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Tetranacci sequence Mn n N!" , . In the case of 
, , , ,a b c d p q r s1 2 4 1 Tn n N= = = = = = = = !" ,  trans-

forms into the Tetrabonacci numbers ln n N!" ,  and 4-bonac-
ci numbers F( )n n

4
N!" ,  mentioned in Ramírez and Sirvent 

(2015). We have the Quadrapell numbers Dn n N!" ,  consid-
ered by Taşcı (2009), for a = b = c = 1, d = 2 and p = 0, q = r = 
1, s = 2. By taking a = b = 0, c = 1, d = 3 and p = 3, q = 0, r = 
-3, s = -1, we get the quadra Fibona-Pell numbers Wn n N!" ,
, which are presented by Özkoç (2015). Tn n N!" ,  becomes 
the quadra Lucas-Jacobsthal numbers Sn n N!" ,  described by 
Kızılateş (2017), for a =b = 2, c =4, d = 7 and p = q =2, r = -3, 
s = -2. We obtain Gaussian Tetranacci numbers GMn n N!" ,
, which are introduced by Taşcı and Acar (2017), for a = b 
= 0, c =1, d = 1 + i and p = q = r = s = 1. The case of a =1, b = 
2, c = 4, d = 9 and p = q = 4, r = -5, s = -1 gives us the bino-
mial transform of Quadrapell numbers bn n N!" ,  defined by 
Kızılateş et al. (2017). We get the Tetranacci-Lucas num-
bers TLn n N!" ,  given in Soykan (2020) for a = 4, b = 1, c = 
3, d = 7, p = q = s = r = 1. While a = 0, b = c = d = 1  and p = 0, 
q = s = 1, r = 2, Tn n N!" ,  becomes the Pell-Padovan Tetra-
nacci sequence PTn n N!" , , which is defined by Petroudi et 
al. (2020).

1. Introduction
The Tetranacci numbers Mn n N!" ,  were introduced by Wad-
dill (1992), while the generalized Tetranacci numbers were 
considered by Yeşil Baran and Yetiş (2019). These sequences 
can be viewed as generalizations of the Fibonacci numbers, 
which appear frequently in nature and man-made systems.

The generalized Tetranacci sequence Tn n N!" ,  is defined 
with the recurrence relation

,p nq r s 4T J J J Jn n n n n1 2 3 4 $= + + +- - - - .	 (1)

Here, , , ,a b c dT T T T0 1 2 3= = = =  and we have

,p q r s 1 0!+ + + - 	 (2)

(Yeşil Baran and Yetiş 2019). When ,a b c d0 1= = = =   
and ,p q r s 1 Tn n N= = = = !" ,  becomes the 
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Moreover, the sequences ,N Pn n n nN N! !" ", ,  and Rn n N!" ,  
can be obtained from (1) and (2). The values of a, b, c, d, p, 
q, r, s corresponding to these sequences will be given in the 
next section. Here, Narayana sequence Nn n N!" ,  (sequence 
A000930 in Sloane), Padovan sequence Pn n N!" ,  (sequence 
A000931 in Sloane) and Perrin sequence Rn n N!" ,  (se-
quence A001608 in Sloane) are available at: http://oeis.org.

Recently, general forms of generating functions for se-
quences of numbers and polynomials are defined by Simsek 
(2023) as
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, ,l k j m m0 0 N# # # # !  and , ,c d k 0N ,! " , . By 
choosing suitable values, we can obtain the generating func-
tions of all the specific cases of Tn n N!" ,  that we mentioned 
above.

Binet formula for Tn n N!" ,  is given by the following rela-
tionship

( )( )( ) ( )( )( )
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where , , ,t t t t1 2 3 4  are the roots of characteristic equation of 
(1) and
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( ) [ ] ,C t t c bp aq D3 4= - - - + 		  (9)

D = d - cp - bq - ar,	 (10)

(Yeşil Baran 2021).

The Irish mathematician William Rowan Hamilton defined 
quaternions in 1843 and they are a four-dimensional hy-
percomplex number system. Quaternions are widely used in 
pure and applied mathematics, modern physics and many 
other fields. Multiplication of quaternions is non-commu-
tative and this property makes it difficult to conduct appli-
cations to engineering problems. Commutative quaternions 
are defined by modifying the definition of quaternions in a 
way that enabled commutativity in multiplication. They are 
a number system that has received a lot of attention and are 
used in applications such as signal processing.

A generalized quaternion x  is a vector which can be written 
as

.x x x e x e x e0 1 1 2 2 3 3= + + + 		  (11)

Here,

, , ,e e e1
2 2 2

2 3a b ab= - = - = - 	 (12)

, ,e e e e e e e e e e e e ee e 2 1 1 22 1 3 2 3 3 3 3 11 2 b a= - = = - = = - = 	

(13)

and , , , , ,x x x x R0 1 2 3 !a b . Hcb  denotes the family of all 
generalized quaternions.

