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1. Introduction

In the field of engineering design, it is often the case that there is no clear solution or design, which
often leads to fuzziness, and Zadeh [1] proposed a rule to address such issues in engineering and design.
Goguen [2] expanded Zadeh’s study with a fresh viewpoint, considering the ordered structures beyond
the unit interval. It is typically necessary for a partially ordered set (poset) to be at least a complete
lattice with distributive law to query what the maximum and minimum values of a fuzzy set are. A

detailed study about these concepts can be found in [2,3].

Moreover, Menger [4] presented probabilistic metric spaces and associated ideas. The notion was then
greatly improved by Schweizer and Sklar [5,6]. Subsequently, Kramosil and Michdlek in [7] provided
an equivalent definition for the term probabilistic metric in the form of fuzzy metric spaces, which
George and Veeramani [8] later adapted to provide a Hausdorff topology. The degree of nearness
between two elements a and b of a set X concerning the real number s is the subject of the notion
of fuzzy metric. The reality of X having a vector space structure is a common occurrence (for more
details, see [9-11]). Alternatively, the distance in a Riesz space can be defined as a vector; more details
can be found in [12-15].

In this study, we consider the parameter s as a vector based on L-fuzzy sets given by Goguen and
the fuzzy metric space provided by Kramosil and Michalek. In this case, the order structure must be
added to the concept of left-hand continuity. Thus, we define left (right) order continuity to construct
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L-fuzzy vector metric spaces and non-Archimedean L-fuzzy vector metric spaces. Then, we obtain
some new results and provide Cantor’s intersection theorem and Baire’s theorem in non-Archimedean

L-fuzzy vector metric spaces.
2. Preliminaries

This section provides some basic notions to be needed in the next section. The concept of an L-fuzzy
set was introduced by Goguen [2], who generalized the notion of a fuzzy set nicely introduced by
Zadeh. Goguen defined an L-fuzzy set as a function that maps elements of a universe of discourse to
elements of a complete lattice £, where each lattice element represents the degree of membership of
the corresponding universe element in the fuzzy set. He defined £L-fuzzy set in the following manner.

Definition 2.1. [2] Let X # () and £ = (L, <) be a complete lattice with distributive law. Then,
an L-fuzzy set A is a function such that A : X — L and A(a), for each a € X, means the degree of a
in L.

Definition 2.2. [10] Let X # (). Then, an intuitionistic £-fuzzy set A¢ y is an object on X such that
Aeo = {(€a(a),V4(a)) : a € X}, where the notations {4(a) and ¥ 4(a) represent the membership and
non-membership degrees of a, respectively, and satisfy the condition {4(a) + 9a(a) <r, 1¢.

Goguen [2] and Sadati et al. [10] provided the definitions of ¢-norm, decreasing negation function, and

involutive negation as follows:

Definition 2.3. [2,10] A t-norm on £ is a function 7 : L? — L holding following properties, for all
k,l,m,n € L, where inf L =0, and supL = 1.

i. T(k,1z) =k (boundary condition)

ii. T(k,1) ="T(,k) (commutativity)

iii. T(k, T(,m)) =T(T(k,1),m) (associativity)

. k<gmandl <y n=T(k,I) <z T(m,n) (monotonicity)

Definition 2.4. [2,10] Let £ = (L,<y) be a complete lattice. Then, N’ : L — L is a decreasing
negation function on £ satisfying N'(0z) = 12 and N (1) = 0z. Furthermore, NV is called an involutive
negation if N (N (z)) =z, for all z € L.

Aliprantis, in his books Infinite Dimensional Analysis [12] and Positive Operators [13], discussed the
concept of ordered vector space in the following fashion.

Definition 2.5. [12,13] Let E be a real vector space. If E has an order relation <, which is compatible
with the algebraic structure of E in terms of the following two axioms:

1. if s <wu, then s+w <u+4w, forallw e £
ii. if s < u, then vs < vu, for all vy € RT
then F is called an ordered vector space.

