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Abstract. In this study, half inverse problem for singular Sturm-Liouville operator is
considered. It is shown by Hochstadt and Lieberman’s method that if the potential function
g (z) prescribed on interval (g, 7r) , then a single spectrum sufficies to determine ¢ (x) on
the whole interval (0, 7).

1. Introduction

Consider the following Sturm-Liouville operator L defined by

C
Ly=—y"+ L‘“ +q (w)} y=2Xy, A=k (1.1)
on the interval 0 < x < m with the boundary conditions
U(y) ==y (0)=0,V(y):= y(r)=0 (1.2)

and with the jump conditions

y (ér +0) =ay (5 -0) (1.3)

v(3+0)=av (5-9)

where A is a spectral parameter, C € R,a # 1, > 0,a € [1,3/2), ¢(x) is a real
valued bounded function and ¢ (z) € Lo (0, 7).

Inverse problem for Sturm-Liouville operators consists of reconstruction of the
operator by its spectral data. Half inverse problem for Sturm-Liouville operators is
to determine a differential operator by one spectrum and half of its potential (see
[1]-[6]). Hochstadt and Lieberman [1] firstly considered the half inverse problem for
the Sturm-Liouville problem and showed that if potential function ¢ (x) is prescribed
on (%,71’) , then ¢ (z) on the whole interval (0,7) can be uniquely determined by
one spectrum. After that Hald [2] proved that if the potential is known over half of
the interval and if one boundary condition is given, then the potential and the other
boundary condition are uniquely determined by the eigenvalues. In [3], [4], Mala-
mud and Gesztezy, Simon obtained some new uniqueness results in inverse spectral
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analysis with partial information for scalar and matrix Sturm-Liouville equations,
respectively. In 2001, Sakhnovich [5] proved the existence of the solution for the
half-inverse problem of Sturm-Liouville problems and gave a method of reconstruct-
ing this solution under some conditions. In [6], Hryniv and Mykytyuk studied the
half-inverse spectral problems for Sturm-Liouville operators with singular potentials.
In [7], Koyunbakan and Panakhov considered the half inverse problem for diffusion
operators on the finite interval.

In this study we discuss the half-inverse problem for singular Surm-Liouville
operator by using Hochstadt and Lieberman’s method [1].

2. The integral representation for the solution

We define y; (x) = y (z) i_yg () = Ty) (z) =y ()—u(x)y (x), whereu (z) = Clnz
fora=1, u(x) = C’f_

, for 1 < a < 3/2. Let us write the expression in left
a

hand side of equation (1.1) as follows

Ly =—[(Ty) ()] —u(z) (Ty) (z) —v? (z) y + q () y. (2.1)

Then equation (1.1) reduces to the system,

{yi—yz=U($)y1 (2.2)
yh + K2y = —u () y2 —u? (2) y1 + q (2) 11 '

with the boundary conditions

y1(0) =0,y1(m) =0 (2.3)

and with the jump conditions

(50 -on(5 ) »
v (53+0) =0 (3-0).

We can write the system (2.2) in matrix form

() = (s 2 ()

oy = aysw o A= ("o )v=(n)

Since = 0 is a regular singular end point at equation (2.5), by Theorem 2 in
[9] (see Remark 1-2, p.56), there exists only one solution of the system (2.2) which
satisfies the initial condititons y; (0) = 1, yo (0) = ik.

Definition 2.1. The first component of the solution of system (2.2) which satisfies
the initial condititons y1 (§) = v1,y2(§) = (Ty) (§) = va is called the solution of
equation (1.1) which satisfies the initial conditions y1 (0) =1, ya (0) = ik.
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The following theorem was proved in [10].

Theorem 2.1. For each solution of system (2.2) satisfying the initial conditions

<zl> (0) = <11k> and the jump conditions (2.4) the following expression is valid:

2

y1 = e*® + [ Kip (x,t) etktat -
o 4 x , . , ,for x < 5

Yo = ike™*® +b(z) e + [ Koy (z,t) eMdt + ik [ Koo (z,t) e*tdt

—x —X

Yy = aTetkz + a—eik(ﬂ—w) + f K11 (x,t) etkt gt

—T

yp = ik (a+eikw _ a—ei}c(ﬂ—w) E
+b (.’17) [a+eikw + Oé_eik(ﬂ_w)} ,fOT T > 9
+ f K21 ($,t) ezktdt-l-lk' f K22 (l’,t) eiktdt
where
17 L Fua
— = | u(t)dt
b(x):—i/[uz(s)—q(s)]e 25 ds,
0
+
o
Ky (z,2) 7u (z),
1 xT T
Ko (z,2) = b () — 5/ [u2 (s) —q (s)} K11 (s, 8)ds — f/u(s) Ko (s, 8)ds,
0 0
+
Koo (z,2) = —— [u(x) + 2b ()],
o~ 4 1 1
Ky (z,m—2+40)— Ky (x,m—2—0) = 714(96), =3 at—|,
o

aKZ‘j (LC, ) 8KZJ (.’L‘, )
or ot

€ Ly(0,7),i,j=1,2.

3. Properties of the spectrum

In this section, properties of the spectrum of problem L will be studied. Let us
denote problem L as Lg in the case of C' =0 and ¢ (x) = 0.

