Lie symmetry group method to deteerthie Lie point symmetry group and provide example
of solution of the system of partial differential equati¢fk

Example 1.[8] Let (M,gapc) be a Walker metric with
r

a= fr—lerluleUZ, b= —riree2, and c=r,e1"e"2
2

wherer;’s are arbitrary constants. Then the Walker meic g, b ¢) is Ricci flat and Einstein.

Note that four-dimensional Einstein Walker manifolds fasrmderling structures of many geometric and physical models
such ashh-space in general relativitpp-wave models and others areas.

4 Locally symmetric Einstein-Walker metrics

A pseudo-Riemannian manifold is locally symmetric if itavature tensoR is parallel, that i1IR = 0, wherell is the
Levi-Civita connection on pseudo-Riemannian extendedctooa tensors as a derivation aRdis the corresponding
curvature tensor. This class of manifolds contains one ofifolas of constant curvature.

Let us consider the Einstein-Walker metric given by
a=Ku?+Au+B(u) and b=KuZ+Cu+D(uy), (9)
whereK ;A andC are constants ar8l D are smooth functions satisfying the following PDE'’s:

BZDl = Oa
(D1 (UK +uA+B))1 =0,
(B(U3K +u;C+D))2=0
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By a straightforward calculation, we can see that the cantfor the Einstein-Walker metri®j to be locally symmetric
is equivalent to the following PDEs

ajaph, =0, ajbih, =0, aax>=0, ajb;1=0,
azbl;l = 07 bj_az;z = 0, bzaz;z = O, b2b1;1 = 07

aal;lbl = 07 bazbz;z =0.

From the previous PDEs, We have the following results

Theorem 2The Walker metric given ird} is locally symmetric Einstein if and only if the functior{sig uz) and b(uy, uy)
are constant.

5 Locally conformally flat Walker metrics

LetW denote the Weyl conformal curvature tensor given by

W(X,Y,Z,T):=R(X,Y,Z,T) + ﬁ{g(Y,Z)g(X,T) fg(X,Z)g(Y,T)}
+ rlz{p(YvZ)g(XaT) _p(sz)g(YaT) _p(YaT)g(sz) +p(XaT)g(YaZ)}-

A pseudo-Riemannian manifold is locally conformally flaiifd only if its Weyl tensor vanishes. The nonzero components
of Weyl tensor of the Walker metric defined ki) @re given by

a1 bap 12 b ci-
W1313:%+?’*%, W1314:*T %,
a;2  C2p2 C1;2
W — e &< Wi — =<
hs23= 1 hs24= =7,
Wian o C81 @02 Chpp  Sceip | Doy
18372 T 74 6 12 4
by ar: bg-z C1:2 b-z C1:
Wig14= %, W1423:*%*1—'2 %, W1424:%*%;
Wigay— D881 n ab;y ey by con bep
14347 71 4 4 12 4 12
aro a2 | Cop2
\/\/232327’, \/\/23242—%—#7’,
Wpggy— 221 Co12 bap,, alpy ac; cGp2
334 12 4 4 12 " 12 a4
apy  boo cp2 ca;;1  bay, chpo aciy  5cep
Woaza= "=t~ 75 Wea= —gm b T T T T T
2 ) 2 2
_ Cayy | abay;y | bcay,  b%@pp  athyy  achy | chpp  abbyp
Wossa= —g=+ ==+ — 4 1 a 2 6 12
_acc;; Zczcl;z B abg B bce.,  bac B catb,  capb; 7 bayc, B abic, abc (10)
2 3 3 2 4 4 4 4 4 4

Now it is possible to obtain the form of a locally conformdiigt Walker metric as follows.
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Theorem 3. A Walker metric {) is locally conformally flat if and only if the functions=aa(us, u,),b = b(us,u,) and
¢ =c(ug,up) are as follows

I
a= éuerJuﬁ Euwu, +Fus + K,
I
b= f§u§+ Lus +Mujur + Nup + R,

M E
c= Eu§+Pu1+ Eu§+Guz+(Q+H),

where the constants,E, G, H,I,J,K,L,M,N,P,Q and R satisfy the following relations

0=EN—JM+IP,

0=EL-FM+IG,

0=ER-KM+I(H+Q),
0=K(LP—NG)+RUJG—FP)+ (Q+H)(FN—JL).

ProofSine the locally conformally flat is equivalently to the vsining of the Weyl tensor, let considdi(j as a system of
PDEs. We will prove the theorem in three steps.

Step 1. Considering the following components of the Weyl tensorld}{

Cy; b1 a-
Wizos= 172 =0, W= % =0 and Wh3xz= % =0. (11)

The PDEs 11) imply that the functions, b andc take the form

a(ug,up) = wpa(uy) +a(uy),

up
b(us, up) = ugb(up) + b(uy),
c(ug,uz) = ¢(ug) + €(uz).

Considering the result of the step 1, the Weyl equationg@freduce to

1 1 1
Wiz13= 6(a1;1+ b2.2), Wizia= Z(_bl;2+ Cr1), Wizoz= Z(al;z_ C2:2),

_Capp abyp chpp  bop 1
Wizzs= 2 4 6 T4 Wig23= *12(81;1+ b2.2),
Wigra= S(bro—cr1), Wigsa= = (ar1-+bo) + S(bro— cra)
1424 = 4 1,2 1;1)5 1434 — 12 11 2:2 4 1;2 1;1)
1 a c
Wos24= 7 (—an2+C22),  Wossa= — 5 (@11 +b2i2) — 4 (a2 — C22),

NN

Cay;n  bayn, chpp aciy
Wosoa= Z(ap.1+b22), Wosza= - -

6 6 4 12 4’
c? ab bc ac
Was34= 5 (a1:1+bo:2) + 1—2(31;1 +boo) + > (12— C2;2) + > (b12—c1:1)
bajc, cayby, cab; baxc; abic, abyeg
4 4 4 a4 a4 TTa (12)
Step 2. Considering the following components of the PDEg)(
Wi313=0, Wiz14=0, and Wiz3=0. (13)
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The PDEs 13) imply that the functiong, b andc take the form
a=uy(Eu+F)+ Iiu%+Ju1+ K,
b=uy(Muz+N) — Iiu§+ Luz +R,
c= %u%+Pul+Q+ %u§+Guz+H.

Considering the result of the step 2, the Weyl equatid@sreduce to

Ca;1 abiy chpp b

Wigza= —75 2 5 7
_Ca; |, bagy chpp  acy
Woyg34= 5 2 > 1
Wagas— baic, caby cabi bac; abc;  ab 14

4 4 4 4 4 4

Step 3. From (14), after some straightforward calculations, the followiPIBES
Wizzs=0, Whbg34=0 and Whg34=0
gives

0=EN—-JM+IP,
0=EL-FM+IG,

0=ER-KM+I(H+Q),
0=K(LP—NG)+R(JG—FP)+ (Q+H)(FN—JL).

This finish the proof.

RemarkFrom (@) and Theoren3, we see that the locally conformally flat metri has vanishing scalar curvature.

6 Conclusion

Various geometric quantities are computed explicitly immg of metrics coefficients, including the Christoffel syoidy
curvature operator, Ricci curvature and Weyl tensor. Usirese formulas, we have obtained a large class of Walker
metrics which are Einstein, locally symmetric Einstein é&hlly conformally flat.
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