For any two vectors s,u € FE, the notation s < u can be represented by u > s in another way. If 8 < s
where 6 represents the zero vector of E, then the vector s is called positive. The set of all the positive
vectors of E is denoted by E; :={s € E: 6 < s}.

Aliprantis et al. [12,13] also proposed the concept of Riezs spaces and some related concepts in the

following form.

Definition 2.6. [12,13] Let E be an ordered vector space. For all s,u € E, if E has the supremum
and the infimum of the set {s,u}, then E is called a Riesz space or a vector lattice. The notations
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used for sup{s,u} and inf{s,u} are as follows:

sVu=sup{s,u} and sAwu=inf{s,u}

An example of a Riesz space is the space of real-valued continuous functions on a set X, considering
the pointwise ordering, defined as follows: f; < fo in F if and only if fi(a) < fa(a), for all a € X.
The lattice operation in any function space F can be defined as

[f1V fol(a) = max{fi(a), f2(a)} and [fi A fo](a) = min{fi(a), f2(a)}
for each pair fi, f € E' and for all a € X.
We will denote Riesz spaces with the letter E in the rest of this study.
Theorem 2.7. [12,13] For all s,u,w € E, the following properties hold:
i. sVu=—[(=s)A(—u)] and s Au=—[(—=s)V (—u)]
ii. s+u=(sAu)+(sVu)
ii. s+ (uVw)=(s+u)V(s+w) and s+ (uAw)=(s+u) A (s+ w)
. y(sVu)=(vs)V(yu) and (s Au) = (ys) A (yu), for all v > 0

For any vector s € E, the positive part, negative part, and absolute value of s are denoted by s, s,
and |s|, respectively, and defined as follows:

sTi=sV0, s :=(-s)VO, and |s|=3sV(—s)

Theorem 2.8. [12,13] For any vector s € E, the following properties hold:

A sequence (s,) C E is decreasing, denoted by s, |, if and only if n > m implies s, < sp,,. In
addition the notation s,, | s means s, | and inf{s,} = s. Similarly, a sequence (s,) C F is increasing,
represented by s, T, if and only if n < m implies s, < s;,. In addition the notation s, 1 s means s,, T
and sup{s,} = s.

Aliprantis et al. [12,13] set forth the concepts of ordered convergence and lattice norm in the following
way.
Definition 2.9. [12,13] Let (s,,) C E be a sequence and s € E be a vector. Then, (sy,) is called order

convergent to s, denoted by s, > s, if there exists another sequence (uy,) satisfying |s, — s| < uy, | 6.

Definition 2.10. [3,13] Let s and u be some vectors of E and ||-|| be a defined norm on E. If |s| < |u|
implies ||s|| < ||u||, then ||-|| is called a lattice norm. In addition, a Riesz space equipped with this

norm is called a normed Riesz space.

The notion of vector metric spaces, where the distance function takes values in Riesz spaces, was first
mentioned in [14].

Definition 2.11. [14] Let X # (), E be a Riesz space, and dg : X x X — E be a function. Then,
(X,dg) is called a vector metric space if the function dg satisfies the following properties, for all
a,b,ce X:

. 0 < dE(CL, b)
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it. dg(a,b) =0 if and only if a = b
111, dE(a,b) = ClE(b, CL)
w. dg(a,c) < dg(a,b) + dg(b,c)

Since the set of real numbers R is a Riesz space with the usual ordering, it is obvious that every metric
space is a vector metric space.

Example 2.12. [14] Every Riesz space F is a vector metric space with the function dg : ExX E — E

defined by dg(a,b) = |a — b|. This vector metric is called the absolute valued vector metric on FE.

To set up the definition of non-Archimedean L£-fuzzy vector metric spaces, we benefit from the defini-
tion of fuzzy metric space suggested by Kramosil and Michélek [7].

