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New upper bounds of Ostrowski type integral
inequalities utilizing Taylor expansion

Hüseyin Budak∗, Fuat Usta†‡ and Mehmet Zeki Sar�kaya�

Abstract

In this paper, we have been introduced and tested some signi�cant
new bounds of Ostrowski type integral inequalities. In accordance with
this purpose we have taken advantageous of the Taylor expansion for
functions. Some numerical experiments have been given to show the
applicability and accuracy of the proposed method.
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1. Introduction and Preliminaries

In 1938, Ostrowski proved the following integral inequality. The inequality of Os-
trowski [12] gives us an estimate for the deviation of the values of a smooth function
from its mean value. More precisely, if f : [a, b] → R is a di�erentiable function with
bounded derivative, then

(1.1)

∣∣∣∣∣∣f(x)− 1

b− a

b∫
a

f(t)dt

∣∣∣∣∣∣ ≤
[
1

4
+

(x− a+b
2

)2

(b− a)2

]
(b− a)

∥∥f ′∥∥∞
for every x ∈ [a, b]. Moreover the constant 1/4 is the best possible.

Recently, several generalisations of the Ostrowski integral inequality for mappings of
bounded variation and for Lipschitzian, monotonic, absolutely continuous and n-times
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di�erentiable mappings with error estimates for some special means and for some numer-
ical quadrature rules are considered by many authors. For recent results and generaliza-
tions concerning Ostrowski's inequality see [2]-[11], [13]-[16] and the references therein.

1.1. Theorem. [1]Let f : [a, b] → R and let n be a positive integer. If f is such that

f (n) is absolutely continuous on [a, b] , x0 ∈ (a, b), then for all x ∈ (a, b) we have

f(x) = Tn(f ;x0, x) +Rn(f ;x0, x)

where Tn(f ;x0, ·) is Taylor's polynomial of degree n, i.e.,

Tn(f ;x0, x) =

n∑
k=0

f (k)(x0) (x− x0)k

k!

(note that f (0) = f and 0! = 1), and the remainder can be given by

Rn(f ;x0, x) =
1

n!

x∫
x0

(x− t)n f (n+1)(t)dt.

2. Main Findings & Cumulative Results

2.1. Theorem. Let Let f : [a, b]→ R be a twice continuously di�erentiable mapping on
(a, b) with f ′′ ∈ Lp(a, b), 1 5 p <∞, we have∣∣∣∣∣∣ 1

b− a

b∫
a

f(t)dt− (x− a) f(a) + (b− x) f(b)
2 (b− a) − 1

2
f(x)

∣∣∣∣∣∣ ≤ A(q, x) ∥∥f ′′∥∥p
for all x ∈ [a, b] , where

A(x, q) =
1

2 (b− a)

[(
(x− a)2q+1 + (b− x)2q+1

2q + 1

) 1
q

+ 2(b− a)
(
(x− a)q+1

q + 1

) 1
q

]
and 1

p
+ 1

q
= 1.

Proof. De�ne the mapping F : [a, b]→ R given by

F (x) =

x∫
a

f(t)dt.

If we choose f(x) = F (x) and x0 = a up to third term in Theorem 1.1, we get

F (x) = F (a) + (x− a)F ′(a) + 1

2
(x− a)2F ′′(a) + 1

2

x∫
a

(x− t)2 F ′′′(t)dt

which yields

(2.1) F (x) = (x− a) f(a) + 1

2
(x− a)2f ′(a) + 1

2

x∫
a

(x− t)2 f ′′(t)dt.

Similarly, for f(x) = F (x) and x0 = b in Theorem 1.1, we have

F (x) = F (b) + (x− b)F ′(b) + 1

2
(x− b)2F ′′(b) + 1

2

x∫
b

(x− t)2 F ′′′(t)dt
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which yields

(2.2) F (x) =

b∫
a

f(t)dt+ (x− b) f(b) + 1

2
(x− b)2f ′(b) + 1

2

x∫
b

(x− t)2 f ′′(t)dt.

