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Abstract

In this study, the dynamical behaviors of a prey—predator model with strong Allee effect are investigated.
Existence of the fixed points of the model are examined and topological classification of the coexistence
fixed point is obtained. By selecting bifurcation parameter as a [, it is demonstrated that the model
can experience a Neimark-Sacker bifurcation at the coexistence fixed point. Bifurcation theory is used
to present the Neimark-Sacker bifurcation conditions of existence and the direction of the bifurcation.
Additionally, some numerical simulations are provided to back up the analytical result. OGY feedback
control method is implemented to control chaos in presented model due to emergence of Neimark-Sacker
bifurcation. Following that, the model’s bifurcation diagram, maximum Lyapunov exponents and the

triangle-shaped stability zone are provided.
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Giiclii Allee Etkili Av-Avclr Modelinin Kararliligi, Neimark-Sacker

Catallanma Analizi ve Kaos Kontrol
Oz

Bu calismada, giiclii Allee etkisi igeren bir av-avcr modelinin dinamik davramglar: arastirilmigtir. Mode-
lin sabit noktalarimin varligi incelenmistir ve her iki tiirtin bir arada oldugu denge noktasinin topolo-
jik simiflandirmasi elde edilmistir. S catallanma parametresi olarak secildiginde, modelin her iki tiirtin
bir arada oldugu denge noktasinda bir Neimark-Sacker ¢atallanmas: olacagl gosterilmistir. Catallanma
teorisi, Neimark-Sacker catallanma varolug kogullarini ve gatallanmanin yoniinii sunmak icin kullanihr.
Ek olarak, bazi sayisal simiilasyonlar, analitik sonucu desteklemek igin sunulmustur. Sunulan modelde
Neimark-Sacker gatallanmasinin ortaya ¢ikmasi nedeniyle olugan kaosu kontrol etmek igin OGY geri
besleme kontrol yontemi uygulanmaktadir. Bunu takiben, modelin catallanma diyagrami, maksimum

Lyapunov iistelleri ve tiggen seklindeki kararlilik bolgesi verilmigtir.

Anahtar Kelimeler: Av-avc:t modeli, giiglii Allee etkisi, Neimark-Sacker gatallanma analizi.
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Stability, Neimark-Sacker bifurcation analysis of a prey-predator model with strong Allee
effect and chaos control

1. Introduction

In the literature on bio-mathematics, the study of prey-predator systems that demonstrate interactions
between two prey-predator species has been a significant topic. Many researchers have recently inves-
tigated the intricate dynamics of prey-predator systems [II, 2] [3] 4 [5] [6l [7]. The Lotka-Volterra model,
created by Lotka and Volterra, is the original and most basic prey-predator model. Many researchers
have altered this model because it ignored a number of real situations.

Ecological aspects like emigration and immigration, functional responses, diffusion, time delays, etc. have
been introduced. Allee effect is one of the key ecological variables that can significantly alter the prey-
predator system [7, [8]. When simulating the interactions between predators and prey, it is crucial to
take into account the increase of the prey population to its carrying capacity in the absence of predators.
Consider the development of logistics. The per capita growth rate of prey achieves its maximum while
their population density is low and starts to decrease as prey density increases, according to this logistic
growth. However, such growth rates are not always advantageous for lower densities [9, [I0]. There are
various biological causes for this.

The Allee term derives from an experimental research conducted by renowned ecologist Warder Clyde
Allee. Allee discovered in the 1930s that many natural populations, including those of plants, birds,
marine invertebrates, insects and mammals, frequently experience individual fitness losses at lower critical
densities. It describes an association between any metric of species fitness and population size that is
favorable. Allee effect can be split into two groups: strong effects and weak effects. For the strong Allee
effect, there is a population threshold below which the species becomes extinct. On the other hand, the
weak Allee effect appears when the growth rate slows down while still being positive at low population
density [111 [12] [13] [14]. Many researchers have been interested in the dynamics of predator-prey models
that incorporate the Allee effect in prey development rate [I5] 16} 17, 18] [19] 20 211 22] 23].

