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ON NEW HERMITE-HADAMARD-FEJER TYPE INEQUALITIES
FOR HARMONICALLY QUASI CONVEX FUNCTIONS

SERCAN TURHAN AND IMDAT ISCAN

ABSTRACT. In this paper, we give the theorems and results for the trapezoidal
and midpoint type inequality of new Hermite-Hadamard-Fejér for harmonically-
quasi convex functions via fractional integrals.

1. INTRODUCTION

Lots of inequalities have been established for convex functions but the most
famous is the Hermite-Hadamard inequality, due to its rich importance and appli-
cations, which is stated as follows: Let f : I C R — R be a convex function and
a,b € I with a < b. Then following double inequalities holds:

f<a+b>< 1 a/bf(x)d$<f(a)+f(b). (1.1)

2 b—a 2

The inequalities hold in reversed direction if f is concave.

Many researcher have studied on the Hermite-Hadamard inequalities for convex
functions. have been generalized and enhanced for many classes of convex
functions.

In [4], Iscan have represented harmonically convex function and have proved
inequalities related to its as follows

Definition 1. [4] Let I C R\ {0} be a real interval. A function f: I — R is said
to be harmonically convez, if

zy
Moy ) <t +a-01@ (1.2

forallxz,y € I and t € [0,1]. If the inequality in (1.2)) is reversed, then f is said to
be harmonically concave.
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Proposition 1. [] Let I C R\ {0} be a real interval and f : I — R is function,
then:

(1) If I C (0,00) and f is convex and nondecreasing function then f is har-
monically conver.

(2) If I C (0,00) and f is harmonically conver and nonincreasing function then
f is convex.

(3) If I C (—00,0) and f is harmonically convexr and nondecreasing function
then f is convewz.

(4) If I C (—0,0) and f is convex and nonincreasing function then f is har-
monically convez.

The following definitions and mathematical preliminaries of fractional calculus
theory are used further in this paper.

Definition 2. [8] Let f € L{a,b]. The Riemann-Liowville integrals J&. f and J f
of order o > 0 with a > 0 are defined by

x

T f(z) = %a) / (@— )" f()dt, ©>a (1.3)
and
b
T () = ﬁ/(t—x)a—lf(t)dt, z<b (1.4)

[e%

respectively, where I'(v) is the Gamma function defined by I'(a) = [ e~'t*"dt and
0

Jor f(@) = Ty~ f(z) = f(2).

Theorem 1. [4] Let I C R\ {0} be a harmonically convex function on I°, a,b € I°
with a < b. If f € L[a,b] then the following inequalities hold

b
2ab ab f(z) f(a) + f(b)
f(a—i—b)Sb—a x? de 2 '

IN

(1.5)

The above inequalities are sharp.
In [9], Latif et al. showed the following definition:

Definition 3. A function g : [a,b] C R\ {0} — R is said to be harmonically
symmetric with respect to 2ab/(a + b), if

holds for all x € [a,b).
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In [3], Iscan and Wu have revealed Hermite-Hadamard’ s inequalities for har-
monically convex function via fractional integrals as follow

Theorem 2. [3] Let f : I C (0,00) — R be a function such that f € L[a,b],
where a,b € I with a <b. If f is a harmonically convex function on [a,b], then the
following inequalities for fractional integrals hold:

() < B GE) (e venam o

b (o) (/) < HOEID
with o > 0.

In [2], Chan and Wu represented Hermite-Hadamard-Fejér inequality for har-
monically convex functions as follow

Theorem 3. [2] Let f: T CR\ {0} — R be a harmonically convex function and
a,b €I witha <b. If f € L[a,b] and g : [a,b] C R\ {0} — R is nonnegative
integrable and harmonically symmetric with respect to 2ab/(a + b) then

/ <a2ibb>/b 2as < /b 10608) 4, (17)
. @+ i) /bgu) .