If we subtract equality (2.2) from equality (2.1), we have the following integral equality:

b∫
a

f(t)dt = (x− a) f(a) + (b− x) f(b) + 1

2
(x− a)2f ′(a)− 1

2
(x− b)2f ′(b)

+
1

2

b∫
a

(x− t)2 f ′′(t)dt.

Then, we have

1

b− a

b∫
a

f(t)dt− (x− a) f(a) + (b− x) f(b)
b− a(2.3)

=
1

2 (b− a)

(x− a)2f ′(a)− (x− b)2f ′(b) +
b∫

a

(x− t)2 f ′′(t)dt

 .
On the other hand, using Theorem 1.1 again, for x0 = a and x0 = b up to second term,
we deduce that

(2.4) f(x) = f(a) + (x− a) f ′(a) +
x∫

a

(x− t) f ′′(t)dt

and

(2.5) f(x) = f(b) + (x− b) f ′(b) +
x∫

b

(x− t) f ′′(t)dt.

Multiplying equality (2.2) and equality (2.1) by −(x − a) and (x − b), respectively, and
then adding the resulting equalities, we �nd that

(a− b)f(x) = −(x− a)f(a)− (b− x)f(b)(2.6)

− (x− a)2f ′(a) + (b− x)2f ′(b)

− (x− a)
x∫

a

(x− t) f ′′(t)dt− (b− x)
x∫

b

(x− t) f ′′(t)dt.

Dividing both sides of equality (2.7) by 2(b− a), we obtain

(x− a) f(a) + (b− x) f(b)
2 (b− a) − 1

2
f(x)(2.7)

= − 1

2 (b− a)
[
(x− a)2f ′(a)− (b− x)2f ′(b)

+ (x− a)
x∫

a

(x− t) f ′′(t)dt+ (b− x)
x∫

b

(x− t) f ′′(t)dt

 .
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Combining (2.3) and (2.7), we deduce that

1

b− a

b∫
a

f(t)dt− (x− a) f(a) + (b− x) f(b)
2 (b− a) − 1

2
f(x)(2.8)

=
1

2 (b− a)

 b∫
a

(x− t)2 f ′′(t)dt− (x− a)
x∫

a

(x− t) f ′′(t)dt

− (b− x)
x∫

b

(x− t) f ′′(t)dt

 .
To end the proof, it remains to �nd an upper bound of equality (2.8). Therefore using
the properties of modulus, we have∣∣∣∣∣∣ 1

b− a

b∫
a

f(t)dt− (x− a) f(a) + (b− x) f(b)
2 (b− a) − 1

2
f(x)

∣∣∣∣∣∣(2.9)

≤ 1

2 (b− a)

∣∣∣∣∣∣
b∫

a

(x− t)2 f ′′(t)dt

∣∣∣∣∣∣+
∣∣∣∣∣∣(x− a)

x∫
a

(x− t) f ′′(t)dt

∣∣∣∣∣∣
+

∣∣∣∣∣∣(b− x)
x∫

b

(x− t) f ′′(t)dt

∣∣∣∣∣∣
 .

Then, by the well-known Hölder inequality, one �nds that∣∣∣∣∣∣
b∫

a

(x− t)2 f ′′(t)dt

∣∣∣∣∣∣ ≤ ∥∥f ′′∥∥
p

 b∫
a

(x− t)2q dt


1
q

(2.10)

=
∥∥f ′′∥∥

p

(
(x− a)2q+1 + (b− x)2q+1

2q + 1

) 1
q

∣∣∣∣∣∣
x∫

a

(x− t) f ′′(t)dt

∣∣∣∣∣∣ ≤ ∥∥f ′′∥∥
p

 x∫
a

(x− t)q dt

 1
q

(2.11)

=
∥∥f ′′∥∥

p

(
(x− a)q+1

q + 1

) 1
q

.

If we substitute (2.10) and (2.11) into (2.9), we have∣∣∣∣∣∣ 1

b− a

b∫
a

f(t)dt− (x− a) f(a) + (b− x) f(b)
2 (b− a) − 1

2
f(x)

∣∣∣∣∣∣
≤

‖f ′′‖p
2 (b− a)

[(
(x− a)2q+1 + (b− x)2q+1

2q + 1

) 1
q

+ 2(b− a)
(
(x− a)q+1

q + 1

) 1
q

]
.