Definition 2.13. [7] Let X # (), M be a fuzzy set on X x X x [0,00), and T be a continuous
t-norm. Then, the triple (X, M, %) is a fuzzy metric space as Kramosil and Michalek describe, if for
all a,b,c € X and 0 < s, u, the following properties hold:

i. M(a,b,0)=0

it. M(a,b,s)=1if and only if a =b

iti. M(a,b,s) = M(b,a,s)

w. T(M(a,b,s),M(b,c,u)) < M(a,c,s+u)
v. M(a,b,.):[0,00) = [0,1] is left-continuous

Here, the notation M(a,b, s) denotes the nearness degree between a and b according to s.
3. Main Results

We define the concepts of left and right-order convergence and continuity. Thanks to these concepts,
new ideas on L-fuzzy vector metric space will be built.

Definition 3.1. Let (s,) C E be a sequence and s € E be a vector. Then,

i. (sp) is called left-order convergent to some vector s, denoted by sy, 2, s, if there exists another
sequence (uy,) satisfying (s, — s)™ < uy } 6.

+
ii. (sy) is called right-order convergent to some vector s, denoted by s, 2+ s, if there exists another
sequence (uy,) satisfying (s, — s)* < wuy, | 6.

Definition 3.2. Let X # (), Mg be an £-fuzzy set on X x X x ET, and T be a continuous ¢-norm on
L. Then, the triple (X, Mg, T) is an L-fuzzy vector metric space if for all a,b,c € X and s,u € F,
the following properties hold:

i. Mg(a,b,0) =0,

it. Mg(a,b,s) =1, if and only if a =0

iii. Mg(a,b,s) = Mg(b,a,s)

w. T(Mg(a,b,s), Mg(b,c,u)) <p Mg(a,c,s+ u)
v. Mg(a,b,.): E4 — L is left-order-continuous

If the condition vi below is used instead of the condition iv, then the triple (X, Mg, T) is said to be
a non-Archimedean L£-fuzzy vector metric space.

vi. T(Mg(a,b,s), Mg(b,c,u)) <p Mg(a,c,sV u)
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It can be observed that every non-Archimedean £-fuzzy vector metric space is an £-fuzzy vector metric
space because the triangular inequality vi implies 7v. Moreover, if s Au = 0, then every L-fuzzy vector

metric space becomes a non-Archimedean L-fuzzy vector metric space.

Lemma 3.3. In a non-Archimedean L-fuzzy vector metric space, the function Mg(a,b,.) is non-
decreasing, for all a,b € X.

Lemma 3.4. In a non-Archimedean L-fuzzy vector metric space, the following statements hold:

i. If 5, 5 s and s, > u, then Mg(a,b,s) = Mg(a,b,u)

ii. If 5, % s and u < s,, hold for n € N, then Mg(a,b,u) <p Mg(a,b,s)

iii. If s, | and s, — s, which means both s, O—+> s and sy | s, then for all n € N, Mg(x,y,s) <p

MEg(z,y, sn)

. If s, T and s, = s, which means both s, & s and s, 1 s, then for all n € N, Mpg(a, b, sp) <,
ME(G, ba 8)

v. If s, 3 s and u,, — u, then JLII()IOME(CL, b, ksp+ru,) = Mg(a,b,ks+ru), foralln € Nand k,r € R
Corollary 3.5. By the definition s™ := sV 0, if s,u € E;, then Mg(a,c,sVu) = Mg(a,c,s™Vu').

Theorem 3.6. Let ) # A C Ey and s € E. If inf A exists, then the infimum of the set (sV A) exists
and

T(MEg(a,b,s), Mg(b,c,inf A)) <, MEg(a,c,s Vinf A) = Mg(a,c,inf(s vV A))

PROOF.

