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Abstract: In this study, complex differential equations are solveidgisaplace transform. Firstly we seperate real and imagiaets
of equation. Thus from one unknown equation is obtained talmawn equation system. Later we obtain laplace transfafmeal
and imaginer parts of solutions using laplace transfornthédatest we obtain real and imaginer parts of solutiongisiverse laplace
transform.
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1 Introduction

In real, general solutions of some equations, especiglig tf elliptic, are not found. Real partial differential edjon
systems when number of independent variables are even daanséormed to a complex partial differential equations.
The solving a complex equation can more easier with complethods. For example,

Uxx+ Uy =0 1)

Laplace equation hasn't got general solutioRfy but it can be written

with the relation
02
A= —
0207
and the solution of the equation is given as
u="f(2+9(2

where f is analytic,g is anti analytic arbitrary functions. A partial differeatiequation system which has two real
dependant and two real independant variables can be tramefido a complex equation. For example,

Ux - Vy == 0

Cauchy Riemann system transforms to complex equation

W =0
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wherew = u+iv,z= x+iy. All solutions of this complex equation are analytic funaso

Moreover any order complex differential equation can badfarmed to real partial differential equation system whic
has two unknowns, two independent variables by seperatiag¢al and imaginer parts. The solution of complex
equation can be put forward helping solutions of this reatey.

In this study, we investigate solutions of first order consteoefficients complex equations with laplace transforms.
Laplace transform using several areas of mathematics igegrad transform. We can solve ordinary differential
equations, system of ordinary differential equation, gné¢ equations, integro differential equations, differen
equations, integro difference equations and also cakslame generalized integrals with laplace transform. Maeo
we can use laplace transform in electrical circuits. Thaneefve can solve fractional differential equations via dagl
transforms[2,3]. Nonlinear differential equations carsblved laplace decomposition method[4].

2 Basic definitions and theorems

Definition 1. Let F(t) be a function of t> 0. Laplace transform of ) is defined as

[

L(F(t)) = f(s) = /'efst.f (t)dt. @)
0
Since integral of2) is a function of sthen we can write (F(t)) = f(s).

Theorem 1.If F(" (t) is partial continuous, then
L(FMW(t)) = 'f (s) — " *F (0) — 8" 2F'(0) — " 2F"(0) — ... — F(""1)(0)

where L(F(t)) = f(s).
Theorem 2.Laplace transforms of partial derivatives ofsyt) are given as follow.
(i) L [%} =sU(x,5) — u(x,0)
(i) L9 = 25
where Ux,s) = L[u(x1)].

2.1 Complex derivatives

Letw = w(z2) be a complex function. Here= x+ iy, w(z,2) = u(x,y) +1i.v(x,y) . First order derivatives according zo

andz of w(z ) are defined as

ow 1 0w .oJdw
0225((3x_|0y)' )
ow 1 0w .oJdw
0z~ 2\ ax Tiay) @

3 Solution of complex differential equations from first order which is constant coeffients

Theorem 3.Let A B,C are real constants, ,2) is a polynomial of zZ and w= u+iv is a complex function. Then the

solution of
ow ow _
AE + BE +Cw=F (Z,Z)
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w(x,0) = f (x)

is given as

u=L"1

(A+ B)‘;’—X(ZFJ_* + (A—B)v(x,0)) +2C (2F; + (A—B)v(x,0)) — s(A— B)(2F; + (B— A)u(x,0))
[(A+B)D+2CP + (A—B)?

v=L"1

(A+B) %(ZFZ* + (B—A)u(x,0)) +2C(2F; + (B—A)u(x,0)) —s(B— A)(2F; + (A—B)v(x,0))
[(A+B)D+2CJ? + (A— B)2 '

Proof.

ow ow -
A.E+B.E+C.W—F(Z,Z). (5)

We can obtain the following equality using substitutir®),( 4) in ( 5),

10w .ow 10w .oJdw .
E(Wfld—y)wLBE(Wﬂd—y)qLwaFl(x,y)+|F2(x,y) (6)

If we write w = u+ivin ( 6), then we have,

du .0v .du ov du .dv .du ov . .
&Jrl&ﬂa—erW)nLB.( — +i—— =—)+2C.(u+iv) = 2R (X,y) + 2iF2(X,Y) (7)

Al ax H'ax ey oy

If we seperate {) as real and imaginer parts, then following equation sysseobtained

Ju ov

(A+ B)&Jr(AfB)d—waZCuszl(x,y) (8)
ov du

(A+ B)a—x+(BfA)a—y+ZCvf 2F>(x,y) 9)

If we apply laplace transform to§),( 9), then we get the following equalities

(A+ B)‘;—L)J( + (A—B)(sV—V(x,0)) + 2CU = 2F; (10)
oV
(A+B) 5 +(B—A)(SU~u(x.0) +2CV = 2F;, (11)

whereU,V, F,F; are laplace transforms ofv, F, F, respectively. If(10), (11) are rerugulated, thefi2), (13) become

(A+ B)(Z—Li +2CU +S(A—B)V = 2F] + (A— B)v(x,0)

s(B—AU+ (A+ B)%+2CV = 2F; + (B—A)u(x,0).