The theorem is completely proved. �

2.2. Corollary. Under the assumptions of Theorem 2.1,
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1) if we choose x = a, then we have the following trapezoid type inequality∣∣∣∣∣∣ 1

b− a

b∫
a

f(t)dt− f(a) + f(b)

2

∣∣∣∣∣∣ ≤ (b− a)1+
1
q

2 (2q + 1)
1
q

∥∥f ′′∥∥
p
,

2) if we choose x = b, then we have the following trapezoid type inequality∣∣∣∣∣∣ 1

b− a

b∫
a

f(t)dt− f(a) + f(b)

2

∣∣∣∣∣∣ ≤
[

1

2 (2q + 1)
1
q

+
1

(q + 1)
1
q

]
(b− a)1+

1
q
∥∥f ′′∥∥

p
,

3) if we choose x = a+b
2

, then we have the following Bullen type inequality∣∣∣∣∣∣ 1

b− a

b∫
a

f(t)dt− 1

2

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]∣∣∣∣∣∣
≤ (b− a)1+

1
q

2

[
1

4 (2q + 1)
1
q

+
1

[2 (q + 1)]
1
q

]∥∥f ′′∥∥
p
.

2.3. Theorem. Let f : [a, b] → R be a twice continuously di�erentiable mapping on
(a, b) with f ′′ ∈ Lp(a, b), 1 5 p <∞, we have∣∣∣∣∣∣f(x)− 1

b− a

b∫
a

f(t)dt−
(
x− a+ b

2

)
f ′(x)

∣∣∣∣∣∣ ≤ B(x, q)
∥∥f ′′∥∥

p

for all x ∈ [a, b] , where

B(x, q) =

[(
(x− a)q+1

q + 1

) 1
q

+
1

2

(
(b− a)q+1

2q + 1

) 1
q

+
1

2
(b− a) (x− a)

1
q

]
and 1

p
+ 1

q
= 1.

Proof. Clearly, by Theorem 1.1 one can easily �nd that

f(x) = f(a) + (x− a)f ′(a) +
x∫

a

(x− t)f ′′(t)dt.

Similarly

(2.12)

1

b− a

b∫
a

f(t)dt =
1

b− a (F (b)− F (a))

=
1

b− a

(b− a)F ′(a) + 1

2
(b− a)2F ′′(a) +

b∫
a

(b− x)2

2
F ′′′(t)dt


= f(a) +

1

2
(b− a)f ′(a) + 1

b− a

b∫
a

(b− x)2

2
f ′′(t)dt.

On the other hand by Fundamental Theorem of Calculus,

(2.13) f ′(x) = f ′(a) +

x∫
a

f ′′(t)dt.
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By multiplying the appropriate coe�cients of the above equalities and adding the result-
ing equality, we �nd that

f(x)− 1

b− a

b∫
a

f(t)dt−
(
x− a+ b

2

)
f ′(x)(2.14)

=

x∫
a

(x− t)f ′′(t)dt− 1

b− a

b∫
a

(b− x)2

2
f ′′(t)dt−

(
x− a+ b

2

) x∫
a

f ′′(t)dt.

Taking modulus of (2.14), we get∣∣∣∣∣∣f(x)− 1

b− a

b∫
a

f(t)dt−
(
x− a+ b

2

)
f ′(x)

∣∣∣∣∣∣(2.15)

≤

∣∣∣∣∣∣
x∫

a

(x− t)f ′′(t)dt

∣∣∣∣∣∣+ 1

b− a

∣∣∣∣∣∣
b∫

a

(b− x)2

2
f ′′(t)dt

∣∣∣∣∣∣+
∣∣∣∣∣∣
(
x− a+ b

2

) x∫
a

f ′′(t)dt

∣∣∣∣∣∣ .
Then, by the well-known Hölder inequality, we obtain

(2.16)

∣∣∣∣∣∣
b∫

a

(b− x)2

2
f ′′(t)dt

∣∣∣∣∣∣ ≤ 1

2

∥∥f ′′∥∥
p

 b∫
a

(b− x)2qdt


1
q

=
1

2

∥∥f ′′∥∥
p

(
(b− a)2q+1

2q + 1

) 1
q

and ∣∣∣∣∣∣
(
x− a+ b

2

) x∫
a

f ′′(t)dt

∣∣∣∣∣∣ ≤ b− a
2

∣∣∣∣∣∣
x∫

a

f ′′(t)dt

∣∣∣∣∣∣(2.17)

≤ b− a
2

∥∥f ′′∥∥
p

 x∫
a

1qdt

 1
q

=
b− a
2

(x− a)
1
q
∥∥f ′′∥∥

p
.