2 2

a
In [5], iscan and Kunt showed Hermite-Hadamard-Fejér type inequality for har-
monically convex functions in fractional integral forms and established following
identity as follow

Theorem 4. [5] Let f : [a,b] — R be harmonically convex function with a < b
and f € Lla,b]. If g : [a,b] — R is nonnegative, integrable and harmonically
symmetric with respect to 2ab/(a + b) then the following inequalities for fractional
integrals holds:

F(22) [ om /e + 0 @omam] )

ath
< i (Fgoh) (1/a) + Ty (Fg o h) (1/0)]
BN {ORDI0

S [T (g0 ) (1/a) + T (g0 1) (1/0)]
with o > 0 and h(z) = 1/z, z € [}, 1].

In [13], Zhang et al. defined the harmonically quasi-convex function and supplied
several properties of this kind of functions.
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Definition 4. [I3] A function f: I C (0,00) — [0,00) is said to be harmonically
convez, if

zy
oy, ) < swlie). ) (19)

forallz,y € I and t € [0,1].

We would like to point out that any harmonically convex function on I C (0, c0)
is a harmonically quasi-convex function, but not conversely. For example, the
function

[ z € (0,1]
y‘{ (x—2)2 z€l,4]
is harmonically quasi convex on (0,4], but it is not harmonically convex on (0,4].
In [I0, [I1], Park established inequalities Hermite-Hadamard-like type for differ-
entiable harmonically convex function as follows

Theorem 5. [I0] Let f : I C Ry = (0,00) — R be differentiable function on I°,

the interior of an interval I, such that f' € Lla,b], where a,b € I with a < b. If
|f'] is harmonically quasi-convex on [a,b], then the following inequality holds:

b
ML IO L [ swyis) < (b2) sup{lf/ @, /@) (110)

Theorem 6. [I1] Let f : I C R, = (0,00) — R be differentiable function on I°,
the interior of an interval I, such that f' € Lla,b], where a,b € I with a < b. If
|f'| is harmonically quasi-convex on [a,b], then the following inequality holds:

bia/bf(w)d:c—fcgb) < (ﬁ“) sw{f @I @] (111)

In [6] Iscan and Kunt represented the following new theorem related to Hermite-
Hadamard-Fejér type inequalities for harmonically quasi convex functions via frac-
tional integrals

Theorem 7. [6] Let f: I C (0,00) — R be a differentiable function on I° such
that f' € Lla,b], where a,b € I and a < b. If |f'|?, ¢ > 1, is harmonically quasi-
convex on la,b], g : [a,b] — R is continuous and harmonically symmetric with
respect to 2ab/a + b, then the following inequality for fractional integrals holds:

LD I0) [ gom 1) + 7 tgemam] (12

[Tee (FgoB) (1fa) + Jgy,- (Fgoh) (1/0)]|

§ ||g||f.o(;tb+<b1; a) (b;b“) Ca(a) [sup{| f'(@)|" 1 (@)|]

Q=
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where
Ca() " R (2020 - 2 e (2a g a2
a) = a - a+lia+2 ——
2 Ot+1 s Ly b+CL O{+12 1 9 3 ’b—f—a
4(a+b)~2 b—a
——F (2 1; 2;
(@+1) ° ( e )

with 0 < o < 1 and h(z) = 1/z, z € [}, 1].

In [7], Iscan, Turhan and Maden gave identities for harmonically convex function
as follows:

Lemma 1. [7] f: I CR\{0} — R be a differentiable function on I°, h : [a,b] —
[0,00) be differentiable function on I, a,b € I and a < b. If f' € Lla,b] then the
following equality holds:

o) - 2n@) L2 I - [ e 0
B b4;ba { / 20 (L(t)) = h(D)] f' (L(2)) (L(t))* dt
0

where L(t) = gtiya, Ut) = s, YVt € [0,1] and H := H(a,b) = 245.

Lemma 2. [I2]f : I C R\{0} — R be a differentiable function on I°, h : [a,b] —
[0,00) be differentiable function on I, a,b € I and a <b. If f' € L[a,b] then the
following equality holds:

(f(a);f(b)>h(a)—f(H)h(b) (1.14)
. L(1)) (L(H)* + K (U (1) (U(0)*]
<L) + WD) di

1
!
P8 ) - hw o) + o) x [-£1(20) @)?

-
i

0
+ S <>>} t}

’U}he’f’e L(t) = m, U(t) = m, Vt S [0 ].] Cmd H H(a b) = 32‘3)
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In this paper, we study both Fejér and Fejér fractional of new Hermite-Hadamard’s

inequalities related to both right and left of the inequalities for harmonically quasi
convex functions.