Assume that inf A exists. Let u = inf A, then s Vu < sV w, for all w € A and s € E, which means
that sV u is a lower bound of the set s V A and Mg(a,b,sV u) <, Mg(a,b,sV w) holds. Let r be
another lower bound. To show that sV u is the greatest lower bound of sV A, we must show r < sV u.
Besides, w + s = (s Aw) + (s V w), for all w € E. From the properties in Theorem 2.7,

w=(sAw)+(sVw)—s>(sAw)+r—s>(sAhu)+r—s
Because inf A = u, it follows that u > (s Au) +r —s. This implies u > (u+s) — (sVu)+r —s. Thus,
sV u > r is obtained. It means that sV u is the greatest lower bound. Then, inf(s V A) exists and
inf(s vV A) = s Vinf A. Consequently,
T(MEg(a,b,s), Mg(b,c,inf A)) <p MEg(a,c,sVinf A) = Mg(a,c,inf(s V A))
O

Example 3.7. Let (X, Mpg,T) be an L-fuzzy vector space with (s,) and (uy,) in C[0,1] = {h | h:
[0,1] — R is a continuous function} define as follows:

0 . xel0, -
Sp = (n-l—l)m—l [ 17’L+1]
ezl e (L]

. — —(n+Dz+1 , z€l0, ]
0 , x € (1]

Since s, 1 12 = 1 and uy, | Oz = 6, then s, Au, = 0 holds, where 1(z) = 1 and 6(z) = 0 are constant
functions in C[0, 1]. Hence, (X, Mg, T) becomes a non-Archimedean £-fuzzy vector metric space.

Example 3.8. Let the pair (X,dg) be a bounded vector metric space such that dg(a,b) < k, for
all a,b € X and k € E. In addition, let g : E4 — (]|k||,+00) be an increasing continuous function.
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Define T (I,t) = sup{l +t — 1£,0,} and the function Mg by
dE((I, b)
9(s)

In this case, (X, Mg, T) becomes a non-Archimedean L-fuzzy vector metric space.

Mpg(a,b,s) =1, —

Example 3.9. For T (k,l) = inf{k,[}, define the function Mg by

1, a=b
o(s), a#b

where ¢ : Ey — [0g,1,) is an increasing continuous function. In this case, (X, Mg, 7T ) becomes a

Mpg(a,b,s) = {

non-Archimedean £-fuzzy vector metric space.

Example 3.10. Let the pair (X, dg) be a vector metric space and E be a normed Riesz space. For
all a,b € X and s € E; and for T (k,l) = inf{k,(}, define the function Mg by

I
M ,b,s) =
£(0:0:9) = T ldp@ ol

Particularly, Mg is called the standard L-fuzzy vector metric induced by the vector metric dg. Then,
(X, Mg, T) becomes a non-Archimedean £-fuzzy vector metric space.

Moreover, this example is used successfully in color image processing in [9,11] as a real-life application.
For this, let F; and F; be two image pixels. In this case, the spatial closeness between F; and Fj is

calculated with
s

s + [|de(Fy, Fy)||

S(FhF’jvS) =

where s € R is a parameter adjusting the sensitivity of S.

Definition 3.11. Let (X, Mg, T) be a non-Archimedean L-fuzzy vector metric space. In this case,
Bg(a,r,s) and Bgla,r,s], for s € E;, with center a € X and radius r € L\ {0z, 1.} are defined as
follows:

Bg(a,r,s) ={be X : Mg(a,b,s) > N(r)}

and
Bgla,r,s] ={be X : Mg(a,b,s) > N(r)}

Corollary 3.12. A subset 2 C X is said to be open if for a € 2, there exist an s € F, and a
radius r € L\ {0z, 1.} such that Bg(a,r,s) C Q. Then, every open ball is an open set. Futhermore,
My = {2 C X : Qis open} is a topology on X.