If we substitute (2.11), (2.16) and (2.17) into (2.15), we have∣∣∣∣∣∣f(x)− 1

b− a

b∫
a

f(t)dt−
(
x− a+ b

2

)
f ′(x)

∣∣∣∣∣∣
≤

∥∥f ′′∥∥
p

[(
(x− a)q+1

q + 1

) 1
q

+
1

2

(
(b− a)q+1

2q + 1

) 1
q

+
1

2
(b− a) (x− a)

1
q

]
.

This completes the proof. �

2.4. Corollary. Under the assumptions of Theorem 2.1, if we choose x = a+b
2

, then we
have the following midpoint type inequality∣∣∣∣∣∣f

(
a+ b

2

)
− 1

b− a

b∫
a

f(t)dt

∣∣∣∣∣∣ ≤ ∥∥f ′′∥∥
p

(
b− a
2

)1+ 1
q

×

[(
1

q + 1

) 1
q

+

(
2

2q + 1

) 1
q

+ 1

]
.
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2.5. Corollary. Under the same assumptions of Theorem 2.3 with x = a and x = b, re-
spectively, then adding the resulting inequalities and using the property triangle inequality
for the modulus, we get the following inequality∣∣∣∣∣∣f(a) + f(b)

2
− 1

b− a

b∫
a

f(t)dt− b− a
4

[
f ′(b)− f ′(a)

]∣∣∣∣∣∣
≤ 1

2

∥∥f ′′∥∥
p
(b− a)1+

1
q

[(
1

q + 1

) 1
q

+

(
1

2q + 1

) 1
q

+
1

2

]
.

2.6. Theorem. Let f : [a, b] → R be a twice continuously di�erentiable mapping on
(a, b) with f ′′ ∈ Lp(a, b), 1 5 p <∞, we have∣∣∣∣∣∣f(x)−

(
x− a+ b

2

)
f ′(x)− 1

b− a

b∫
a

f(t)dt

+

[
1

24
(b− a)2 + 1

2

(
x− a+ b

2

)2
]
f ′(b)− f ′(a)

b− a

∣∣∣∣∣
≤

∥∥f ′′∥∥
p
C(x, q)

where

C(x, q) =

[(
(x− a)q+1

q + 1

) 1
q

+
b− a
2

(x− a)
1
q(2.18)

+
1

2 (b− a)

(
(b− a)2q+1 − (b− x)2q+1

2q + 1

) 1
q

+
(b− a)1+

1
q

6

]
and 1

p
+ 1

q
= 1.

Proof. By Fundamental Theorem of Calculus, we have

(2.19) f ′(b)− f ′(a) =
b∫

a

f ′′(t)dt.

Then combining equalities (2.4), (2.12), (2.13) and (2.19), we deduce that

f(x)−
(
x− a+ b

2

)
f ′(x)− 1

b− a

b∫
a

f(t)dt(2.20)

+

[
1

24
(b− a)2 + 1

2

(
x− a+ b

2

)2
]
f ′(b)− f ′(a)

b− a

=

x∫
a

(x− t) f ′′(t)dt−
(
x− a+ b

2

) x∫
a

f ′′(t)dt− 1

2 (b− a)

x∫
a

(b− t)2 f ′′(t)dt

+
1

b− a

[
1

24
(b− a)2 + 1

2

(
x− a+ b

2

)2
] b∫

a

f ′′(t)dt.
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To end the proof, it remains to �nd an upper bound of equality (2.20). Therefore using
the properties of modulus, we have

∣∣∣∣∣∣f(x)−
(
x− a+ b

2

)
f ′(x)− 1

b− a

b∫
a

f(t)dt(2.21)