The generalized commutative quaternions were introduced 
and studied in Szynal-Liana and Włoch (2022). A general-
ized commutative quaternion x  is a vector of the form (11), 
where generalized commutative quaternionic units ,,e e e1 2 3  
satisfy the equalities

, ,e e e1
2 2 2

2 3a b ab= = = 		  (14)

and

,,e e e e e e e e e e e e e e e1 2 2 1 3 2 3 3 2 1 1 3 3 1 2b a= = = = = =         (15)

for , , , , ,x x x x R0 1 2 3 !a b . The family of all generalized 
commutative quaternions is denoted by Hc

cb . The gener-
alized commutative quaternions are generalizations of el-
liptic quaternions ,0 11a b =^ h , parabolic quaternions 

,0 1a b= =^ h , hyperbolic quaternions ,0 12a b =^ h , 
bicomplex numbers ,1 1a b= - = -^ h , complex hyperbolic 
numbers ,1 1a b= - =^ h  and hyperbolic complex num-
bers ,1 1a b= = -^ h . 
The generalized non-commutative Fibonacci quaterni-
ons were presented by Horadam (1963). Some properties 
of generalized non-commutative Fibonacci quaternions 
were given in Flaut and Shpakivskyi (2013), Akyiğit et al. 
(2014), Flaut (2014) and Flaut and Savin (2015). As for 
the generalized commutative quaternions with Fibonacci 
type number components, they were studied in Szynal-Li-

http://oeis.org
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ana and Włoch (2022), Bród et al. (2022) and Bród and 
Szynal-Liana (2023), by utilizing Horadam, Jacobsthal and 
Jacobsthal-Lucas numbers. Then, Szynal-Liana et al. (2023) 
examined generalized commutative quaternions by using 
Fibonacci, Lucas, Jacobsthal, Jacobsthal-Lucas, Pell and 
Pell–Lucas polynomials sequences.

On the other hand, in literature there exist some interesting 
results about the quaternions defined by using a generalized 
and recurrent number sequence. To name some examples, 
generalized Fibonacci quaternions, generalized Fibonac-
ci-Lucas quaternions, Horadam quaternions, generalized 
Tribonacci quaternions, bicomplex generalized Tribonacci 

numbers, bicomplex Tetranacci and Tetranacci-Lucas num-
bers, higher order Fibonacci quaternions, higher order Fi-
bonacci hyper complex numbers, incomplete Fibonacci and 
Lucas quaternions were defined and examined by Swamy 
(1973), Flaut and Savin (2015), Halici and Karataş (2017), 
Cerda-Morales (2017), Kızılateş et al. (2019), Soykan 
(2020), Kızılateş and Kone (2021a), Kızılateş and Kone 
(2021b), Kızılateş (2022), respectively.

By taking these studies into account, we will define general-
ized commutative quaternions with generalized Tetranacci 
number components in the next section.

2. Generalized Commutative Quaternions with Generalized Tetranacci Number Components
Definition 2.1. For n 0$ , we define the n-th generalized commutative generalized Tetranacci quaternion

gc e e eT T T TTn n n nn 1 1 2 2 3 3= + + ++ + + 	 (16)

where Tn  is the n-th generalized Tetranacci number and the generalized commutative quaternionic units , ,e e e1 2 3  satisfy 
(14) and (15). The following are some special cases of this quaternion:

I)	 gcTn n N!
" ,  become the generalized commutative Fibonacci quaternions gcFn n N!

" ,  for , ,a b c d0 1 2= = = =  and 
,p q r s1 0= = = = .

II)	 gcTn n N!
" ,  become the generalized commutative Jacobstal quaternions gcJn n N!

" ,  for , ,a b c d0 1 3= = = =  and 
, ,p q r s1 02= = = = .

III)	 gcTn n N!
" ,  become the generalized commutative Horadam quaternions gcHn n N!

" ,  for , , , , ,a b c d p q R!  and 
,q q r s 0= - = = .

IV)	 gcTn n N!
" , become the generalized commutative Narayana quaternions gcNn n N!

" ,  for ,a b c d1 2= = = =  and 
,p r q s1 0= = = = .

V)	 gcTn n N!
" , become the generalized commutative Padovan quaternions gcPn n N!

" ,  for ,a d b c1 0= = = =  and 
,p s q r0 1= = = = .

VI)	 gcTn n N!
" ,  become the generalized commutative Perrin quaternions gcRn n N!

" ,  for , ,a d b c3 0 2= = = =  and 
,p s q r0 1= = = = .

VII)	 gcTn n N!
" ,  become the generalized commutative Tetranacci quaternions gcMn n N!

" ,  for ,a b c d0 1= = = =  and 
p q r s 1= = = = .

We note that cases I, II and III are considered by Szynal-Liana and Włoch (2022).