2. MAIN RESULTS

Throughout in this section, we will use the notations L(t) = m, U(t) =
bH _ . 2ab
mandH—H(a,b) = axbe

Theorem 8. Let f : I C (0,00) — R be differentiable mapping on I°, a,b € I with
a<b. Ifh:[a,b] — [0,00) is a differentiable function and |f'|? is harmonically
quasi convex on la,b] for ¢ > 1, the following inequality holds

b
[h(b) — 2h(a)] @ + h(b)@ - /f(x)h’(x)dx (2.1)
(f oh(L(0) b di)
0

1

b (f‘ [2h(L(1)) — h(5)] L2 (t) sup{ | (HD)", f’(a)l"}dt>
< 0

1—1
q

+ (OJI" 12h(U (t)) — h(b)| dt)

1

1

(f 2h(U (1)) = h(b)| U(t) sup{| f"(H)|* If’(b)lq}dt)
0

Proof. Firstly, we use power mean inequality in (1.13]), we get

(1(b) — 2h(a)] L2 + h(b)@ - / F@) (2)dz| < b4;b“>< (2.2)

a

/ 2R(L(1)) — h(b)) dt / [2R(L(t)) — h(b)| | (L(£))|7 L2 (t)dt
0

1—1 1

+ / 2R(U (1)) — h(b)| dt / 2R(U () — hB)| f (U (1) U2 (t)dt
0

Since |f’|?, ¢ > 1, is harmonically quasi convex function, it is obtained
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1 1-3
(Ji2n(zw) o)l ar)
0 1
1 ,
s—a | (1280) = ) Lo 1 @)
< 0 1
~ 4ab 1 1-3
" (f 2h(U (1)) — h() dt)
O =
(g‘ 2h(U (1)) — h(5)] U2(t) sup{ | (H) |7, If’(b)l“}dt)
So the proof is complete. O

Corollary 1. Let g : [a,b] — [0,00) be a positive continuous mapping and har-

1/a
monically symmetric with respect to %, a<b Ifh(t) = [ ¥()(goe) (z)de,
1/t

P(z) = [(m - %)a_l + (& - x)a_l} forallt € [a,b], a > 0 in TheoremH we obtain

(PO [0 o /a4 30 o )] @3)

= [T (g0 0) (1) + T35 (Fg00) (110)]|

—a atl at+2 1—%
< <b2ab > F(a1+ 1) (2a+14> (Al(t,a;Q) Sup{|f’(H)|q7‘f/(a)|q}

+ As(t, o q) sup{| £ (D), | £ (0)|"}) *

where
Ataig) = [[0+07 - @0 L0
0
Atosg) = [(1+07 - (1= 07U,
0
1/a
Proof. If we use h(t) = { U(z) (g0 ¢) (z)dz, p(z) = 1, in [2.1)), we get
1/t

r@) (X5 2D) [0 0o 9) V) 4 Ty (o) ] (20

— [ (F909) (1/a) + 50 (Fg00) (1/0)]
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1 1/a 1_%
[12 [ ¢(@)(goy)(z)de
0 1;2L(n «
— [ (@) (g o) (x)dx| dt
1/b )
1 1/a 1/a g
( 12 [ v@)(goy)(z)ds— [ ¥(z)(goy)(z)dz| x )
0| 1/L(t) 1/b
b L2 supd| f/(H)|*, | f(a)|"}t
S 4Clb 1 l/a 1,%
[12 ] 4@ (goy)(z)de
n 0 1727u) y
— [ ¥(@) (gop) (x)dx|dt
1/b )
1 1/a 1/a q
(I 2 [ @) (gow)(@)de— [ (z)(gop) (m)dx‘x )
0 | 1/L(¢t) 1/b
Ua(t)sup{|f'(H)|", [ (b)|"}dt

If we use g function that be harmonically symmetric (i.e %) in the simple calcu-

lation, we get

1/a 1/a
2 [ @ goe) @i~ [ vla)(gow) (@)ds (2.5)
1/L(t) 1/b
1/U(t)
= | [ v oe) @
1/L(t)
and
1/a 1/a
2 [ v@gop) @~ [ V@ (g0 (2)ds (2.6)
1/U(t) 1/b
1/U(t)
- / () (g0 9) (2)da
1/L(t)

