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Abstract: In this paper, the relation between fuzzy soft topological spaces and ),( eX   parameter spaces is 

introduced. After defining the parametrical property of fuzzy soft sets and we give some examples. 
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Bulanık Esnek Topolojik Uzaylar ve ),( eX   Parametre Uzayları  

Arasındakı İlişkiler 

Özet: Bu makalede bulanık esnek topolojik uzaylar ile ),( eX   parametre uzayları arasındaki ilişkilere giriş 

yapıldı. Bulanık esnek kümelerde parametrik özellik tanımlandı ve örnekler verildi. 

Anahtar Kelimeler: Bulanık esnek küme, bulanık esnek topoloji, parametre uzayları [2000] 03E72, 54C05, 

54D30 

 

INTRODUCTION 

The notion of the fuzzy soft set, which is the 

combination of fuzzy sets and soft sets, was 

introduced by Maji et. Al.[16] in 2001. In 2011, 

Tanay and Kandemir [22] defined the topological 

structure of fuzzy soft sets. In this work Tanay and 

Kandemir gave basic topological definition such as 

neighborhood of a fuzzy soft set, interior fuzzy soft 

set, fuzzy soft basis and fuzzy soft subspace 

topology. Afterwards, a lot of researches studied 

this theory in several area of mathematics such as 

topology in [1, 3, 23, 8, 9], algebraic structures in 

[11, 2] and decision making in [10, 14, 20]. On the 

other hand, Varol and Aygun [3] gave an example 

of  ),( eX  parameter spaces notion in 2012. 

In this study, the relation between concepts on 

fuzzy soft topological spaces and concepts of 

parameter spaces is introduced. Then parametrical 

property of concept for fuzzy soft topological 

spaces which is similiar to topological and 

hereditical property on classical topological spaces 

is defined and its examples are given. 

1. Preliminaries: 

Definition 1 [21] Let EA . A fuzzy soft 

set Af  over universe X  is mapping from the 

parameter set E  to 
XI , i.e. 

X

A IEf : , where 

XA ef 0)(   if EAe   and XA ef 0=)(  if 

Ae , where X0  denotes empty fuzzy set on X .  

https://tr.wikipedia.org/wiki/%C4%B0
https://tr.wikipedia.org/wiki/%C4%B0
https://tr.wikipedia.org/wiki/%C4%B0
https://tr.wikipedia.org/wiki/%C4%B0
https://tr.wikipedia.org/wiki/%C4%B0
http://bulanik.bel.tr/
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Definition 2 [21] Let ),( EXFS  denote 

the family of all fuzzy soft sets on X . If 

),(, EXFSgf BA  , then some basic set 

operations for fuzzy soft sets are given by Roy and 

Samanta as follows: 

(1) The fuzzy soft set ),( EXFSf 
 is 

called null fuzzy soft set if 
Xef 0=)(

 for all 

Ee  and denoted by E0
~

. 

(2) The fuzzy soft set ),( EXFSfE   is 

called universal fuzzy soft set if XE ef 1=)(  for all 

Ee  and denoted by E1
~

. 

(3) Af  is called a fuzzy soft subset of Bg  

if )()( egef BA   for all Ee  and denoted by 

BA gf ~ . 

(4) Af  and Bg  are said to be equal if 

BA gf ~  and AB fg ~  and denoted by BA gf =

. 

(5) The union of Af  and Bg  is also a fuzzy 

soft set 
Ch , defined by )()(=)( egefeh BAC   for 

all Ee , where BAC = . Here, we write 

BAC gfh ~= . 

(6) The intersection of Af  and Bg  is also 

a fuzzy soft set 
Ch , defined by 

)()(=)( egefeh BAC   for all Ee , where 

BAC = . Here, we write BAC gfh ~= .  

Definition 3 [22] Let ),( EXFSf A  . 

The complement of Af , denoted by 
c

Af , is a fuzzy 

soft set defined by )(1=)( efef A

c

A   for every 

Ee . 

Let us call 
c

Af  to be fuzzy soft complement 

function of Af . Clearly 
A

cc

A ff =)( , =)1
~

( c

E E0
~

 

and E

c

E 1
~

=)0
~

( .  