Theorem 2.1. Let n 0$  be an integer. Then, a Binet-like formula for generalized commutative quaternions with general-
ized Tetranacci components can be written as
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(17)

where , , ,t t t t1 2 3 4  are the roots of characteristic equation of (1) and , , ,A B C D  are given with equalities (7) - (10).
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Proof. By (6) and (16), we have
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which completes the proof.

For simplicity, we can write
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Then, using (19) - (22), equality (17) becomes

.gc At t t t t t t tB C DTn
n n n n
1 1 2 2 3 3 4 4= + + +S S S S 	 (23)

Theorem 2.2. The following relations are valid for gcTn :

. ,( ),gc p gc q gc gc gc nr s 4T T T T Tn n n n n1 2 3 4$ $ $ $= + + +- - - - 		  (24)

( ) ( ) ,( ) .gc gc e gc e gc e e n2 0T T T T T T T T T Tn n n n n n n n n n1 1 2 2 3 3 2 4 6 2 4 2 $a b ab a- + - = - + - + -+ + + + + + + + 	 (25)

Proof. In order to examine the first equality, we write
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by using (1), (16) and we obtain (24). As for (25), by (14) - (16), we have

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) .

gc gc e gc e gc e e e e e e e e

e e e e e e e e e e e

e e e e e e e e e

e2

T T T T T T T T T T T T

T T T T T T T T T T T T

T T T T T T T T T T T T

T T T T T T

n n n n n n n n n n n n

n n n n n n n n n n n n

n n n n n n n n n n n n

n n n n n n

1 1 2 2 3 3 1 1 2 2 3 3 1 2 1 3 2 4 3 1

2 3 1 4 2 5 3 2 3 4 1 5 2 6 3 3 1 1 2 2 3 3

1 1 2 3 3 4 2 2 2 3 3 4 5 1 3 3 4 2 5 1 6

2 4 6 2 4 2

a a b b a b ab

a b ab a

- + - = + + + - + + +

+ + + + - + + + = + + +

+ - - - - + + + + + - - - -

= - + - + -

+ + + + + + + + + +

+ + + + + + + + + + +

+ + + + + + + + + + + +

+ + + + +

(27)
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Thus, the proof is completed.

With the next theorem, we will present a summation formula for the generalized commutative quaternions with generalized 
Tetranacci number components.

Theorem 2.3. Suppose that n 4$  is an integer. Then, we have

( ) ( ) ( ) ( ) ( )
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p q r s gc q r s gc r s gc gc gc gc

gc
p q r s

p q r p q

p q r s
p gc

s
1

1 1

1
1

T
T T T T T T

TT

k
n n n n

k

n 1 2

0

3 0 1

2 3

= + + + -
+ + + + + + + + + + + + - + + -

+

+ + + -
- -

- - -

=
/ 	

(28)

Proof. Since we have equality (24) for n 4$  and by considering (2), we get

( ) ( ) ( ) .

( ) ( ) ( )

( )

gc gc gc gc gc gc gc

gc gc

gc gc gc gc gc gc

p q gc

s p q r p q p

r

s p q r s p q r s gc q r s gc

r s 1 1 1

T T T T T T T

T T

T T T T T T

T

T T

k
k

n
k

k

n

k
k

n

k
k

n

n n

k
k

n

k
k

n

n n

0
0

1 2 3
3

1

2

2

1

3

0

4

0

2 3 0 1 2 3

1

= + + + + + + +

= + + + - + + + - + + -

+ - - + + - - + - - - +

= =

-

=

-

=

-

=

-

=
-

- -

/ /
/ /

/ / 		
(29)

Therefore, the proof is completed.

3. Matrix Representation of Generalized Commutative Quaternions with Generalized Tetranacci              
Number Components
Now, we give the matrix generator of the numbers gcTn .

Theorem 3.1. Suppose that n 1$  is an integer. Then, matrix formulation of gcTn  can be given as
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Proof. The proof was done using the principle of mathematical induction. The result is obvious for n 1= , which can be 
easily seen. We will show the equality is true for n 1+ , by assuming that the formula (30) holds for n 1$ . We get
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by considering induction’s hypothesis and equality (24) and this ends the proof.

Moreover, we have
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4. Conclusion
We defined the generalized commutative quaternions by 
using a number sequence which is defined with a gener-
alized recurrence relation. This new definition generalizes 
the quaternions introduced by Szynal-Liana and Włoch 
(2022) and further investigated by Bród et al. (2022) and 
Bród and Szynal-Liana (2023). Some properties involving 
the sequence gcTn n N!

" ,  were presented, including the Bi-
net type formula and the summation formula. In addition, 
a specific matrix, whose elements are the generalized com-
mutative quaternions with generalized Tetranacci number 
components, was given as an alternative way to acquire the 
n-th term of the sequence .gcTn n N!

" ,  We believe that the 
quaternions considered in this article can be extended to 
generalize other quaternion families and the results given in 
this article could be useful for further research on this topic.
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