By using and (| in
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(P52 [ oo /) + - o am] @)

- {Jla/“ (fgop)(1/a) + Jiye- (Fgo ) (1/b)] ‘
(fl [ Y(z)dx dt) qx
0 |1/Le) 1
1]1/U() 1
( IS ¢($)d$‘x )
2q 9 1/L(t/) £ ()9
_G-a)fgl, ) \ @RI E @
4abl’(c) 1 .
+<f [ ¢(x)dx dt) X
0 [1/L(t)

1/U(t) i
7 w1 )

1/U(%)

1/U(®)

1
J
0 [1/L(t)

Uasup{|f'(H)|*, |f'(b)|"}dt
If we write the following integral in (2.7))

/U () Y /) .
[ vt =25 (F50) k- -0
1/L(t)
we have
(PO [0 o/ + 30 o )] @9)

= [T (g0 0) (1) + T35 (Fg00) (110)]|

( [10+0)7 = (117 x )
(b— a)a+1 ”g”OO <2a+1 _ 2)1}1 L* sup{|f’(H)|q ) |f’(a)‘q}dt

= (2ab)* T (a4 1) L 7
+ ( JIA+6) = (1 =1)2] x )
0
Ut sup{|f'(H)|,|f'(b)| }dt

If we use a” +b" < 217" (a+b)", a,b > 0 inequality in (2.8)), the proof is completed.
O

a+1

Corollary 2.
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i. If we take g =1, a« = 1 and |f'| that be increasing function in (2.3)), we get

{f(“);rf(b)] /bg(f)dx—/bf(x)g(f)dx (2.9)
ssz(afZ)—b% Nt (in (25 ) + 252 ).

il. If we take ¢ =1, g(x) =1 and |f’| that be increasing function in (2.3)), we
get

‘(f(a)?f(b)) B (al;):bl“_(c;; 1) [ o0 (Fow) (1/a) (2.10)

FTf e (Fo@) (10)]| < g (Ar(ts o DT (E)] 4+ As(t, 0, )7 (B)).

iii. If we take @« = 1, g(x) = 1 and |f'| that be increasing function in (2.3)), we
get

f@) +F®)Y __ab i@,
( 5 ) =y d (2.11)

_2 - - - N
< Ab—a)Teab {azq—z [W Cu (W)} )
= a4’ 2 —2q 1—2q

1
B H272q _ b272q H172q _ b172q a
o 2{ 2—-2q b( 1-2q ﬂ |f/(b)|q}

In the second part of the study, the left side of Hermite-Hadamard inequality

will be discussed.

Theorem 9. Let f : I C (0,00) — R be differentiable mapping on I°, a,b € T
with a < b. If h: [a,b] — [0,00) is a differentiable function and |f'|%,q > 1, is
harmonically quasi convex on [a,b], the following inequality holds

(ﬂwjmvm@zm>fﬂ [/f (212)

+/f(”“)h/(Q:fllxjrar) (QxH H>2 da




SERCAN TURHAN AND IMDAT ISCAN

(f (L)) —

(fl (L) — hU ) +

0

744

1-1

WU (t) +h(b)|dt> " x

Q=

h(b) L2(¢) sup{| f'(H)] f’(a)l}dt>

o
I
S

IA

4ab 1 1—1

" <f I(L(E)) — WU W) + hb)] dt) i
0 1

(f (L)

Proof. We take absolute value and then use power mean inequality in (1.14)),

= h(U(®)) + h(b)| U*(¢) sup{| f'(H)], If’(b)l}dt> q

‘<f(0») -2F f(b)) h(a) — h(b)f(fj-bb) + % [/bf(x)h’(x)dx
" /b P () (%IfH)de]

Corollary 3. Let g : [a,b] — [0,00) be a positive continuous mapping and har-
1/a
monically symmetric with respect to % a<b Ifh(t) = [ ¥()(goyp) (x)dx

¥(x)

obtain

(f (L) —
(f Ih(L(1)) —

T (f (L)) —
<f (L) —

By using |f’| that is harmonically quasi convex, the proof is completed.