Definition 3.13. Let (X, Mg, T) be a non-Archimedean L-fuzzy vector metric space.

i. Let 0 # Q C X. For every a,b € Q and s € E,, if there exists an r € L\ {Og, 12} such that
Mg(a,b,s) =1 N(r), then Q is bounded. Moreover, for all n € N, (a,) C X is called bounded if there
exists an r € L'\ {Ogz, 1.} such that (a,) C Bgla,r, s].

it. For every e € L\ {0g,1.} and s € E4, (a,) C X is convergent to a € X if there exists ng € N
such that Mg(ay,a,s) > N (), for all n > ny and denoted by

lim Mg(an,a,s) =1, or a, Mgy,

n—oo

iti. For each e € L\ {0z,1,} and s € E, (ay)

C X is a Cauchy sequence in X if there exists ng € N
such that Mg(an, am,s) > N(e), for all n,m > ng.

. (X, Mg, T) is complete if and only if every Cauchy sequence in X is convergent.
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v. Let Q C X. Then,  is said to be closed if (a,) C Q and a, Me imply a € Q.

In the following example, we provide a nonconvergent sequence in a non-Archimedean L£-fuzzy vector

metric space.

Example 3.14. Let X = (a,) U {1} for (a,) € R with a, T 1. Define Mg(ay,an,s) = 1,
Mg(1,1,s) = 1., and
inf{a,,s} , #<s<1

ME(a‘nalvs):{ a s>1
n ’

for all n and s € ET. Then, (X, Mg, T) is a non-Archimedean £-fuzzy vector metric space where

T (k,l) = inf{k,[}. Since liﬁm Mg(an,1,%) =1, (ay) is not a convergent sequence in this space.
n—oo

Proposition 3.15. Let (X, Mg,,T) and (Y, MEg,,T) be two non-Archimedean £-fuzzy vector metric
spaces. If

MEg((a1,b1), (a2,b2),5) = T (Mg, (a1, a2, s), Mg, (b1, b2, s))

for (a1,b1), (a2,b2) € X xY and for all s € E, then Mg is a non-Archimedean £-fuzzy vector metric
on X xY.

Note 3.16. For the rest of this study, 7 stands for a continuous t-norm on L such that for any
s € Ef and ¢ € L\ {0g,1,}, there exists an element r € L\ {0z,1,} satisfying the condition
TN (r),N(r)) 2L N(e).
Theorem 3.17. Let Mg be defined as in Proposition 3.15 and (a,) € X and (b,) C Y be two
M M
sequences. If a, —' ain X and b, —> b in Y, then (an, bn) Me (a,b) in X x Y.
ProOOF.
MEl . ME2 . . .. .. .
Let a, — ain X and b, — bin Y. Then, according to Definition 3.13 (i) there exist n; € N and
n2 € N such that Mg, (an,a,s) > N(r), for all n > ny and Mg, (by, b, s) >, N(r), for all n > ngy. If
no = max{ni,na}, then
ME((anu bn)v (a7 b)7 S) - T(MEl (ana a, S)) MEQ (bm b7 S))
>1 TN (r), N(r))
=1 N(e)
is obtained. Thus, the proof is completed. [J

Theorem 3.18. Suppose (X, Mg, T) be a non-Arcimedean L-fuzzy vector metric space and (a,) C X
be a convergent sequence. Then, the following properties hold:

i. (ap) is bounded and its limit is unique.
it. (an) is a Cauchy sequence.
iii. Any subsequence (ay, ) of (a,) converges to the same limit.

PROOF.
Suppose (X, Mg, T) be a non-Arcimedean L-fuzzy vector metric space and (a,,) C X be a convergent
sequence.