It is not well recognized that two or more Allee effects can occur simultaneously in the same population.
For the management of endangered or exploited populations, it is crucial to consider the presence and
interplay of various Allee effects. This work presents a mathematical investigation of the stability of a
prey-predator system with strong Allee effect.

The following discrete-time predator-prey model has been considered by the author in [24]:

Nit1 = BN(1—Ny) — NP, (1)

1
Py = —NiP
o

where N; and P; represent the numbers of prey and predator, respectively. The «, 3 parameters are
positive real numbers.

The current work looks at a discrete-time prey-predator model where the predator population outnumbers
the prey population and the prey population is susceptible to a strong Allee effect. The stability and
bifurcation analysis of the the prey-predator model with weak Allee effect will be examined in another

study.
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2. Preliminaries

The Model and Its Fixed Points
Modification of the model (1) is taken into consideration in this study,
Nn B C
No +1

Npy1 = BN, (1-N,) ( > —~ N, P, (2)

1
PnJrl - aNnPn

where N,, and P, represent the densities of prey and predator, respectively, a and S are the intrinsic
growth rates of the predator and prey, 7 is the non-fertile prey population, ¢ is the Allee coefficient.

By biological setting, we have 0 <n < land —n < <1,80(+n>0. If 0 < (<1, the Allee effect is
called strong, while if —n < ¢ < 0, it is called weak Allee effect.

The %Z_f] term represents the multiple Allee effect which means two or more Allee effects act simulta-
neously on the single population.

We now explore the discrete-time prey-predator model’s stability and the existence of fixed points, in-
cluding the Allee effect on prey.

If we write

Nn = n+1:N*a Pn = n+1:P* (3)
in system , the following system can be obtained as follows:

N* —¢

N*
N*+n

BN*(1 - N*)(2e—s) = N*P* (4)

P*

1

—N*P*

a

A simple calculation reveals that the system has the following three fixed points:

D, =(0,0)

2p

o= o0 (35) )

3. Main Theorem and Proof

Dby <BC+B—1+\//3242—262C+62—2BC—4ﬁn—2ﬁ+1 0)

Lemma 3.1 For the system @, the following statements hold true:

i) The system always has an azial fized point D1 = (0,0).

BCHB—14+/B2C2—262C+B2—26¢—4Bn—26+1 :
23 ’ 0 Zf

4t) The system has an azxial fized point Dy =

B2(C—1)?—28(¢+1) +1
Ap

n<

i) The system (@) has an coexistence fized point D3 = (a, B(1— a)(j—;f}) - 1) if the following condition
holds:

0<a<l B><(1(Zé)t07§)> (5)
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3.1. Local Stability Analysis

As Dj is biologically significant, stability and bifurcation analysis has been studied for this fixed point
only. The Jacobian matrix of the system evaluated at the fixed point D3 is as following;:

, (atm)?
_ Ba®—Bal—Ba+pBl+a+n 1
(atn)a

—B0” +(=28n+ 1) H(2+(C+DBn+Bat+n®
J(Ds) =

Moreover, the characteristic polynomial of J(Dj3) is given by:

F(\) = A2 <—ﬁa3 + (=261 +2)a +(a<<;4:)§<+1)6)n+/3§)a+2n2) ) (©)
B(=2a° + (( = 3n + D)a® + 2n(¢ + Do — ()
+
(a+n)?
Then, by simple computations it follows that
F(l):7ﬁa2—ﬁaf—aﬁf+ﬁﬁ+a+n’ )
n
oy 380 + 3+ (¢ =5+ 1)B)a + (8¢ +3)n + OB + 6m)a — BCn + 3n°
F(-1) = 5 : (8)
(a+n)
and
F(0) = B (=203 + (¢ =3n+1)a? +2n(¢ + 1)a — (n) (©)

(o +n)?