Definition 4 [13] Let ),( EXFS  and 

),( KYFS  be the families of all fuzzy soft sets over 

X  and Y , respectively. Let YXu :  and 

KEp :  be two functions. Then 
upf  is called a 

fuzzy soft mapping from X  to Y  and denoted by 

),(),(: KYFSEXFSfup  . 

(1) Let ),( EXFSf A   then the image of 

Af  under the fuzzy soft mapping 
upf  is the fuzzy 

soft set over Y  and defined by )( Aup ff , where 

(2) Let ),( KYFSgB   then the preimage of Bg  

under the fuzzy soft mapping upf  is the fuzzy soft 

set over X  and defined by )(
1

Bup gf 
, where 

















otherwise. ,

0

;)(for  ,

))())(((

=))()((1

X

B

Bup

Bep

xuepg

xegf  

 

If u  and p  are injective, then the fuzzy soft 

mapping 
upf  is said to be injective. If u  and p  are 

surjective, then the fuzzy soft mapping upf  is said 

to be surjective. The fuzzy soft mapping upf  is 

called constant if u  and p  are constant. 

 





























otherwise. ,

0

;)( and

)( if,

)))(((

=))()((
1

1

)(1)(1

Y

A
kpeyux

Aup
kp

yu

xef

ykff
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Definition 5 [1] The fuzzy soft set 

),( EXFSf A   is called fuzzy soft point if 

EeA }{=  and )(ef A  is a fuzzy point in ,X  i.e. 

there exists Xx  such that =))(( xefA                 

( 1<0  ) and 0=))(( yef A  for all 

}{xXy  . We denote this fuzzy soft point 

)},{(== 

 xeef xA .  

Definition 6 [1] Let 


xe , ),( EXFSf A 

. We say that ,~
Ax fe 

 read as, 


xe  belongs to the 

fuzzy soft set Af  if for the element Ae , 

))(( xef A .  

Evidently, every fuzzy soft set Af  can be 

expresssed as the union of all the fuzzy soft points 

which belong to Af . 

Definition 7 [1] Let Af , ),( EXFSgB  . 

Af  is said to be soft quasi-coincident with Bg  and 

denoted by BAqgf  if there exist Ee  and Xx  

such that 1>))(())(( xegxef BA  .  

If Af  is not soft quasi-coincident with Bg , then we 

write BA gqf . 

Definition 8 (see [22, 21]) A fuzzy soft 

topological space is a pair ),( X  where X  is a 

nonempty set and   is a family of fuzzy soft sets 

over X  satisfying the following properties: 

(1) EE 1
~

,0
~

 

(2) If Af , Bg  , then  BA gf ~
 

(3) If 
iAf  Ji , then  iAJi f

~
. 

Then   is called a topology of fuzzy soft sets on 

X . Every member of   is called fuzzy soft open 

Bg  is called fuzzy soft closed in ),( X  if 

c

Bg )( .  

Definition 9 [1] Let ),( X  be a fuzzy soft 

topological space and );( EXFSf A  . The fuzzy 

soft closure of Af  denoted by Af  is the 

intersection of all fuzzy soft closed supersets of Af   

Definition 10 [1] Let ),( X  be a fuzzy 

soft topological space and );( EXFSf A  . The 

fuzzy soft interior of Af  denoted by 

Af  is the union 

of all fuzzy soft open subsets of Af .  

Definition 11 [1] A fuzzy soft set Af  in 

),( EXFS  is called Q-neighborhood (briefly, Q-

nbd) of Bg  if and only if there exists a fuzzy soft 

open set 
Ch  in   such that 

ACB fqhg ~ . All the 

Q-nbds of fuzzy soft point of 


xe  are shown as 

).( 

xq eN   

Definition 12 [22] A fuzzy soft set Bg  in a 

fuzzy soft topological space ),( X  is called a 

fuzzy soft neighborhood (briefly: nbd) of the fuzzy 

soft set Af  if there exists a fuzzy soft open set 
Ch  

such that 
BCA ghf  ~~ .  