1. Let a, Mg, Then, for each e,n € L\ {0g,1.} and s € E, there exists n; € N such that
ME (an,a,s/2) > N(¢g), for all n > ny and a9 € X such that Mg (ao,a,s/2) > N(n). For some
A€ L\{0g,1.}, suppose

min {Mg (an,a,s/2) : ny > n} =N(N)
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Then, an r € L\ {0z, 1.} can be found such that
min {7V (1), NOV), TW (), M (©)} = N ()
Thereby, for all n € NT
ME (CLO, An, S) >L T(ME ((10, a, 8/2) 7ME (an7 a, 8/2) ) 2[/ N(T)

is obtained. As a result, (a,) C Bg|ag, r, s], which means (a,) is bounded. To illustrate the uniqueness
of the limit, suppose the sequence (ay) has two different limits a and b. Let ¢ = N (Mg(a,b, s)), for
any s € Ey. Since (a,) is convergent, then there exist ny,ny € N such that Mg (an,a,s/2) >p N ()
and Mg (an,b,s/2) =1 N(\), for all n > ny,ng. Let ng = max {ny,ns}. Then, for n = ng,
ME(fL b7 S) 2L T(ME (a’ru a, 8/2) 7ME (an7 b? 3/2) )

>0 TV, NO)

=1 N(e)
which means a contraction. Hence, the limit of the convergent sequence is unique.

it. Let s € FL and ¢ € L\ {Og,12}. Because of the convergent of the sequence (a,), there exists
no € N such that Mg (an,a,s/2) > N()N), for all n > ng. Then, for all m > ny,

ME (aTH Amy, 3) >L T(ME (Cbn, a, 8/2) 7ME (a) Ay, 8/2) )
> TWN(r), N(r))
> N(e)
Thus, every convergent sequence is a Cauchy sequence.
iti. Let ay, Mg o and (an;) C (ap). Thus, for alle € L\ {0z,12} and s € E, there exists ng € N such

that Mg (an,a,s/2) > N(g), for all n > ng. If i > ng, then ng < i < n; and thus Mg (a,,,a,s) >
N (e).

O]

Definition 3.19. Let (X, Mg, T) be a non-Archimedean L-fuzzy vector metric space and Q C X.
Then, the £-fuzzy vector metric diameter Dg(f2) is defined as follows:

Dr(Q) = sup {inf Mg(a,b,s) :a,b e Q}
seby

If Dp(2) =1L, then Q is said to be bounded.
Remark 3.20. If ) is a singleton set, then Dg(Q2) = 1. However, unlike crisp sets, the converse may

not always be true. For example, for the standard non-Archimedean L£-fuzzy vector metric defined in
Example 3.10 as follows

Isl
Mop(a,b, s) =
£0:58) = T dpta o]

and for Q = {ag,bp} C X,

sl
Dg(2) = sup =1z
sei, |8/l + llde(ao, bo) |

is obtained.

Theorem 3.21. For Dg(Q2), the following statements hold:
i. Let Q C W. Then, Dp(¥) <z Dr(Q)

it. Dp(Q) < Mg(a,b,s), for any a,b € Q

iti. Let Q = {a,b}. Then, Dg() = Mg(a,b,s)
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w. Let QNW 75 0. Then, T(DE(Q),DE(‘P)) <L DE(Q U \IJ)

Definition 3.22. Let (X, Mg, T) be a non-Archimedean £-fuzzy vector metric space. For () # (€,) C
X if
nILIEoDE(Qn) = 1L

then it is said to be (2 has appearing £-fuzzy vector metric diameter. Moreover, for all » € L\ {0z, 1.}
and s € E4, a number ng € N can be found such that Mg(a,b,s) >p N(r), for all a,b € Q.

Theorem 3.23 (Theorem of Cantor Intersection). Let (X, Mg, 7T) be a non-Archimedean L£-fuzzy
vector metric space. Let () # Q,, be closed and decreasing sequence of subsets of X. Suppose that
nh_}rréo Dg(9,) = 11. Then, X is complete if and only if the intersection of the sequence is a singleton.

PROOF.