The following lemma will be used to discuss the dynamics of coexistence fixed point of system.

Lemma 3.2 F(\) = A2 + B\ + C, where B and C are two real constants and let F(1) > 0. Suppose A\
and Ay are two roots of F(\) = 0. Then the following statements hold.

(i) |M\1| <1 and |X2| <1 if and only if F(—1) > 0 and F(0) < 1.
(ii) |A1| > 1 and |X2| > 1 if and only if F(—=1) > 0 and F(0) > 1.
(i11) |A1] <1 and || > 1, or |A1] > 1 and |A2| < 1, if and only if F(—1) < 0.

(iv) A1 and Xy are a pair of conjugate complex roots and |A\i| = |X2| = 1 if and only if B> —4C < 0 and
F(0)=1.

(v) M1 =—1 and |2 # 1 if and only if F(—1) =0 and B #0,2.

Assume that A\; and Ay are the roots of the characteristic polynomial at the coexistence fixed point
(N, P). Then, the point (N, P) is called sink if |A;] < 1 and |A2] < 1 and it is locally asymptotically
stable. (N, P) is called source if |A;] > 1 and |Az] > 1 and it is locally unstable. The point (N, P) is
called saddle if [A;] < 1 and |Az] > 1, or |A1| > 1 and |A2| < 1. And, (N, P) is called non-hyperbolic if
either |A\1| =1 or [Ag| = 1.

Theorem 3.3 For coexistence fixzed point D3 of system (@ the following holds true:
(i) D3 is a sink if and only if

3Ba® + 5nBa’ 4+ B¢n < (34 (B + B)a* + (3¢nB + 3nB + (B + 6n)a + 3n°
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and

B¢+ Da(a+2n) < (a+n)* +2Ba® + 3nBa’ + B¢n
(i1) D3 is a source if and only if
36a” +5n8a” + B¢ < (3+ (B + B)a® + (3¢nB + 30 + (B + 6n)a + 31°
and
B¢+ Dala +2n) > (a+n)* + 280 + 3n8a® + B(n
(iii) D3 is a saddle if and only if
360’ + 5nBa’ + B¢ > (3+ (B + B)a® + (3¢nB + 308 + (5 + 6n)8 + 3n*

(iv) The roots of Eq.@ are complex with modulus one if and only if

Ba® + (267 — 2)a” + (=4 + (=¢ — 1)B)n — fO)a — 2n° < 4B(26° — a®¢C + 3a’n — 2a¢n — o — 2an + ¢n)(a + n)*
and
B¢+ Dala+2n) = (a+n)* +28a° + 3nBa’® + B¢y

(v) Assume that Ay and Ay be roots of Eq.@, then Ay = —1 and |X\2| # 1 if and only if
3Ba’ +5nBa® + BCn = (3 + CB + B)a® + (3¢S + 30 + ¢B + 6n)a + 3n*

Ba® + (281 — 2)a® + (44 (¢ = 1)B)n — BOa — 2> # 0
and
Ba + (280 — 4)a” + (=8 + (=¢ — 1)B)n — Ba — 4n° # 0

3.2. Neimark—Sacker Bifurcation Analysis

We examine the Neimark-Sacker bifurcation conditions for the system at coexistence fixed point
(a, B(1— oz)(;%g) - 1) in this section. In addition, the direction of the Neimark-Sacker bifurcation is
analyzed. From Eq.@ it follows that F'(A) = 0 has two complex conjugate roots with modulus one, if

the following conditions are satisfied:

A = (Ba®+ (287 —2)a® + (—4+ (—¢ — 1)B)n — B)a — 2)”
—4B(a +n)? (2a3 +(=C+3n—1)a® + (=2(n—2n)a + CT]) <0

a—+n)2 a(2a2 +3an —a — 2
b= = ot g oo a 2 (10)
—20% + (¢ =3+ 1)a® + 2(¢ + Da —n¢ a” +2amn =1
Assume that
_ i _ (atm)’ a(20” +3om — a — 2n)
QNS_{w’a’C’")ER+‘A<O’ 5_—2a3+(C—3n+1)a2+2n(cj+1)a—nc’ 4 a? +2an =1

The coexistence fixed point of system undergoes Neimark-Sacker bifurcation as a result of parameter
(a+n)?
=203 + (¢ =30+ 1)a? + 29(¢ + o — ¢

change in the small neighborhood of the set Qxng. Set 82 =
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a(2a? + 3an — a — 2n)
a? +2an —n
expressed by following two-dimensional map:

such that ¢ #

and assume that (82,a,(,n) € Qng, then system can be

() - BN (1= N) () = NP

1
P —NP
o

(11)

Let B denotes the bifurcation parameter, then corresponding perturbed mapping of is given as

follows: N
;C) _ NP
N +n (12)

(];) . (B2 + B)N(1 ;1]\:](3

where ||3|| < 1 denotes the small bifurcation parameter. Next, the transformations ¢ = N — a and

s=P— (1 —a)(2=5) —1 are considered, then from the map we have

() = (e sy (4 + (o) "

where
fi(t,s) = mist® + mygt® + mysts + O(|t] + |s])*
fa(t,s) = masts + O(|t] + |s])*
S P a(=2a(Bs + B) + (C+ D)(B2 + B) +2)n + a(=(B2 + B)a® + a + (B2 + B)() _
11 = 3 y M2 = -«
(a+n)
BB Q i@ty
a(ar+1n)
o= B4 B+ D +n) (a4 3a’n+3an? — O — Cn —1*)(B2 + B)
v (a+mn)? o (o + )3
mis = —1 mos = 1
a

The characteristic equation of Jacobian matrix of linearized system of evaluated at the fixed (0, 0)

can be written as follows:

A2 — A(B)A+ B(B) =0, (14)
where =/ 3 5

= o (B2t B)(a® +20%) — aln — ol — an)
and

(B2 +B) (—20° + (¢ = 3n + 1)a® + 2n(C + 1)a — ()
(a+m)?
Since (B2, ,(,n) € Qng, therefore the complex conjugate roots of Eq. are given by:

B(B) =

_AB)+i1B() - (AG)
1,2 = 9

Then, we obtain that

oy B2+ B) (=207 + (¢ =30+ 1)a? + 29(¢ + 1) — ()
A1l = [Aa] = 5
(a+mn)
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a(2a? + 3an — a — 2n)
a? +2an —n

Moreover, in order to obtain the non-degeneracy conditions, we assume that ¢ #

then it follows that

(W) :(d|)\2|> 208 — (¢~ 30+ Do? — 2(C + Do+ ¢y
g B=0 g B=0 2(a+n)?

Moreover, we have —2 < A(0) < 2 because (82, «,(,n) € Qns. On the other hand, we have
a(@® +2an—(n—<C—n) a(20? + 3an — a — 2n)
A(0) = 2 . A that
© T 207+ (30— D)o+ (20— 2mjat¢p” e e <7 a? +2am — 1
A(0) # 0 and A(0) # —1, that is,

£0

a(a® +2an — ¢n— ¢ —n)
20° + (=C+3n — 1)a? + (=2¢n — 2n)a +(n
Conditions in Eq. and with (82, ,(,n) € Qng make sure that A(0) # £2,0,—1, and in a result we
have A", A\J # 1 for all m = 1,2,3,4 at 8 = 0. Hence roots of Eq. do not lie in the intersection of
the unit circle with the coordinate axes when 8 = 0. In order to obtain the normal form of Eq. at

_ A0) 4B(0) — (A(0))?
2

42,3 (15)