Definition 13 [1] Let ),( 1X  and ),( 2Y  

be two fuzzy soft topological spaces. A fuzzy soft 

mapping ),(),(: 21  YXfup   is called fuzzy 

soft continuous if 1

1 )( 

Bup gf  for all 2Bg .  

Example 1 [3] Let ),( X  be a fuzzy soft 

topological space. Then the families 

}:)({=  AAe fef  are fuzzy topologies on X  

for all Ee . 

Throughout this study, without the loss of 

generality parameter spaces is used for ),( eX   

fuzzy topological spaces.  

Definition 14 [22] Let ),( X  be a fuzzy 

soft topological space and B  be a subfamily of  . 

If every element of   can be written as a arbitrary 
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fuzzy soft union of some elements of B , then B  is 

called a fuzzy soft basis for fuzzy soft topology  .  

Theorem 1 Let ),( X  be a fuzzy soft 

topological space and B  be a base of  . Then 

}:)({= BfefB AAe   is a base of 
e  for Ee .  

Proof. Let B  be a base for   and 

eA ef )( . Then Af . Since B  is the basis 

, there exist a BB'   such as 

B
'B

B
g

A gf



~

=  

 . If we choose e

'

AA

'

e BBfefB  }:)({= , this 

gives 

)(=)(=

)(
~

=)(

)(

egeg

egef

B'
e

Be
B

g
B'B

B
g

B
'B

B
g

A






















 

 . That shows 
eB  is a basis 

e .  

The converse of this theorem does not usually hold. 

Example 2 Let },,{= 321 eeeE  be a set of 

parameters and },,{= 321 xxxX  be a initial 

universe. If 

)},1(

}),,,{,(}),,,{,{(=

3

1

3

0,7

2

0,5

12

0,7

3

0,4

2

0,2

11
1

X

A

e

xxxexxxef
 

}},,{,(

}),,{,(}),,,{,{(=

0,6

3

0,4

2

0,5

13

0,6

3

0,3

12

0,6

3

0,2

2

0,4

11
2

xxxe

xxexxxef A
 

})},,{,(

}),,{,(}),,,{,{(=

0,6

3

0,4

2

0,5

13

0,6

3

0,3

12

0,6

3

0,2

2

0,2

11
3

xxxe

xxexxxef A
 

)},1(

}),,,{,(}),,,{,{(=

3

1

3

0,7

2

0,5

12

0,7

3

0,4

2

0,4

11
4

X

A

e

xxxexxxef
 

 ,the family, },,,,1
~

,0
~

{=
4321

AAAAEE ffff , is a 

fuzzy soft topological space. Then 

}},,{},,,{

},,,{},,,{,,1{0=

0,7

3

0,4

2

0,4

1

0,6

3

0,2

2

0,2

1

0,6

3

0,2

2

0,4

1

0,7

3

0,4

2

0,2

1
1

xxxxxx

xxxxxxXXe
 

}},{},,,{,,1{0= 0,6

3

0,3

1

1

3

0,7

2

0,5

1
2

xxxxxXXe  

}},,{,,1{0= 0,6

3

0,4

2

0,5

1
3

xxxXXe .  

 Moreover, if 

})},,{,(

}),,{,(}),,,{,{(=

0,6

3

0,4

2

0,5

13

0,6

3

0,3

12

0,7

3

0,4

2

0,4

11
1

xxxe

xxexxxeg B
 

})},,{,(}),,,{,{(= 1

3

0,7

2

0,5

12

0,6

3

0,2

2

0,2

11
2

xxxexxxegB
 

})},,{,(}),,,{,{(= 1

3

0,7

2

0,5

12

0,6

3

0,2

2

0,4

11
3

xxxexxxegB  

})},{,(}),,,{,{(= 0,6

3

0,3

12

0,7

3

0,4

2

0,2

11
4

xxexxxegB
,  

although, for the fuzzy topologies 
21

, ee   and 
3

e  

the families, 

}},,{},,,{

},,,{},,,{{=

0,7

3

0,4

2

0,4

1

0,6

3

0,2

2

0,2

1

0,6

3

0,2

2

0,4

1

0,7

3

0,4

2

0,2

1
1

xxxxxx

xxxxxxBe
 

}},{},,,{{= 0,6

3

0,3

1

1

3

0,7

2

0,5

1
2

xxxxxBe  

}},,{{= 0,6

3

0,4

2

0,5

1
3

xxxBe   

 are basis, },,,{=
4321

BBBB ggggB is not a base of 

  .  

