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Abstract

In this study, a sufficient condition for the existence and uniqueness of some fractional order Integral-
Differential equations is obtained. Therefore, the fixed point method is used to solve the differential equation
problem involving nonlinear degree integrals. In addition, the results found is supported by examples.
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Bazi Kesir Mertebe integro-Diferansiyel Denklemlerin Varhk ve Tekligi Uzerine
Oz
Bu galismada, bazi kesirli mertebeden Integral-Diferansiyel denklemlerin varhigi ve tekligi igin yeterli kosul

elde edilmistir. Boylece, dogrusal olmayan dereceli integralleri iceren diferansiyel denklem problemini ¢6zmek
i¢in sabit nokta yontemi kullanildi. Ayrica, bulunan sonuglar 6rneklerle desteklenmistir.
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On Existence and Uniqueness of Some Fractional Order Integro-Differential Equation

1. Introduction

Fractional analysis is a branch of mathematics that studies derivatives and integrals of real or
complex order. Differential equations involving non-integer derivatives are used to model
various physical phenomena. Therefore, in addition to its applications in mathematics, it is also
used in the application of many branches of science such as physics, engineering, biology and
finance (see [1]- [5]). Some of the most comprehensive studies for fractional derivatives and
integrals (see [6]- [7]).

The most interesting feature of fractional calculus is that it mostly contains operators. This
allows a researcher to choose the most appropriate operator to describe the dynamics in a real-
world problem. It has led them to discover new fractional operators, with the need to
demonstrate what other fractional operators require, used to find better results each time to
natural phenomena (see [16]- [18]). There are other different types of novel fractional
derivatives as well (see [19]- [20]).

Also, fixed point theory is one of the most powerful and effective tools of nonlinear analysis,
especially differential equations, integral equations, partial differential equations. It has a wide
application area in many branches of mathematics. Fixed point theory has very fruitful
applications in initial value problems, boundary value problems, and approximation problems
as well as in eigenvalue problems. With the help of some Fixed Point Theorems, the existence
and uniqueness of the solutions of fractional differential equations in initial value problems can
be demonstrated under certain conditions. However, a method by which exact solutions of
fractional differential equations can be found analytically is often not available. For this reason,
a lot of extensive work has been done on the solution methods of fractional differential
equations. (see [1]- [14]). In parallel with all these studies, studies have been carried out on the
existence and uniqueness of the solution of fractional differential equations. Recently, some
studies on this subject (see [8]-[13] and references therein).

In this study, consider the initial value problems for the following Integro-Differential equations

dz(ss) + 1% u(s) = f(s,u(s),
0<s<A,0<a<1, (1)
u(0) =0,

where f € (C[0,A] X R,R) ,

d?u(s)

+ 15 u(s) = f(s,uls),u'(s)),
0<s<A,0<a<l, (2)
u(0) =0, u'(0)=0.

where f € (C[0, 4] X R?, R).

Now, we the plan of this paper is as follows. In chapter 2, we give all the background material
used in this paper. In chapter 3, we establish theorems on existence and uniqueness for initial

value problems given by (1) and (2). Finally, the results found will be supported by examples.

2. Prelimneries

In this section, we present notations, definitions, and preliminary facts which are used
throughout this paper.
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Definition 2.1 Let u(t) € C([a,b]) and a <s < b, a € (—,). Riemann-Liouville
fractional integral of order

u(t)
F(a)f(s t)l-«a

I7vu(s): = dt.

The same definition for @ € (0,1) can be expressed as

u(t)
ra- a)dsf(s—t)“

Diu(s):=

Riemann-Liouville fractional derivative of order «. Here,
r'(a) = j t*tetdt, (a>0)
0

(see [7]).

Definition 2.2 Let X + @ be a set and a mapping T: X — X of set X into itself is an element u €
X which is mapped onto itself. That is, Tu = u, the image Tu coincides with u (see [15]).

Let us give the definition of the contraction transformation, which plays an important role in
determining the sufficient conditions for the existence and uniqueness of the fixed point (see

[15]).

Definition 2.3 Let a mapping T: X — X. If there is a positive real number § < 1 such that for
allu,v € X,

d(Tu,Tv) < dd(u,v),
then T is called a contraction on X.
Now, let's state the Banach Fixed Point Theorem (see [15]).

The Banach fixed point theorem is an existence and uniqueness theorem for fixed points of
certain mappings and also provides a better approximation to the solution of equation

u = Tu.