B = 0, assuming that £ = T = 5 . Furthermore, let us consider the following

(D%QTﬁlg>@> (16)

Under transformation Eq.7 the normal form of Eq. can be written as:

G)-C )6+ Gen) an

transformation:

where
— m m m
Fla,y) = =65+ —242 + —2ts+ O((Jz] + |y])*),
mi2 mi2 mi2
—mi1)m ma: —mi1)m m —mi1)m m
9 y) = ((f 11)miz 23) t3+<(§ 1)mig 24) t2+<(£ 1)mis 25) ts+O (|41,
12T T mi2T T 12T T

t = mizx and s = (£ — my1)z — 7y. Next, we consider the following real number:

1—2X\1)A3 1
L = ([—Re <(1)2l€20,‘€11> — §|K311‘2 — ‘H02|2 + Re()\gligl):|)

1-X B3=0

where

1 - L _ -

Koo =
8

1 — —= L _
K11 = Z [fx:r: +fyy +7’(gzz +gyy)]

1 — _ L _ —
Ko2 = g Exw - fyy - 2gwy + Z(gzm - gyy + 2fmy)}

1 — _ _ . L _ _

Moreover, the partial derivatives of f and § evaluated at 3 = 0 are given by:

K21 =

Fow = 2magmiz +2(§ —ma)mus,  fuy =Gy, =0 Guy = —(& — mar)mas + mosmaz

_ (€ — ma1)maz(maig — maz) — maam?y + (€ — m11)*mas - - 2
9pa = 2 < T ) fmy = —TMis, fxm:c = 6m12m13’

g -6 ((f - m11)m13m%2 — mzsmi’z
TTT T

- > Gyyy = Tayy = Fyyy = Fawy =0

Arguing as in [B [6l, 25] 26}, 27] we have the following result which gives parametric conditions for existence

and direction of Neimark-Sacker bifurcation for coexistence fixed point of system Eq..
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Theorem 3.4 Suppose that Eq. holds true and L # 0, then system endures Neimark-Sacker

bifurcation at its unique positive steady-state (045(1 — 0‘)(37;5) — 1) when the bifurcation parameter 3

(a+n)?
—2a3 4+ ((—=3n+1)a?+2n(¢C+ a—n¢

. Furthermore, if L < 0, then an attracting invariant closed curve bifurcates

varies in a small neighborhood of By = such that

a(20? +3an — a —2n

g i )
a® +2an—n

from the fized point for B > B2, and if L > 0, then a repelling invariant closed curve bifurcates from the

fized point for B < fPo.

3.3. Chaos Control

Population models, particularly those that deal with the biological reproduction of species, are thought
to be critically dependent on the ability to control chaos and bifurcation. Discrete-time models often
exhibit more complex behavior than continuous ones. To safeguard the public from unforeseen events, it
is essential to put chaos control mechanisms into place. In this section, we will look at a feedback control
strategy for reorienting the unstable trajectory toward the stable one. To accomplish this, we first use the
OGY approach to run system Ott et al.[28], proposed this strategy. See also [29] for further details
on the OGY strategy. To apply the OGY method, we rewrite system as follows:

ané
Nn = Nn 1 *Nn *ann = Nnypna 18
no= AN NG F (N P ) (13)
1
P = aNnPn:g(Nnapnaﬂ)

where the necessary chaos control is achieved by using only very small disturbances and the regulating
parameter 3. To do this, the parameter (3 is restricted to lie inside the range § € (8p — ¥, By + V), where
¥ > 0 and By denote the nominal value associated with the chaotic region, respectively. We employ
the stabilizing feedback control strategy to direct the trajectory toward the desired orbit. Assuming
that the unstable fixed point of system is (N*, P*) = (oz,ﬂ(l — a)(g—;f]) — 1). System can be

approximated concerning the unstable residual point in the chaotic zone brought on by the appearance

of Neimark-Sacker bifurcation:

]\/anrl_N“k ~ * % Ny — N* _
|:Pn+1—P*:|NJ($’y’BO) |:Pn_P*:|+H[ﬁ BO]’ (19)
where
af(N;}f;*,ﬁo) 3f(N;£*750) —Boo+(=2B0nt1)0” H(2HCHDBo)ntBoQartn”
v . _ (a+n)
JINTP5Bo) = | ag(N* 7, By)  dg(N*,P*B0) | = [ —foa*+foal+Bya—fol=a=n
N 2P (a+n)a
and
Of(N*, P*, Bo)
_JAN 0 YT a27acfoz3+a2c
B= *aﬂ * =| ot
9g(N*, P*, o) 0
B

Moreover, system is controllable provided that the following matrix

a?—al—a’+a?¢  (—a+Q)(—Boa’+(—2Bon+1)a’+((2+(¢+1)Bo)n+BoQ)a+n?) (—14+a)a

_ . _ a+n (atn)?
C= [B ' JB] B 0 (—1+a)(—OH-C)(—50022+(—);+(C+1)50)0¢—,@0C—U) (20)
a—+n
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. . N, — N*
is of rank 2. Moreover, taking [8 — fo] = - K |:Pn B P*] where K = [pl pg], then system can be
written as
Npy1 = N*| o N, — N*
Furthermore, the corresponding controlled system of Eq. is given by
Nos1 = (Bo—p1(Nop = N¥) = p2(Pn — P*))Np(1 — Ny) Noin) N Py (22)

1
Pn+1 = aNnPn

Furthermore, if and only if both of the eigenvalues of the matrix J—BK are contained within an open unit

disk, fixed point (N*, P*) = (a,ﬂ(l —a) (%) - 1) is locally asymptotically stable. The controlled

system ’s Jacobian matrix J — BK may be expressed as follows:

—Boa®+(=2B8on+1)a®+((2+(¢+1) Bo)n+Bo) a+n” 4 ale=D@=Qp _, 4 ale=D)(@=Cp
J— BK = (atn)* atn atn
—Boa”+Boal+Boa—Bol—a—n 1
(atn)a

Let A\; and Ay are the eigenvalues of the characteristic equation of Jacobian matrix J — BK, then we

have
A Ay = —Boa® 4+ (—=2Bon + 1)a® + ((2 +2(C +1)B0)n + Bo¢)a + 12 i ala—1)(a— C)Pl’ (23)
(a+mn) a+n
_ala—1)(a—() (—a+ e = 1)(=Boa® + (Bo€ + Bo — 1)a — Bo{ — 1)
A1Ag = ot p1+ (@+1n)? P2 (24)
Bo(—2a” + (€ = 3n +1)a® + 2n(¢ + )a — (n)
_|_ .
(a+m)?

Next, in order to determine the lines of marginal stability for the corresponding controlled system, we
choose \; = £1 and A1 Ay = 1. Additionally, these limitations guarantee that the open unit disk contains

A1 and Ag. Inferring from Eq. that Ay Ao = 1, it is implied that:

L at 4 (=¢+n -1’ + ((=¢ = D+ ¢a® + aln
1= P1

(e +m)?
4 Boa + (=280 = 280 + 1)o® + (B¢ + 4BoC + fo = C+n — Da® + (=¢ = D)n = 280¢ +¢ = 260¢M)a + (0 + BoC®
(a+m)? -
L =2600 + (Bo¢ = 380m + Bo — Da? + (2B0¢ + 260 — 2)na = fo¢n —n* _

(c+m)?

