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ABSTRACT. In the present paper, we define Jakimovski-Leviatan type modified operators. We study some approx-
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1. INTRODUCTION AND PRELIMINARIES

Appell polynomials were introduced in 1880 (see [4]). In 1969, Jakimovski and Leviatan
introduced an operators P, by using Appell polynomials [7]. The Appell polynomials are
defined by the identity as follows:

(1.1) S(u)e™™ = Zpk(az)uk,
k=0

1—1

for an analytic function in the disk |u| < r (r > 1) and p,(z) = Y., aiﬁ (n € N) taken
S(u) = >0 ganu™, S(1) # 0. An exponential type the class of functions considerable on
the semi-axis and satisfy the property |f(z)| < ke?*, for some finite constants x, v > 0 and
denote the set of such functions by E[0, o). The sequence of infinite sum of the operators P, is
convergent and well-defined which are considered by the authors as follows [7]:

e k
1.2 P.,(fiz) = — -,
12) 50 = gy Lot ()
for all n € N, where n > @. In case of % > 0 for all n € N, Wood [20] proved that the

operator P, is positive on [0; 1). For more results see also [13], [11] and [6]. They established
that lim,,_, P, (f; ) = f(z), uniformly in each compact subset of [0, 1).

If S(1) = 1in (1.2) we get p,(z) = %' and we recover the well-known classical Favard-
Szész operators defined in 1950 by

13) Su(fi) = e (m)kf<k>-

k=0
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In the last quarter of twentieth century, the quantum calculus (also known as ¢- calculus)
was studied in [8,12] (see [3, 14,15,18]).

2. CONSTRUCTION OF OPERATORS AND AUXILIARY RESULTS

In this paper, we define a Beta integral type modification of Jakimovski-Leviatan opera-
tors. We also introduce modified Jakimovski-Leviatan-Stancu type operators and obtain better
approximation results. For = € [0,00), p,-(z) > 0and S(1) # 0, we define

e e & 1 © g
(2.4) Titi) = S P ) g | e 0

Lemma 2.1. If we take e; = t'~! fori = 1,2,3. Let J(-; -) be the operators given by (2.4). Then for
all z € [0,00), pr(x) > 0and S(1) # 0, we have the following identities:

(2) J;(@;x) = ( )x—i— P (S((ll)) + 1)

*( . 2n 1) 1 s s’
(3) Jn(esiz) = = 2)(n 5722+ ooy oD (5(1) +2) Tt oD <5(1) + 50 +2)~

Proof. We can easily see that

(2.5) ZP (na) e,
(2.6) i?”PT(TLQC) = (S'(1) +nS(1)x) e,
r=0
(2.7) f: r’P,(nz) = (S"(1) + 2nS’ (1)z + S'(1) + n*S(1)z?) €.

(1) By taking f = e;

e~ N o 1 0o tr
K0 — P.( dt
Tnles;z) Z B (r+ 1,n)/0 (14 ¢)rtnt+l ™
e ip (r+1,n)
B (r+1,n)
= 1

(2) By taking f = e2
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e—nT o 1 o) tr+1
T (egiz) = P, dt,
n(€27$) S(l) TZ_:O (nx)B('f‘—f— l,n) /0 (1 +t)r+n+1
e ip (r + 2,n —1)
B(r+1,n)

r—i—le*m > B(r+1, n)
= P.(
Z (nz) B(r+1,n)

1 1 —nz
= + ° T ZrPr(mc)

r=0

St s )-

(3) By taking f = es3

. e~ Nz St 1 00 tr+2
Inles@) = 5(1)23(”"”)3(7«“%)/0 e

1 e~ N s

= 0 TZ P.(nz)(r?* + 3r +2)

2 (1)
B (n—2)(n—1)+(n—2 n—1< —|—nx>

1 S"(1) ‘(1) 2 2
+ (n—2)(n—1)<5(1) + 2nx S(l)+5(1)+nx‘+nx).

O

Lemma 2.2. Take n; = (e; —x)? fori = 2,5 = 1,2. Let J;(-; -) be the operators given by (2.4). Then
forallz € [0,00), pp(x) > 0and S(1) # 0, we have the following identities:

1 Jynsz) =5+ ﬁ (S((l)) + 1)

2° J(n2; @)
_ _ (n+2) 2 2n 2 (5'(1) 1 s”(1) |, S'(1)
= 20n-0% T 52D (n (5(1) ) + 1) A o ICESY) ( s T sm t 2)

Let o, 8 € Rsuch that 0 < a < . Then for z € [0,00), p-(z) > 0,and S(1) # 0, we
define

et 1 o0 tr nt + a
B (
28) Ta(fiw) = ZP +1,n)/0 (1+t)r+n+1f<n+ﬂ>dt’