h(U(#))

hU(t))

1-3
h(U(t)) + h(b)| dt> X
O |/ (L)) L*(1)| dt)

1—1

WU (t) +h(b)dt) " x

)@

1/t

Q=

) U%(t)] dt> q

733)0171] for all t € [a,b], @ > 0 in TheoremH, we
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[T+ (Fg09) (1/a) + Jg)0- (Fg0 ) (1/0)] (2.14)

1 (225 [t o0 )+ 35, (00 110

<

(b=l [, 4 2]
2(ab)*+T (a4 1) a+l a+1

[By(t, ez ) sup{|f ()| | £/ (a)| "} + Ba(t, o ) sup{|f' ()| .| £/ ()|"}]

where

Bl(t7a;Q) =

(25 (55 o

By(t,a3q) = >T U4 (t)dt.

| —

[

\

7 N\
—_
w\+
~
N~
Q

+
7 N\
—_

m\\
~

1/a

Proof. 1If we use h(t) = [ ¥(xz)(go¢) (z)dz, p(z) =1 in (2.13), we get

1/t

Gy e e
(o) e (o) e

i [y () e

and from g(x«) is harmonically symmetric function with respect to x = 2ab/a + b

[Tie (F00) (1/a) + T, (Fg00) (1/0)]
- [Jla/zﬁg op(l/a)+J7),—g° <P(1/b)} f (31%
On the other hand,

=T'(a)
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1/a 1_%
[ () (goy) (x)dx
) 1/L1(/t)
b—a 4
< / S CIRICE L B
1/a
+ [ ¥(z) (g o) (x)dx
1/b
1/a
[ () (g0 ) (z)da
| o
/ fl/Uf( )w(w) (go¢) (z)dz |sup{|f'(H)|",|f (a)|"}L*(t)dt
0 1/a
+ [ (x) (gop) (z)dx
1/b
1/a
I ¥(x)(goy) (x)de
|
- / — | W(@)(gop) (x)dz |sap{|f (H)|",|f (b)|"}U*(t)dt
/ 1/1U/(t>
+ [ ¥(x)(gop) (x)de
1/b

Since g is harmonically symmetric function with respect to

2ab
atb’

Jee (Fg00) (1/a) + T3, (Fg00) (1/0)]
— [Tiegoe(lfa) + T3, gew(1/b)] £ (22)

1/a

= QSb;(a ( /

0

/L)

1| 1/a
(/L/zz) (g0 ) (@)da

/L(t)

/w (g0 %) (x)da

1

=3
dt) X

sup{|f'(H)|".|f"(a)|"}L*(t)d )

Q=

Q=

we have

1
q

(2.17)

(2.18)
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gl

1
1/a q

/ Y(z) (9o @) (x)dx
JL(t)

sup{|f'(E)|",|f 0)"}U*(t)d )

1

1—1
®-a)lgl u 1 q
—
QabF / dt X
0

( / ( / d:c> sup{|'(H >q,f’<a>Q}L2Q<t>dt)
0 \i/L@®)

1 1/a %
+ (/ (1 / 1/1($)dx> Sup{f/(H)q,f’(b)q}Uzq(t)dt>

0 \I/L(t)

1/a
/ Y(x)dx

/L(t)

By using a” +b" < 2""(a+b)", r < 1 and a,b > 0 inequality, we get inequality
as follows

‘ [Jla/b+ (fgop)(1/a)+J7),- (fgop) (1/b)} (2.19)

— [Tiegoe(lfa) + T3, gop(1/v)] £ (22) l

dt) X

1 1/a
{(/(/ e dx) sup{(/(H)[" | (a) "} ()

/L(t)

(b—a)llgll ||9||
S Toal(a) 2abl (v (/

0

o

/L(t)

1/a a

+/(/ e dx) supd{|/(H)[" | (5)"}U(8)d )

1/L(t)

In the last inequality, we simply calculate integral as follows
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1/a

(b—a)* 1+t\“ 1—t\“
dr = 1—(— o . 2.2
[ vl S )+ (5 (2.20)
1/L(t)
If we use (2.20) with in (2.19) inequality, the proof is completed. O

Corollary 4.