Here, we choose an arbitrary starting point u, € X, determine a sequence {u,},-, defined by
the relation

u, =Tu,_, , n€N. 3)

This process, which is used in many areas of applied mathematics, is called iteration (see [15]).
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Theorem 2.4 If (X, d) is a complete metric space and T: X — X is a contraction mapping,

i. T has one and only one fixed point u € X.
ii. Foranyu, € X, iteration sequence (T™u,) (ie iteration sequence (u,,) defined by u,, =
Tu,_4 for all n € N) converges to unique fixed point of T.

With the assumptions of Theorem 2.4, the sequence {u,, }n-, defined by recursive formula (3)
with arbitrary u, € X converges to the unique fixed point u of the mapping T. Error estimate is
a prior estimate

n

d(u,,u) < T-5

d(uOrul) , N € N

and a posteriori estimate
)
d(u,,u) < 1Té,d(un_l,un), neN

(see [15]).

Definition 2.5 C[0, A] = (C[0, A], d) is the complete space of all continuous functions defined
on the interval [0, A] with the metric d defined by

d(w,v) = max Ju(s) —v(s)| (4)

cW[0,4] = (€0, 4], d) is the complete space defined on the interval [0, A] with the metric
d defined by

d(w,v) = max [u(s) - v(s)| + max [u'(s) — v'(s)] (5)

(see [13]).
3. Main Theorem and Proof

We now consider the following initial value problem for Integro-Differential equation (1). We
will establish the existence and uniqueness theorem by obtaining the sufficient condition for
the existence and uniqueness of this problem.

Theorem 3.1 Let f function is continuous and bounded on the region
D ={(s,u) :s €[0,4],|u — uy| < 0} € R2.

Also, f satisfies a Lipschitz condition on D with respect to its second arguments, i.e, there is a
pozitive constant L such that for arbitrary (s, ), (s,v) € D

If(sw) = f(s,v)[ < Llu —v (6)
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is valid. Moreover, let

a+1
h(a,A L) = m + LA
and suppose that
h(a,A L) <1. (7)

Then, initial value problem (1) has a unique solution u € C[0, A].

Proof. By integrating both sides of Integro-Differential equation (1), we obtain integral
equation (8)

Sdu(q) s N B s
. Tdg dq+f Io+u(q)dq—ff(q,u(q))dq

w@i+ [ (s [ @ 0 ruwae)da = [ raut@rag

u(s) = —m f j (q — " "u(t)dedq + j £(g,u(@))da. @®)

u is the limit of the iterative sequence {u, },-, defined by the recursive Picard iteration formula
ws) =~ | [ @0t s©dtda + [ g ma@)ac, ©)
where u,(s) is an arbitrary continuous function. There for h < 1 error bounds

n
d(u, ,u) < 1=

hd(uO 'ul) ]

h
d(un ,u) < md(un_l_un) , n€N,

We see that initial value problem (1) can be written in the equivalent integral form (8), which

is in the form u = Tu, where T: C[0, A] = C[0, A] is an operator defined by

Tu(s) = —m f (q - % u(®)dtdq + f f(qu(@))dq, (10)

where f is continuous function on D. Since f is bounded there exists a constant |f(s,u)| < k
such that k > 0 for all s € [0, 4] and (s, u) € D. Also, Under assumptions of Theorem3.1 and

equation (4) we have

) = | i | [ @0 uwaeaq + [ sa.u@padl

f j (q - D)% 1u<t)dtdq‘ j f(q,u(q))dq‘

F (a)
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1 ° 1 a-—1 ’
smfo <f0 |(q — )l Iu(t)ldt) dq+f0 |f(q,u(q))|dq

S
1 (o (°
< _ yla-1
< i f (f GG =01 max (o)l dt)dq+ f kdg
0

max |u(t)| £ q°
L |

te(0,4]
< —dg+k
I'(a) a 1 s

max

tel0,4] lu(@®l q** |
rla)a a+1 o

max
cefo.a1 U (D]

T T+ D@+ 1)
max

_ celon O s%+ 4 ks
I'la+2) '

Thus, Tu € C[0,A] ifu € C[0, A]; i.e., T maps the set C[0, A] itself. Let it be shown that T is a

st 4 ks

contraction map on C[0,A]. If the hypotheses of Theorem3.1 are used and necessary

adjustments are made, we have

N

q s
1
ITu(s) = Tv(s)| = |- 7= (q — ) tu(t)dtdg + | f(q,u(q))dq
F(CZ) 00 0

N

q N
1 —1
+m! !(q —t)* tv(t)dtdq — Off(q,U(Q))dq

i

+ [1£(@.u@) - £(a.v(@)lda

= 01 Hu(@®) - v(t)| dtdq

O%Q

o

< 7o maxu(© - (o)l f f (g - )| dedg

N

t f Llu(q) - v(q)ldg

0

1
< 7o e |u(© = v(o)| f f (g - )| dedg
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N