When C = 0 and ¢ (x) = 0 it is easily shown that solution ¢q (z, k) satisfying
the initial conditions ¢g (0,k) = 0, (T'wo) (0,k) = k and the jump conditions (2.4)
can be written as

wo (z,k) = Yo (. k) Q—iyo (2, k)

_ sin kz ,forw < 3
atsinkz +a sink(r —z) ,forz > %

(3.1)
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Clearly the characteristic function of problem Lg is
Ao (k) = atsinkr =0 (3.2)
We denote the characteristic function, eigenvalues and normalizing numbers of

problem L, by A (k), {k,} and {a, }, respectivly. Let ¢ (x,k), C (z,k) and ¢ (z, k)
are solutions of equation (1.1) under the following initial conditions:

¥ (ka) =0, (Fw) (Oak) =19 (va) =0, (Fw) (va) = 170(07k) =1, (FC) (Ov k) =0.

Obviously,
A(k) = (W (z, k), ¢ (z,k)), (3.3)

where

{y(2),z(2)) =y (2) ([2) (z) - (Ty) () 2 (x).

According to the Liouville formula, (¢ (z, k) , ¢ (x, k)) is not depended on z. Clearly,
for each z, functions (¢ (x, k), (z,k)) are entire in k and

Ak) =V (p) =U @) =¢(mk)=1(0k). (3-4)

From Teorem 1 we have
o (z, k) =@o (z,k) + /1?11 (m,t) sin ktdt.
Therefore we obtain

A( ) AO /Kll s t) sin ktdt (35)

where I?ll (CC,t) = K11 (I,t) — K11 (1‘7 7t) .

Lemma 3.1. [12] i) Figenvalues of problem L are real and simple.
i) Figenvalues of problem L have the following asymptotic behaviour

d, 6,
_ 1.0
b = b5+ 5+ g (3.6)

where 6, € f5 and
atcos (kS +en)m—a”

= 28 (k2) v

is a bounded sequence.
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4. Half inverse problem

In this section, we state the main result. Together with L, we consider the problem
L of the same form but the different potential function ¢ (x) and coefficients C, a.
The following Lemmas are important to prove our result.

Lemma 4.1. [2] Ifk, = En, n=12,.. then a = a.
Lemma 4.2. Ifk, = %n, n=12,... then C = C .

Proof. Using asymptotic behavior of &, and [2], then we have

do oo g0y dn | On

0
e Tk o

En _dn :5n _Svu

lim (Jn - dn) —0.

n—oo

It means that C = C. O

Theorem 4.1. If k, = K for allm € N and q(z) = q(z),x € (%,77), then
q(z) = q () almost everywhere in [0, 7] .

Proof. Since ¢ (z, k) and ¢ (z, k) are solutions of equation (1.1), we can write

=" (a, k) + [ () + ¢ (2)] & (2, k) = ko (2, k)
—" (@, k) + [u (2) + ¢ (2)] @ (. k) = ke (z, k).

Multiplying the first equation by ¢ (z, k), the second equation by @ (z, k) and sub-
stracting and integrating from 0 to m, we obtain

@@ k) k) = (0 ()~ (@) B (k) o (. h),

K

"+ 1540] = [ l0(e) - 7@ B (k) o (0 0

(@ (@ k) o (@, k) |IE

(e}

s

Applying the assumption ¢ (z) = ¢ (z),x € (5, 7) in our hypothesis we get

™

B k) () 1§77+ [5o] = [ la(@) = @) B (k) o o) dn
0

Define
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where

o (z, k)¢ (x,k) = — cos 2kx + /K1 (z,t) cos 2ktdt + /K2 (x,t)sin 2ktdt  (4.2)
0 0

and K;; (z,t),i=1,2 depend only on z,t.
Then from the boundary condition (1.3), we have

F (ky) =0, for all n.

Let 2k
() = (1.9

which is an entire function. Since F (k) = O (exp7n) and |A (k)| > Cs |k|expTn
for k € G5 := {k:|k—kpn| >0} where 7 = |Imk|, Cs > 0 [12],then x (k) is a
constant by the Liouville theorem. Therefore, using Theorem 1, (3.1), (4.2) and the
Riemann-Lebesque lemma we get

lim x (k) = 0. (4.4)
k— o0
kER
It means that x (k) = 0 on the whole k—plane.
It follows from (4.1) and (4.2) that

m/2 z

/ Q (x) | cos2kx — /K1 (x,t) cos 2ktdt — /Kg (x,t)sin2ktdt p de =0  (4.5)
0

0 0

for all k where Q (x) := ¢ (x) — ¢ (x). We can write equation (4.5) as

/2 w/2 /2 w/2
/cosZk‘s Q(s)+/Q(m)K1 (z,t) dx dt—l—/sin?kt/Q(m)Kz (z,t) dzdt = 0.
0 0 0 0

Therefore, we obtain from the completeness of the functions (cos2kt,sin 2kt)T €
Ly (0,7) & Lo (0, 7) that

/2

Q(S)Jr/Q(x)Kl(x,t)dx:O, 0<s<g. (4.6)

0

Since the equation (4.6) is homogenous Volterra integral equation we get

Q(z) =0, ie q(z) =q(x)

almost everywhere for z € (0,7). O
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