Theorem 2 Let ),( X  be a fuzzy soft 

topological space. )(~ efxfe AAx  


  

Proof. :)(  Let Ax fe ~
 . Suppose that 

)(efx A , then for )( xNT q , )(efqT A  . 

Since )( xNT q , then there exist 
eK   such 

that TqKx  . Hence 1>)(xK , 

)()( xTxK   for all Xx  and 

1))(()(  xefxT A . On the other hand, since 
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eK  , then there exist Bg  such that 

KegB =)( . Therefore we get 1>))(( xegB , 

)())(( xTxegB   for all Xx  and 

1))(())((  xefxeg AB . Consequently, 

)( 

xqB eNg   and AB fqg  obtained which is a 

contradiction. 

:)(  Let )(efx A . Suppose that 

Ax fe 
~

, then AB fqg  for )( 

xqB eNg  . Hence, 

BCx gqhe ~
 and 1))(())((  xefxeg AB  for all 

Ee  and Xx . Then 1>))(( xehC  and 

))(())(( xegxeh Bc   for all Ee  and Xx . 

Since 
eC eh )( , )()( xNeh qC   and 

1))(())((  xefxeh AC
 for all Xx . 

Consequently, )(efx A  is obtained which is a 

contradiction. 

Theorem 3 Let ),( X  and ),( Y  be 

fuzzy soft topological spaces. Then 

),(),(: KYFSEXFSup   is fuzzy soft 

continuous if and only if ),(),(: )(epe YXu    

are fuzzy continuous for all Ee .  

Proof. Let ),(),(: KYFSEXFSup   is 

a fuzzy soft continuous and )(epG   for Ee . 

Then there exists Bg  such that ))((= epgG B

.Moreover 

))())(((=))((=))((1 xuepgxuGxGu B



))()((= 1 xegu Bp


 for all Xx . Then it is clear 

that )(1 Gu
 and ))((1 egu Bp


 are same fuzzy sets . 

Since pu  fuzzy soft continuous, then  )(1

Bp gu . 

Hence eBp Guegu  )(=))(( 11
.Therefore 

),(),(: )(epe YXu    are fuzzy continuous for 

all Ee  . 

Conversely, let ),(),(: )(epe YXu    

be fuzzy continuous for all Ee  and Bg . 

Since
)())(( epB epg  and 

),(),(: )(epe YXu    are fuzzy continuous for 

all Ee , eB epgu  )))(((1
.Hence =)(1

Bgu
 

 }:)))(((,{( 1 Eeepgue B
. Then 

pu  is fuzzy 

soft continuous.  