+thrgg§]lu(q) —v(q)|dq

0

1
m max Iu(t) —v(t)| f— dq

+ qrg[ggg]lu(q) —v(q)| Ls
a+1

=Ta+2)

Sa+1
= <—F(a e + Ls) d(u,v).

taking the maximum of both sides in this last inequality we have

d(u,v) + Ls d(u,v)

s€l0,4]
Aa+1
= <m + LA> d(u,v)
= h(a, A, L)d(u,v).
From (7) we see that h(a, A,L) < 1, s0O
d(Tu,Tv) < hd(u, v).
Thus, T is a contraction on C[0, A]. Therefore, T has a unique fixed point u € C|[0, 4], that is,

Sa+1
< -
d(Tu,Tv) < max (F(a ) + Ls) d(u,v)

a continuous function on [0, A] satisfying u = Tu. By equation (9)

u(s) = ‘ﬁ j j (q - O u()dedq + f £(gu(@))da.

Theorem 3.2 Let the function f is continuous on

D ={(s,u,v): s €[0,4],|u—ug| < oo, |v —vy| < 0} € R3,
and there exists a constant k > 0 such that |f(s,u, v)| < k foreach s € [0, A]. Also, f satisfies
a Lipschitz condition on D with respect to its second and third arguments. Thus, for arbitrary

(s,u,2),(s,v,w) € D there is a pozitive constant L such that

If(s,u,z) — f(s,v,w)| < L(lu — v|+|z—w|). (11)
is valid. Therefore, let
a+2 AZ
h(O(,A,L) = m'FL?,

and suppose that
h(a,A L) < 1. (12)



On Existence and Uniqueness of Some Fractional Order Integro-Differential Equation

Then, initial value problem (2) has a unique solution u € CM[0, 4].
Proof. By integrating both sides of Integro-Differential equation (2), we get integral equation
(13)

sz r r
0 dliz(zq) dq + f Ig+u(q)dg = f f(a,u(@),u'(9))dq
du(q) v (7 et _
21+ [ (i [ o= o tuoae) g = [ q u@@naa
du(r)

- +f (r( )f (q—0)* 1u(t)dt> dq —f f(q,u(q),u'(q)dq

fo du(r) ff (r( )f (g — )% 1u(t)dt> dq _f Jf(q,u(q) u'(q))dq

r 1 q s pr
u(r) | + ] [ (7 [ @ - otutwa)da = [ [ sq.u@anaa

s r

q S Tr
u(s) = ——— f Of ( fo (q—t)“-1u<t)dt)dqdr+ oj Oj £(q. (@, ())dgdr (13)

r(a)

Actually, the u function is the limit of the iterative sequence {u,}n-, defined by the recursive

Picard iteration formula

1 S r q
) = ~ 775 ] f ( j (q—t)“-lun_l(t)dt)dqdr
0
00
+[ [ (0 s @i @) dadr (14)
00

Error bounds are

hn
d(u, ,u) < md(uo ) Up)

h
d(un,u) < md(un_l ,un) , n€EN

where u,(s) is an arbitrary continuous function and h < 1. We see that equivalent to problem
(2), the integral equation (13) can be written. Since u = Tu, we T: ™[0, 4] -» C™M[0, A] isan
operator defined by

Tu(s) = ——f f (f (q—t)* 1u(t)dt)dqdr+f f f(q,u(q@),u'(q))dqdr (15)

r(a)
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where f is a continuous function on D. Under assumptions of Theorem3.2 and equation (5),
we obtain
ITu(s)|

r(@f f (f (=07 1u<f>dt)dqdr+ f f £(q,u(e), v ()dgdr

r/eq .
Offo <f0 (q—1t) u(t)dt> dqdr| +
= ﬁf: for <f0ql(q - t)|“_1|u(t)|dt> dqdr

¥ f ] 1 (g u(@), 0 (@) |dq dr

< %]S]r <]q|(q —t)]* 1 trgoa%c]m(t)l dt) dqdr + J:er dq dr
< Olf((lxl;(t)l ff dq dr +f krdr

:t?gil [u@®l [ qo+t | ils
r'a)a a+1 0 2 10

< J f f(@ul@)w ())dq dr

max
B LG L
Fa+1(a+1) 2
| Ol ks
r(a +2) 2

Thus, Tu € CM[0,A4] if u € CM[0,4] ; i.e., T maps the set V[0, A] itself. Let it be shown
that T is a contraction map on C[0,A4] . If the hypotheses of Theorem3.2 are used and
necessary adjustments are made, we have