Lemma 2.3. Take e; = t'~! fori = 1,2,3. Let JP(-; ) be the operators given by (2.8). Then for all
x € [0,00), pr(x)>0and S(1) # 0, we have thefollowmg identities:

(1) J&P(e;z) =1
, ca) — n? n 5'(1) _a
(2) Jy (62’33) = n+8)(n— 1)x—|— (n+8)(n—1) ( S(1) +1) + ntB
. n? n? n S'(1)
(3) JnP(e3:%) = Grppmae DT + D {n (s 0 +2) +O‘}”3

2
n? S"(1) S'(1) 2na (1) a?
t GrEEm D ( st T s +2) + w e (S(l) + 1) t e




Approximation of Modified Jakimovski-Leviatan-Beta Type Operators 91

3. MAIN RESULTS

We obtain the Korovkin type and weighted Korovkin type approximation theorems for
the operators defined by (2.8).

Let Cp[0,00) be the set of all bounded and continuous functions on [0, ), which is a
linear normed space with

I flles = sgglf(:v)
Let -
Ccl0,00) == {f € C[0,00) : |f(t)| < M(1+1)¢ for some M > 0},
and

H:= {f € C0,00) : % is convergent as x — oo}.

Theorem 3.1. Let z € [0,00), f € C¢[0,00) N H with ¢ > 2. Then for p,(x) >0, S(1)# 0, the
operators JP(-; -) defined by (2.8) satisfy
i a,B(f.
Jim JP(fr2) = f(@)

uniformly on each compact subset of [0, c0).

Proof. The proof is based on Lemma 2.3 and well known Korovkin’s theorem regarding the
convergence of a sequence of linear positive operators. So it is enough to prove the conditions
lim JoP((ej;2) =271, i=1,2,3 asn — oo
n—roo
uniformly on [0, oo].
Clearly 2 — 0, (n — c0) we have

i B (o ) — ; Bl m) — 2
711;11;o JoP (eg; ) = x, HILH;O JP(eg;x) = a°.

This completes the proof. O

In the space [0, c0), following Gadziev [9,10,17], we recall the weighted spaces of the func-
tions for which the analogous of the Korovkin theorem holds (see also [1,5,19]) .

Let z — ¢(x) be a continuous and strictly increasing function and o(z) = 1 + ¢*(z),
lim,_, o 0(z) = 00. Let B,[0, 00) be a set of functions defined on [0, c0) and satisfying

[f(@)] < Myo(z),
where M is a constant depending only on f . Its subset of continuous functions will be denoted
by C,[0,0), i.e., C,[0,00) = B,[0,00) N C[0,00). It is well known that a sequence of linear
positive operators {J?},>1 maps C,[0, 00) into B,[0, ) if and only if
|Ln(0;2)] < Ko(z),
where z € [0,00) and K is a positive constant. Note that B,[0, co) is a normed space with the

o (@)
X
Iflle= igg o)

Finally, let C9[0, 00) be a subset of C, [0, 00) such that the limit

o fl@)
Aoy
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exists and is finite.

Let B0, 1] be the space of all bounded functions on [0, 1] and C[0, 1] be the space of all
functions f continuous on [0, 1] equipped with norm

[fllee = sup [f(z)], f e C[0,1].

z€]0,1]
The famous Korovkin’s theorems state as follows:

Theorem 3.2 (cf. [16]). Let {L,}»>1 be the sequence of linear positive operators acting from C0, 1]
into B0, 1]. Then
lim | Ln(tF;2) — 2%l 0o = 0 (k= 0,1,2),

if and only if for all f € CI0,1]
Tim [La(f(#):2) ~ fll = 0.

Theorem 3.3. Let {J2P},,>1 be the sequence of linear positive operators acting from C,[0, 0c0) into
B, 0, 00) satisfies the conditions

lim |77 (¢ () 2) — 0" M (@)llp =0 (i = 1,2,3)
then for any function f € C9[0,00),
Tim (T8 (F(2):2) — £, = 0.

Proof. For the completeness, we give some sketch of the proof for the version which will be
used in our next result. Consider ¢(z) = z, o(x) =1+ 22, and

) Ja’ﬁ(E"J?) _ xifl ‘
Ja,ﬁ i _ i1 —q | n )
[T (€5 @) — x|, sup a2

Then for ¢ = 1,2, 3 it is easily proved that
. a,B(, .. _ i1 _
Jim [| 5 (es;2) — 2" |l = 0
Hence by using the above Theorem 3.2, for any function f € CJ(R™), we get
Tim [|l78 (70 2) — fll, = 0.
u

Theorem 3.4. Let x € [0,00), f € C)[0,00) with o(x) = 1+ . Then for p,(z) >0, S(1) #0,
we have