Example 3 Let },{= 21 eeE  and =K  

},,{ 321 kkk be parameter set },,{= 321 xxxX  and 

},,{= 321 yyyY  be universal sets and :pu

),(),( KYFSEXFS   be fuzzy soft function, 

where YXu : , KEp :  are functions such 

that 
3211 =)(,=)( yxuyxu , 

13 =)( yxu  and 

21 =)( kep , 12 =)( kep . If we take 

})},,{,(}),,,{,{(= 0,4

3

0,7

2

0,4

12

0,5

3

0,8

2

0,5

11 xxxexxxef A  

and 

}),,{,(}),,,{,{(= 0,8

3

0,5

12

0,7

3

0,5

2

0,4

11 yykyyykgB  

})},,{,( 0,6

3

0,2

2

1

13 yyyk , then },,{= AE fff  and 

},,{= BK gffV 
, ),( X  and ),( Y  are two 

topological spaces. And also )(1

Bp gu
 is a 

Ch  

fuzzy soft set on X  and  

0,5=))((=))())(((=))(( 121111 ykgxuepgxeh BBC

0,8=))((=))())((())(( 322121 ykgxuepgxeh BBC 

0,5=))((=))())((())(( 123131 ykgxuepgxeh BBC 

0,4=))((=))())(((=))(( 111212 ykgxuepgxeh BBC

0,7=))((=))())(((=))(( 312222 ykgxuepgxeh BBC

0,4=))((=))())(((=))(( 113232 ykgxuepgxeh BBC
 

.Then we have =)(= 1

BpC guh 
 

}),,{,{( 0,6

3

0,9

2

0,6

11 xxxe }),,,{,( 0,4

3

0,7

2

0,4

12 xxxe  

})}{,( 0,1

23 xe  Af= . This shows that 
pu  is fuzzy 

soft continuous. On the other hand, since 

},,{=)( 0,5

3

0,8

2

0,5

11 xxxefA , 

},,{=)( 0,4

3

0,7

2

0,4

12 xxxefA ,

},,{=)( 0,7

3

0,5

2

0,4

11 yyykgB , 
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},{=)( 0,8

3

0,5

12 yykgB
and 

},,{=)( 0,6

3

0,2

2

1

13 yyykgB  

, then the families of fuzzy soft sets  

)}(,,1{0= 1
1

efAEEe ,  

)}(,,1{0= 2
2

efAEEe ,  

)}(,,1{0= 1
1

kgV BKKk
,  

)}(,,1{0= 2
2

kgV BKKk
, 

 )}(,,1{0= 3
3

kgV BKKk
  

are topological spaces. Since =))(( 1

1 kgu B



)( 2ef A  and )(=))(( 12

1 efkgu AB


, then the 

functions ),(),(:
21

ke YXu   and, 

),(:
2

eXu   ),(
1

kY  are fuzzy continuous.  

Definition 15 [7] A fuzzy topological 

space ),( X  is compact iff each open cover has a 

finite subcover.  

Definition 16 [19] A fuzzy soft topological 

space ),( X  is said to be fuzzy soft compact if 

each cover of E1
~

 by fuzzy soft open sets over X  

has a finite subcover.  

Theorem 4 Let ),( X  be a fuzzy soft 

topological space. If ),( X  is fuzzy soft compact, 

then ),( eX   fuzzy compact for all .Ee   

Proof. Let ),( X  be a fuzzy soft 

topological space and }:)({= 
i

Ai
i

A
i

e fefU  be 

a open cover of 
i

e  for all Eei  . Then 

Xef i
i

AIi =)(  . Therefore, the family 

Ii
i

Af }{=  is a fuzzy soft open cover of E1
~

. Since 

),( X  is fuzzy soft compact, there exist 

n

i
i

AfU 1=}{=
 finite subcover of U . Hence, this 

n

ii
i

A
i

e efU 1=)}({=
 family, which is constructed by 

some of 
i

Af , is a finite fuzzy cover of X   for all 

Eei  . Therefore ),(
i

eX   is fuzzy compact for 

all Eei  .  

The converse of this theorem does not usually hold. 

Definition 17 Let ),( X  be a fuzzy soft 

topological space. A property of ),( X  is said to 

be parametrical if for all Ee , we have that 

parameter spaces ),( eX   also has that property.  

Corollary 1 Fuzzy soft compactness is a 

parametrical property.  

Example 4 Let },,{= 321 xxxX  be a finite 

initial universe, ,...},{= 21 eeE  be an infinite set of 

parameters and 

),,,{,(}),,,{,{(= 1

1

3
1

1

2
1

1

12

1

3

1

2

1

11
 kkkkkk

k
A xxxexxxef  

})},,{,(..., 1

3

1

2

1

1 xxxek . Then the family =

}1
~

,0
~

{}1,2,...,=:{ EE
k

A nkf   is a fuzzy soft 

topological space on X . Therefore, the family 

}1,2,...,=:{= nkfU
k

A
is a open cover of E1

~
 but 

this cover does not have any finite cover. So, 

),( X  is not a compact fuzzy soft topological 

space. On the other hand the families 

=},0{1}1,2,...,=:)({= XXi
k

A
i

e nkeF   

},,{{ 1

3

1

2

1

1 xxx }{0},...},,{ 2

1

3
2

1

2
2

1

1 Xxxx   are 

compact on X . 