ITu(s) — Tv(s)|

S T

%) f ] jq (g — ) Tu(t)dt |dgdr + J f f(q,u(@),u'(q))dqdr
00 \0 00

s r q s r
— (q —)* tv()dt |dgdr — | | f(q,v(q),v'(q))dqdr
@ ! [\Je /]
1 s r q
|(q — O1* Hut) —v(t)| dt |dqdr
ol (]
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+[ 1@ e @) - @ v@.v'@)] dadr

s r q
1
< 7o maxlu(© - (o) f f f I(q — )| Ldtdg
00

+J.fL(|u(Q) —v(q)| + [v' (@) — v'(q)|)dqdr
00
1
= @ &y vl f f f |(q — ©)1*7*dt | dgdr

+ffL max Iu(q) —v(Q| + nax Iu (@ —v (q)l)dqdr
0

a+l

maxlu(t) v(t)| ————= 2@t D

F()

2
+(max lu(@) - v(@! + max (@) —v' @) L5

a+2 2

s S
d(u,v) + L? d(u,v)

<
“TI'(a+2)

Sa+2 52
(r(a Y >d(u v).

If the maximum is taken from both sides in this last inequality we have

a+2 2
d(Tu TU) < max <m )d(u 17)
Aa+2 AZ p
<r( ey > (w,v)

= h(a, A, L)d(u,v).
From (12) we see that h(a, A,L) < 1, S0
d(Tu,Tv) < hd(u, v).
Thus, T is a contraction on C[0, A]. Therefore, T has a unique fixed point u € C(M[0, 4], that

is, a continuous function on [0, A] satisfying u = Tu. By equation (14)

N

[
r q S Tr
u(s) = —m !(L (q—t)“‘lu(t)dt) dqdr+!!f(q,u(q),u’(q))dqdr.
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Example 3.3 Solve initial value problem for Integro-Differential equation

d? u(s)

+ 12+u(s) =2 +7$ 2u(s) +u' (s),
(16)
0 < s <A,
u(0)=0, u' (0)= 0.
by the iteration method.

1
Solution: Firstly, since (s, u(s),u'(s)) = 2 + 12\/_5 fu(s) +u' (5),0<s<1, a=- we

have that L = —— > 0. Thus, we have
12Vm

a+2 AZ

I'la+2) 2

ha A L) = (1 ’ 121\/—>

h(a,A L) =

Then, by Theorem3.2 initial value problem (16) has a unique solution on [0,1] for value of a =
%satisfying condition (16).

u(s) = —m.[ J (f(q — 1) 1u(t)dt> dqdr + f f (2 + —q 2u(q) +u’ (q)) dqdr.
0

12vVr

Thus, u, (s) is defined by formula,

s r/4a s T
—_L _ a—-1 /]
un(s) = = b[ Oj (()j (@-0) un_1<t)dr>dqdr+ Of Of (F @), 41 (@), s (@) dadr,

for n € N. Since u,(0) = 0, uy(0) = 0 we have

s r S

u(s) = — rl Of! f(q—t) 2u,y(t)dt dqdr+f

T [ (@2 0@, u4@))daar
7 00
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=

T S Tr
1 1
—t)720 dt |d dr+Jf(2+— 2-0+o)d dr
Off(q ) 1 - 12\/Eq 1

N

uz(s)=—% f f fq (g — O Zu, (D)t | dqdr + f f (f (@), w1 (@), ui(q))dqdr
2)0 0 \0 00

f f(q—t)_%tzdt dqdr + .ff(2+121nq2-0+0)dqdr

0 \0 00

S r S T S
—1ffq d ffq4dd+ff2dd
B B B 124997 qar

00 00 0

0

1

:1
O\h

s r q s r
1
s (s) = — —— f f f (q - O Zuy(©)dt | dgdr + f f (F(0), s (@), s (@))dqdr
00 0 00

r(z
2

=S5".

If it continues like this, it will be shown
u,(s) =s?, neN
Hence,

u(s) = lim u,(s) = lim s? = s
n—->oo n—-oo

Conclusion

Fixed point and operator theory play an important role in different areas of mathematics,
differential equation, physics, game theory and dynamic programming. In this study, the initial
value problem for the Integral-Differential equation is discussed. A sufficient condition for the
existence and uniqueness of this problem is obtained. This approach allows using the fixed
point iteration method to solve the differential equation problem involving fractional order
integrals. The work can be applied to different classes of fractional order operators, which will
be the subject of future articles.
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