Let X be complete. For each n € N by considering a point a, € ,, a sequence (a,) can be
formed. If m > n is chosen, €, C , is obtained such that all the points {a,, : m > n} of
the sequence belong to the set Q,. According to Theorem 3.21, Dg(Q,) <rp Mg(am,an,s), for
s € F4 and for all m > n. Since the sequence (£2,,) has an appearing L-fuzzy vector diameter,
n}%glooj\/l g(am,an,s) = 1. Thus, (a,) is a Cauchy sequence. Since X is complete, there is a point
a’ € X such that nh—{goME(a”’ a,s) = 1p. If a set Q,, is taken and formed the sequence (a,) C €, for
n = ng, then nh_)rrgo Mg(an,a,s) = 1. Moreover, a € €, because €, is closed. As a result, it follows
that a belongs to all the members of the sequence (£2,,). Hence, a € oﬁl Q, is obtained. Considering

n=

o
another point a’ € N Q,, Dp(Q,) <r MEg(a,d,s), for all s € Et. Since the sequence (€2,,) has

n=1
[o¢]
an appearing L-fuzzy vector diameter, Mg(a,a’,s) = 1. As a result, it follows that N Q, = {a}
n=1
because of a = a'.
Conversely, considering a Cauchy sequence (a,,) C X and closed nonempty subset Q,, = {a,, : m > n}

of X, then ILm Dg(2,) = 11, because the sequence (£2,,) is decreasing and (a,,) is a Cauchy sequence.
n—,oo

According to the assumption of the theorem, there is only a single point a such that ﬁ Q, = {a}.
Then, because of the definition of L-fuzzy vector diameter there is a natural numbernzo such that
DE(Qny) >1 N(e), for each e € L\ {0, 1,}. Moreover, since a € Q,,, M(an,a,s) > N(e), for all
n > ng. It means that a, Me . Consequently, the non-Archimedean £-fuzzy vector metric space X
is a complete space. [

Theorem 3.24 (Baire Category Theorem). Let (X, Mpg,T) be a non-Archimedean £-fuzzy vector
metric space and let (2,) C X be a countable collection of open and dense subsets. Then, the
intersection of (£2,,) is also dense in X.

Proor.
For proof, it is necessary that

Bg(a,r,s)N (ﬁ Qn> # 0
n=1

is satisfied for all a € X, r € L\ {0g,1.} and s € E;. For Qi, Bg(a,r,s) N Q; is open and
nonempty because 1 C X is dense. Considering the element a; € Bg(a,r,s) Ny, then there exist
r1 € L\ {0g,12} and s; € Ey such that Bglai,r1,$1] C Bg(a,r,s) N Q. Let Bg, = Bg(ai,r1,$1).
Bg, N is open and nonempty because {29 C X is dense. Considering the element as € Bg, N()y, then
there exist 7o € (01,11/2) and sy € E4 such that Bglag, o, s3] C Br, NQs. Let By, = Br(ag,re, s2).
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If continued inductively, two sequences (a,) C X and (r,) C R are obtained such that
BE[ant1:Tnt1s Sn+1) C Be, N Qny1 C Belan,mn, s,  and 7, € (0r,11/n)

for all n € N. According to Theorem 3.23, ﬂ Bg|ay, rn, sp] has only one element. As a result, from

(o]
ﬂ glan, ™n, sn] C Be(a,r,s) N (ﬂQ)
o
we reach the conclusion Bg(a,r,s) N ( N Qn> # (). This completes the proof. [J
n=1

4. Conclusion

In conclusion, this article contributes to the field of fuzzy metric spaces by defining left and right-order
convergence and continuity within the framework of non-Archimedean L-fuzzy vector metric spaces.
Left and right-order continuity concepts are used to construct L-fuzzy vector metric spaces and non-
Archimedean L-fuzzy vector metric spaces. Furthermore, some non-trivial examples are built, and as
an implication, the findings are used to prove Cantor’s intersection theorem and Baire’s theorem. In
the next stages, as a continuation of this study, examples of these spaces can be multiplied, and fixed
point theorems can be studied.
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