Theorem 5 Let X  be any initial universe 

and E  be a finite set of parameters. Then ),(
i

eX   

is compact for all Eei   if and only if ),( X  is 

compact.  

Proof. :)(  Let ),(
i

eX   be compact for 

all Eei  .and },:{= IkffU
k

A
k

A   be a 

open cover of ),( X . Then the families 
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}:)({= UfefU
k

Ai
k

A
i

e   are fuzzy open covers 

of ),(
i

eX   for all Eei  . Since ),(
i

eX   spaces 

are compact for all Eei  , there exist finite 

subcovers of 
i

eU  like 


i
eU . That is 

)(=1 i
i

k
AfiniteX ef . Therefore for all Eei  , 

there exist 
i

k
Af  finite number of sets and the 

family }{
i

k
Af , which covers E1

~
, is also finite. 

Consequently, ),( X  is compact. 

:)(  Obvious from Theorem 4.  

Definition 18 [12] A fuzzy topological 

space X is said to be disconnected if BAX =1 , 

where A  and B  are non-empty open fuzzy sets in 

X  such that XBA 0= .  

Definition 19 [15] Let ),( X  be a fuzzy 

soft topological space. ),( X  is disconnected if 

and only if there exist fuzzy soft open sets Af and 

Bg  which are not E0
~

 such that BAE gf ~=1
~

 

and EBA gf 0
~

=~ .  

Theorem 6 Let ),( X  be a fuzzy soft 

topological space and ),( X  is disconnected. 

Then ),( eX   is disconnected for all Ee  .  

Proof. Let ),( X  be disconnected. Then 

there exist fuzzy soft open sets Af and Bg  such 

that BAE gf ~=1
~

 and EBA gf 0
~

=~ . 

Therefore, )()(=1 eGef BAX   and 

XBA egef 0=)()(   for all Ee . Moreover, 

)(ef A and )(egB  are also open sets on ),( eX  . 

Consequently, ),( eX   is disconnected for all 

Ee .  

The converse of this theorem does not usually hold. 

Corollary 2 Fuzzy soft disconnectedness is 

a parametrical property.  

Example 5 Let },,{= 321 xxxX  be a 

initial universe, },{= 21 eeE  be a set of parameters 

and 

})},{,(}),,{,{(= 1

3

1

22

1

2

1

11
1

xxexxefA
, 

})},,{,(}),{,{(= 0,4

3

0,7

2

0,5

12

1

31
2

xxxexefA
, 

})}{,(}),,{,{(= 1

12

0,7

2

0,4

11
3

xexxefA , 

=
4

Af  })},{,{( 0,4

3

0,7

22 xxe , 

})},{,{(= 0,7

2

0,4

11
5

xxefA , 

})}{,{(= 0,5

12
6

xefA
, 

})},,{,(),,1{(= 1

3

1

2

0,5

121
7

xxxeef XA
, 

8Af )},1(}),,{,{(= 2

1

2

1

11 Xexxe , 

})},,{,(}),,,{,{(= 0,4

3

0,7

2

1

12

1

3

0,7

2

0,4

11
9

xxxexxxefA . 

Then the family 

}1
~

,0
~
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are fuzzy topological spaces. Although 
1

e  and 
2

e  

are disconnceted, ),( X  is a connected fuzzy soft 

topological space.  

Theorem 7 Let ),( X  be a fuzzy soft 

topological space. If ),( eX   are disconnect for all 

Ee  same Af  and Bg  then ),( X  is a 

disconnect. 
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 Proof. Let BA gf ,  and for all Ee , 

XBA egef 1=)()(   and XBA egef 0=)()(  . 

Then we have BAE gf ~=1
~

 and EBA gf 0
~

=~

. Therefore, ),( X  is a disconnect fuzzy 

topological space.  

CONCLUSION  In the present work, we have 

continued to study of fuzzy soft topological spaces. 

We introduced the relation between concepts of 

fuzzy soft topological spaces and concepts of 

parameter spaces and parametrical properties. We 

hope that the findings in this paper will help 

researcher and literature.  
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