Using Cramer rule, we obtaine

(A+B)D+2C  SA—B)

sB—A) (A+B)D+2C| [(A+B)D+2C]* + *(A—B)
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2F +(A—B)v(x,0) s(A—B)
2F; + (B—A)u(x,0) (A+B)D+2C
[(A+B)D +2CJ* + (A— B)>2
(A+B) g—X(ZFl* + (A—B)v(x,0)) +2C (2F; + (A— B)v(x,0)) — S(A— B) (2F; + (B— A)u(x,0))

[(A+B)D +2CJ* + (A—B)>2

U=

(12)

(A+B)D+ 2C 2F; + (A— B)v(x,0)
s(B—A) 2F;+(B—A)u(x,0)
[(A+B)D +2C* + (A—B)?

(A+ B);—X(ZFZ* + (B—A)u(x,0)) +2C(2F; + (B— A)u(x,0)) — (B — A)(2F; + (A—B)v(x,0))

vV . N K<)
[(A+B)D +2C]° + s?(A—B)2

Followings are obtained from inverse laplace transforr(il@j, (13).

Wy) = L1 (A+B) & (2F; + (A—B)V(x,0)) + 2C (2F; + (Az— B)V(x,0)) — S(A— B)(2F; + (B— A)u(x, 0))] 14
[(A+B)D+2C]“+s(A—B)2
vixy) = = (A+ B)g—X(ZFz* + (B—A)u(x,0)) +2C(2F; + (Bzf A)u(x,0)) —s(B— A)(2F] + (A—B)v(X, O))] 15)
[(A+B)D +2C]* +s?(A—B)2
Example 1.Solve the problem
M2 a2 (16)
with the condition
w(x,0) = X2 +x 17)

Coefficients of equation ark= 1,B = 2,C = 0 andF (z,2) = 37 + 2. Real and imaginar parts &f(z,2) areFy(x,y) =
3x? — 3y? + 2 andFy(x,y) = 6xy. Laplace transforms df; (x,y) andF(x,y) are following.

Fi(x,8) = LIF(x,Y)] = (3% +2)/s— 6/S

F3(x,8) = L[F2(x,y)] = 6%/,

From the above theorem

Uk y) = L (30 (62 +4)/5—12/5) + 5126/ 33+ X)) /(9D + &)

= L7H[(48x/s+8(x+x))/(9D? + )]

1 48x
52(1+9?[)2)(?+s(x3+x))]
ST s - 2]

— Lfl[_?ﬁx_y x3:x] =34 X— 3xy~.

=LY

=LY
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Similarly,

32 (12 13+ x) — (¥ — 12
9D2 + &2 ]
71[(4?8+3x2— 1)
9D2+ &2
1 s
L1+ %) ¢

V(va) = Lil[

+3x%—1)]

Hence

W=U+iv=>+Xx—3XyY+i (- + 3%y —y) =2 +2

Example 2.Solve the following problem
ow Jw
22— — — =4z+1
9z oz T
with the condition
w(x,0) = x? 4+ 5x.

Solution 1. Coefficients of equation ark=2,B= —1,C =0 andF(z,z) = 4z+ 1. Thefore

*

Fi(x.s) =L[R(xy)] = (4x+1)/s
FZ* (Xv S) = L[FZ(Xv y)] - 4/52

((8x+2)/s) — 3(8/*— 3 (x*+5x))
D2+¢ ]
8 2—:+95(x2+5x)]

D2+ 9s?
(T + 95)(2 + 45SX)]

A
u(x,y) = L2

=LY

1 -16
9(1+ 25)
1 D2 D4 DS
@<@+@W

1 /-16 18
= == _
=L [932< S + 955 + 45sx 93>]

2 X2+5
=Lt [§+XJ; X}x2+5xy2.

=LY

LT +> (%16+93x2+45sx)]
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Similarly
1 33 —3(¢+5x) +35(8x+2)/9)
o
=L 1| ——— (—6x— 154 24x+6)
9?(1+ 25)
_y L (D2 bt D% _
=L [952 1 932+8134 72956+... (18x—9)
[ 1
-1 = _
=L _932(18X 9)}
=2xy—y.
Consequently
W=u-+iv

= X2+ Bx—y2+i(2xy—y)
= X2 + 2ixy — Y2 4 3(x — iy) + 2(x + iy)
=Z2+32+22
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