Tim (|72 (f12) — fll, 0.
Proof. Using Theorem 3.3 for p(z) = x and o(z) = 1 + 22, we consider

. JQ’B(G"{E) _xifl ‘
JQ,B . i1 _ | n (2]
[ 757 (es52) — 2o sup e

fori=1,2,3.
According to Lemma 2.3 for i = 1, it is obvious that | J%#(e1;2) — 1 |— 0, and therefore

i B (o m) —
Jim [T (er;2) — 1, = 0.
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Fori=2
| J&B(eg;x) —t | n? T
< |—FF -1
e 1+ a2 = |(n+[3)(”*1) |i§%1+x2
+ - S/()+1 + | sup ——
(n+B)(n—1) \S(1) n—|—ﬁ >01+x2
Therefore
Jim [T (e230) — ], = 0.
Fori =3
su Jﬁ’ﬁ(e?ﬁx) —z? | | n' 1| sup z?
220 1+ 22 ~ '+ pB)2(n—-2)(n—1) v>0 1+ 22
+ | 2n” { n (S/(1)+2)+oz}’su I
(n+B8)2n—-2)(n—-1) ln—2\ S1) x;gl-i-xQ
n2 (Su(l) S'( ) >
+ + +2
T e e \sm) s

n 2na S’ (1)> |su 1
(n+B)2(n-1)\S1) /) (n +5 w0 1+ a7

Hence we have

lim || J&% (e3;x) — 2%, = 0.

n—oo

Which completes the proof of Korovkin’s type theorem. O

4. RATE OF CONVERGENCE

Here we calculate the rate of convergence of operators (2.8) by means of modulus of con-
tinuity and Lipschitz type functions.

Let f € Cg0,00] be the space of all bounded and uniformly continuous functions on
[0,00) and = > 0. Then for § > 0, the modulus of continuity of f denoted by w(f,d) gives the
maximum oscillation of f in any interval of length not exceeding § > 0 and it is given by

(4.9) w(f,0) = sup |f(t) = f(z) [, t€]0,00).

lt—a] <6
It is known that lims_,o4 w(f, ) = 0 for f € Cg[0,o0) and for any § > 0 one has

(@.10) 0 - sl < (524 1) s,

Take u; = (e; — x)? fori = 2, j = 1,2 and in the sequel we use the following notations:

4.11) 308 =\ I (pas ),
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Here

IS n S'(1) o
<<n+5><n—1> 1) +(n+ﬂ)(n—1)<5(1)+1>+n+ﬁ
for j=1,0<a<f, a,€R

(n+5 et e I e s )

T3P (ujs ) = +[(n+252)n(n—1)j/ 1n2 i((ll): >+a}
‘<n+/a>?n—1>(S<(1>)“>+n+aﬂ}‘”

o +/3>2<nni 1) (Ss<(11>) " SSI<(11>) * 2)

AR @((11))“>+<nj-2m2

for j=2,0<a<f, a,8€R

when a = 38 =0, then 6% is reduced to 5% = /J* (12; 7).

Theorem 4.5. For z € [0,00), f € Cg[0,00) the operators J&P(-; -) defined by (2.8) satisfying:
(4.12) [ T2 2 (fr) = f@)] < 2w (f3057),

wheren €N, p.(z) >0,  S(1) # 0and 567 is defined in (4.11).

Proof. For our sequence of positive linear operators {J2?(.;.)} we have

Tl (fw) = fx) = JPP(fia) = fla) P (L)
= JP(f(t) ~ f(a);x)

< TP - f2) L),

since J2#(1;x) = 1. From (4.9) and (4.10) easily we get

itfin) - @) < a7 (14 H5 e wirso

— (1 + %Jﬁ*ﬁﬂ t—ux |;5C)) w(/f;6).

A

IN

Cauchy-Schwarz inequality give us

JEP(t—x [z) < ISP (12)2 TP ((t - 2)%; )
so that

@1 ) = @) 1< (14 3087 (0= ) )l i),

Finally, putting 6 = 6%% = /J3? (u; ) we get the assertion.
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Remark 4.1. Choosing § = - in (4.13) we obtain the following estimate

@19 A f5) ~ @) < (14 0 855 (£ )
where 0}, defined in (4.11).