+

[
1

24
(b− a)2 + 1

2

(
x− a+ b

2

)2
]
f ′(b)− f ′(a)

b− a

∣∣∣∣∣
≤

∣∣∣∣∣∣
x∫

a

(x− t) f ′′(t)dt

∣∣∣∣∣∣+
∣∣∣∣∣∣
(
x− a+ b

2

) x∫
a

f ′′(t)dt

∣∣∣∣∣∣
+

1

2 (b− a)

∣∣∣∣∣∣
x∫

a

(b− t)2 f ′′(t)dt

∣∣∣∣∣∣
+

1

b− a

∣∣∣∣∣∣
[
1

24
(b− a)2 + 1

2

(
x− a+ b

2

)2
] b∫

a

f ′′(t)dt

∣∣∣∣∣∣ .

Then, by the well-known Hölder inequality, one �nds that

∣∣∣∣∣∣
x∫

a

(b− t)2 f ′′(t)dt

∣∣∣∣∣∣ ≤ ∥∥f ′′∥∥
p

 x∫
a

(b− t)2q dt

 1
q

(2.22)

=
∥∥f ′′∥∥

p

(
(b− a)2q+1 − (b− x)2q+1

2q + 1

) 1
q

and

1

b− a

∣∣∣∣∣∣
[
1

24
(b− a)2 + 1

2

(
x− a+ b

2

)2
] b∫

a

f ′′(t)dt

∣∣∣∣∣∣(2.23)

≤ b− a
6

∣∣∣∣∣∣
b∫

a

f ′′(t)dt

∣∣∣∣∣∣ ≤ b− a
6

∥∥f ′′∥∥
p

 b∫
a

1qdt


1
q

=
(b− a)1+

1
q

6

∥∥f ′′∥∥
p
.
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If we substitute (2.11), (2.17), (2.22) and (2.23) into (2.21), we have∣∣∣∣∣∣f(x)−
(
x− a+ b

2

)
f ′(x)− 1

b− a

b∫
a

f(t)dt

+

[
1

24
(b− a)2 + 1

2

(
x− a+ b

2

)2
]
f ′(b)− f ′(a)

b− a

∣∣∣∣∣
≤

∥∥f ′′∥∥
p

[(
(x− a)q+1

q + 1

) 1
q

+
b− a
2

(x− a)
1
q

+
1

2 (b− a)

(
(b− a)2q+1 − (b− x)2q+1

2q + 1

) 1
q

+
(b− a)1+

1
q

6

]
which completes the proof. �

2.7. Corollary. Under the assumptions of Theorem 2.1 with x = a+b
2

, we have the
following inequality∣∣∣∣∣∣f

(
a+ b

2

)
+

1

24
(b− a)

[
f ′(b)− f ′(a)

]
− 1

b− a

b∫
a

f(t)dt

∣∣∣∣∣∣
≤

∥∥f ′′∥∥
p

(
b− a
2

)1+ 1
q

[(
1

q + 1

) 1
q

+
1

4

(
22q+1 − 1

2q + 1

) 1
q

+
3 + 2

1
q

3

]
.

2.8. Corollary. Under the same assumptions of Theorem 2.6 with x = a and x = b, re-
spectively, then adding the resulting inequalities and using the property triangle inequality
for the modulus, we get the following inequality∣∣∣∣∣∣f(a) + f(b)

2
− b− a

12

[
f ′(b)− f ′(a)

]
− 1

b− a

b∫
a

f(t)dt

≤
∥∥f ′′∥∥

p

(b− a)1+
1
q

2

[(
1

q + 1

) 1
q

+
1

2

(
1

2q + 1

) 1
q

+
5

6

]
.

3. Numerical Experiments

We now deal with applications of the integral inequalities to obtain estimates of com-
posite quadrature rules.

Consider the partition of the interval [a, b] , given by

In : a = x0 < x1 < ... < xn−1 < xn = b,

such that hi = xi+1 − xi = b−a
n
, i = 0, ..., n− 1.