i. T we take ¢ =1, a« =1 and and |f’'| that is increasing function in (2.14)
imequality, we get

[rthae s (2

<lol | (55
(o (”b)

ii. If we take g(z) = 1, ¢ = 1 and |f’|? that is increasing function in (2.14))
inequality, we obtain

) 9= 4y (2.21)

2

win (S0 sl () @
Y supllr 0101y

“;)(br_(‘*)*” [T (Fo ) (a) 4 550 (Fo ) (1/8)] - f (fj_bb%.m)

< L Ba(t o 1) | () |+ Balt, o5 1)/ (B)]

iii. If we take a =1, g(z) =1 and |f'|? that is increasing function, we get

b
2ab
b—a %d“f <aib> (2.23)
(b —a) Zab S H1 29 _ 41-2q H?20 — g2-27
<+b>{ [H< 2 )— > }If(H)Iq

1

B H172q _ b172q H272q _ b272q q
e (g ) - oy
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ON HARMONICALLY QUASI CONVEX FUNCTIONS VIA FRACTIONAL INTEGRAL 749

REFERENCES

Alomari, M. W., Darus, M., Kirmaci, U. S., Refinements of Hadamard-type inequalities
for quasi-convex functions with applications to trapezoidal formula and to special means,
Computers and Mathematics with Applications, 59 (2010), 225-232.

Chen, F. and Wu, S., Fejér and Hermite-Hadamard type inqequalities for harmonically convex
functions, J. Appl. Math., volume 2014, article id:386806.

iscan, 1., Wu, S. , Hermite-Hadamard type inequalities for harmonically convex functions via
fractional integrals, Appl. Math. Comput., 238 (2014) 237-244.

iscan, I., Hermite-Hadamard type inequalities for harmonically convex functions, Hacet. J.
Math. Stat., 43 (6) (2014), 935-942.

iscan, I. and Kunt, M., Hermite-Hadamard-Fejér type inequalities for harmonically convex
functions via fractional integrals, RGMIA, 18(2015), Article 107, 16 pp.

iscan, I. and Kunt, M., Hermite-Hadamard-Fejér type inequalities for harmonically quasi-
convex functions via fractional integrals, KYUNGPOOK Math., accepted paper.

iscan, I., Turhan, S. and Maden, S., Some Hermite-Hadamard-Fejer type inequalities for
harmonically convex functions via fractional integral, NTMSCI 4 (2016), No. 2, 1-10.
Kilbas, A. A., Srivastava, H. M., Trujillo, J. J., Theory and applications of fractional differ-
ential equations. Elsevier, Amsterdam, 2006.

Latif, M. A., Dragomir, S. S. and Momoniat, E., Some Fejér type inequalities for harmonically-
convex functions with applications to special means, RGMIA, 18(2015), Article 24, 17 pp.
Park, J., Hermite-Hadamard Type Inequalities for Harmonically Quasi-Convex Functions (I),
Applied Mathematical Sciences, Vol. 8, (2014), no. 99, 4917-4925.

Park, J. , Hermite-Hadamard Type Inequalities for Harmonically Quasi-convex Functions
(IT), International Journal of Mathematical Analysis Vol. 8, (2014), no. 33, 1605-1614.
Turhan, S. and Iscan, I., Some New Hermite-Hadamard-Fejer Type Inequalities For Harmon-
ically Convex Functions, Researchgate, doi: 10.13140/RG.2.1.2842.3765, under review.
Zhang, T.-Y., Ji, A.-P. and Qi, F., Integral inequalities of Hermite-Hadamard type for har-
monically quasi-convex functions. Proc. Jangjeon Math. Soc, 16(3) (2013), 399-407.

Current address: Sercan Turhan: Department of Mathematics, Faculty of Arts and Sci-
es,Giresun University, 28100, Giresun, Turkey.

E-mail address: sercan.turhan@giresun.edu.tr

ORCID Address: http://orcid.org/0000-0002-4392-2182

Current address: Imdat Iscan: Department of Mathematics, Faculty of Arts and Sciences,
esun University, 28100, Giresun, Turkey.

E-mail address: imdat.iscan@giresun.edu.tr

ORCID Address: http://orcid.org/0000-0001-6749-0591



	1. Introduction
	2. Main Results
	References