Remark 4.2. For o = 8 = 0 the corresponding estimate for the sequence of positive linear operators
{J2BY is reduced to {.J}} defined by (2.4) which can take the form as

(4.15) [ Ja(fi2) = f(2)] < 20 (f;0,),
where 0} = +/J (n2;)).
Now we give the rate of convergence of the operators J#(f; r) defined in (2.8) in terms

of the elements of the usual Lipschitz class Lipas(v). Let f € Cg[0,00), M > 0and 0 < v < 1.
The class Lipy(v) is defined as

(4.16) Lipy(v) ={f : 1f(&) = F(&)] € MG = Gl” (G, ¢ €[0,00)) )

Theorem 4.6. Suppose x € [0, oo) f € Lipy(v) with (M >0, 0 < v <1). Then operators
J&B (-5 ) defined by (2.8) satisfying:

P (frw) = fla)l < M (37)"7,
where 67 is defined in (4.11).
Proof. Use (4.16) and apply Holder’s inequality

|JeP(f;2) — f(2)] |T3B(f(t) — fla); ) |
TSP f() = f@));z)

MISP (|t - 2] 2).

IANIA TN

Therefore

[ TP (fs2) = f ()]

IN

iP L [ e - el
(nx) —z
(r+1,n) ), (Q4¢)r+tntt

2—v
2
= ZP nx)
7“—1—1 B(r+1,n)
Y >i1 2/007“ P
r\(nT B(T+1,n) 0 (1+t)r+n+1 X
o =
—TL(L‘ 1 [e ) tT’
ZP / dt
B(r+1,n) J, (1+4¢t)rtntl
7n:1: ] 1 oo tr ) 2
t— dt
) ( Z +1a”)/0 (EE A )

=0
= M‘]'nﬁ (,LLQ,J?)% :

IN

This completes the proof. O



96 M. Mursaleen and Md. Nasiruzzaman

Let
(4.17) C310,00) = {g € Cp[0,00) : ¢',¢" € Cp[0,00)},
with the norm
(4.18) l9llcz (0,00) = N9lles0.00) + 19" 010,000 + 119" I 5 0.00) 5
where
(4.19) I9llcs0.00) = sup | g()].
z€[0,00)

Theorem 4.7. Let x € [0,00) and J&P(-; -) be the operator defined by (2.8). Then for any g €
C%10, 00), we have

(6% 1 (0% (03
|']n ,ﬂ(fv'r) - f(l')‘ < §5n7ﬁ(2 + 6n’5)||g||0123[0,oo)a
wheren € N, p,(z) >0, S(1) # 0and 627 is defined in (4.11).

Proof. Letg € C%[0,00). Then by using the generalized mean value theorem in the Taylor series
expansion we have

(t—x)?
2 )

g(t) = g(x) + ¢ ()t —z) + ¢" (V)
which follows
l9(t) — g(@)] < Malt — | + LMt — )%,
where by using the result of (4.18) and (4.19) we have

My = sup )|9'(9C)| = 19" lles10.00) < l19ll2,0,00)

z€[0,00
My = sup |g"(@)] = l9"lcs0.00) < 9llc2 10,005
z€[0,00)

again from 4.18, we have

900 9(0)] = (It = o1+ 5t~ 92) lglegoon

Since
2 (g,2) — 9(@)| = [J2 P (9(8) — gla); )| < T2 (lg(t) - gl ;).
and also
TeP (|t = alix) < TP ((t - 0)%2) * = 637
we get
1
) -l < (5= ala) + 3T 0% ) lollegome
1
< §(5,‘f’5(2 + 52’[3)”9”01’4‘3 [0,00)"

This completes the proof. O
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The Peetre’s K-functional is defined by

_ : _ M e . 2
(4.20) Ka(£8) = it {(IF = olleanoe) + 8"z ) 9 € W2,
where
(4.21) W? = {g € Cp[0,00) : ¢/, g" € Cp[0,00)} .

There exits a positive constant C' > 0 such that K»(f,d) < Cwa(f, §172), 6 > 0, where the
second order modulus of continuity is given by

(4.22) wg(f,él/z) = sup sup |f(z+2h)—2f(x+h)+ f(z)|
0<h<§1/2 zeRt

Theorem 4.8. Suppose x € [0,00),n € Nand f € Cp[0,00). Then the operators J&P(-; -) defined
by (2.8) satisfying
9(f5) — 1) < 21 {wn (731257 4 minL A7) heytom |
where M is a positive constant, p,(x) > 0, S(1) # 0and AP = w
Proof. As previous we easily conclude that
TP (fr2) = f@)] < IR (f = gie) |+ [ T30 (g5 2) — g(a) | +|f(2) — g(2)],

ot
2|l f - g”CB[Opo) =+ 7(2 + 5n’ﬁ)|\g|\cg[o,oo)y

IN

IN

57(1)676 a,f
2 (17 = dleutooe) + B2+ 859 ol oo ) -

By taking infimum over all g € C%[0, co) and by using (4.20), we get

o, a,B
2 g5~ 1) < 20 (1 B,

Now for an absolute constant M > 0 in [2] we use the relation
K>(f;8) < M{wa(f; V) + min(L, 6)|| ] }-
This completes the proof. O
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