3.1. Experiment 1. We obtain the following Theorem by using Corollary 2.2-1.

3.1. Theorem. The assumptions of Theorem 2.1 hold. Then we have the representation

1

b− a

b∫
a

f(t)dt = ST (f, In) +RT (f, In)
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where ST (f, In) is as de�ned by

ST (f, In) :=
1

2n

n−1∑
i=0

[f(xi) + f(xi+1)] ,

and the remainder term RT (f, In) satis�es the estimation:

|RT (f, In)| ≤
1

n2

(b− a)1+
1
q

2 (2q + 1)
1
q

∥∥f ′′∥∥
p
.

Proof. Applying Corollary 2.2 on the interval [xi, xi+1], we obtain∣∣∣∣∣∣ n

b− a

xi+1∫
xi

f(t)dt− f(xi) + f(xi+1)

2

∣∣∣∣∣∣ ≤ ( b−a
n

)
1+ 1

q

2 (2q + 1)
1
q

∥∥f ′′∥∥
p,[xi,xi+1]

for all i = 0, ..., n− 1. Summing over i from 0 to n− 1 and using the triangle inequality
we obtain∣∣∣∣∣∣ n

b− a

b∫
a

f(t)dt− 1

2

n−1∑
i=0

[f(x1) + f(xi+1)]

∣∣∣∣∣∣ ≤ ( b−a
n

)
1+ 1

q

2 (2q + 1)
1
q

n−1∑
i=0

∥∥f ′′∥∥
p,[xi,xi+1]

.

De�ne

ξi =

xi+1∫
xi

∣∣f ′(t)∣∣p dt.
then using the discrete Hölder inequality, we have

n−1∑
i=0

∥∥f ′′∥∥
p,[xi,xi+1]

=

n−1∑
i=0

(ξi)
1
p ≤ n1− 1

p

(
n−1∑
i=0

ξi

) 1
p

= n
1− 1

p
∥∥f ′′∥∥

p
.

Thus we have

|RT (f, In)| ≤
1

n2

(b− a)1+
1
q

2 (2q + 1)
1
q

∥∥f ′′∥∥
p
.

Hence, the proof is completed. �

3.2. Experiment 2. We obtain the following Theorem by using Corollary 2.4.

3.2. Theorem. The assumptions of Theorem 2.3 hold. Then we have the representation

1

b− a

b∫
a

f(t)dt = SM (f, In) +RM (f, In)

where SM (f, In) is as de�ned by

SM (f, In) :=
1

n

n−1∑
i=0

f
(xi + xi+1

2

)
,

and the remainder term RM (f, In) satis�es the estimation:

|RM (f, In)| ≤
1

n2

(
b− a
2

)1+ 1
q

[(
1

q + 1

) 1
q

+

(
2

2q + 1

) 1
q

+ 1

]∥∥f ′′∥∥
p
.
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Proof. Applying Corollary 2.4 on the interval [xi, xi+1], we obtain∣∣∣∣∣∣f
(xi + xi+1

2

)
− n

b− a

xi+1∫
xi

f(t)dt

∣∣∣∣∣∣ ≤ ∥∥f ′′∥∥
p,[xi,xi+1]

(
b− a
2n

)1+ 1
q

×

[(
1

q + 1

) 1
q

+

(
2

2q + 1

) 1
q

+ 1

]
.

for all i = 0, ..., n− 1. Summing over i from 0 to n− 1 and using the triangle inequality
we obtain∣∣∣∣∣∣

n−1∑
i=0

f
(xi + xi+1

2

)
− n

b− a

b∫
a

f(t)dt

∣∣∣∣∣∣ ≤
(
b− a
2n

)1+ 1
q

×

[(
1

q + 1

) 1
q

+

(
2

2q + 1

) 1
q

+ 1

]

×
n−1∑
i=0

∥∥f ′′∥∥
p,[xi,xi+1]

.

Similarly using the discrete Hölder inequality, we have

|RM (f, In)| ≤
1

n2

(
b− a
2

)1+ 1
q

[(
1

q + 1

) 1
q

+

(
2

2q + 1

) 1
q

+ 1

]∥∥f ′′∥∥
p

which completes the proof. �

4. Concluding Remarks

In this study, new bounds of Ostrowski type integral inequalities have been presented
and tested. Some numerical examples have been given for validation.
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