Moreover, we assume that A\; = 1, then Eq. and Eq. yield that:

Lyow  Boo (=280 = 280 + a® + (BoC® + (480 = V¢ + fo 1 — Do + (=260¢* + (1 = 260 = )¢ —matCn + Bo®

(e +m)?
L =Boa® + (Bo¢ = Bon + Bo = Do + ((Bon = Bo)¢ + Bon = 2ma = Botn —n* _
(e +m)?
Finally taking Ay = —1, then from Eq. and Eq. we get
Lo _2ala=1¢=2a®  (ca+Q)(a=1)(=Boa® + (B¢ + Bo = Da = o¢ =)
3= atn P1 (04+77)2 P2
L =3B0a® + 3+ (¢ = 5n + DBo)a® + (B¢ + 3)n + O)Bo + 6ma = BoCn + 31 _

(o +m)?

The triangular area in the pjpe-plane bounded by the straight lines Li, Lo, Ls then contains stable

eigenvalues for a given parametric value.
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3.4. Numerical Simulations

Using the Maple 2021 and Matlab R2022b programs, numerical simulations are utilized to demonstrate
the correctness of the theoretical research included in this section. Different parameter values were utilized
during these simulations, and unique graphs were created for each.

Example 3.4.1: For the parameter values o = 0.2, = 0.001,7 = 0.05 and with initial condition
(No, Py) = (0.24,0.08), the coexistence fixed point of the system (2] is obtained as D3 = (0.2, 0.04709287).
The critical value of Neimark-Sacker bifurcation point is obtained as 8 = 1.644304130. The characteristic
equation of the Jacobian matrix evaluated at (0.2,0.04709287) is given by:

A2 —1.952907130\ + 1 = 0.

The roots of this characteristic equation are Ay = 0.976453565040.21572768817 and Ao = 0.9764535650 —
0.2157276881i. And also, |\1| = [A2] = 1. Therefore (5, ,{,n) = (1.644304130,0.2,0.001,0.05) € Qns.
The bifurcation diagrams and corresponding maximum Lyapunov exponents (MLE) are plotted in Figure

1.

-0.005

N(t),P(t)
Masximum Lyapunov Expanents

-0.010}

beta

(a) Bifurcation diagram for N,,P, (b) Maximum Lyapunov exponents.

Figure 1: Bifurcation diagrams and MLE for system with « = 0.2,¢ = 0.001,n = 0.05 and (Ny, Py) =
(0.24,0.08)

Next, we implement OGY control strategy in order to control chaos due to emergence of Neimark-Sacker
bifurcation. For this, we take Sy = 1.725,a = 0.2,¢ = 0.001,7 = 0.05 and D3 = (0.2,0.09848), then

corresponding controlled system is given by:

N,, —0.001

Nps1 = (1725 — p1(N, — 0.2) — pa( P, — 0.09848))N,, (1 — N,,) ( N 005

) — N,P, (25

1
Pn+1 - @ann

Then, characteristic polynomial of the Jacobian matrix of the controlled system evaluated at
(0.2,0.09848) is given by:

F(\) = A% — (1.950596 — 0.12736p1 )\ + 1.049076 — 0.12736p; + 0.062712064p2 (26)
Additionally, the marginal stability lines are provided by for the controlled system
Ly :=0.049076 — 0.12736p1 + 0.062712064p2 = 0

Ly :=0.09848 4- 0.062712064p2 = 0
L3 :=3.999672 — 0.25472p; + 0.062712064p2 = 0

Figure 2 depicts the triangle-shaped stability zone enclosed by these marginal stability lines L1, Lo, and
Ls.
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Figure 2: Triangular stability region bounded by L1, Lo and L3 for the controlled system

4. Conclusion

The stability and bifurcation analysis of a discrete-time predator-prey model with strong Allee effect
are examined in this article. The system has three fixed points, identified as Dy, Dy and D3, as
we proved. Topological classifications of these fixed locations were given. We showed using bifurcation
theory that the system will experience Neimark-Sacker bifurcation at a specific coexistence fixed
point if a varies around the set Qyg. The parametric conditions for coexistence fixed point D3’s direction
Neimark-Sacker bifurcation were given. Finally, Neimark-Sacker bifurcation, chaos control and maximum
Lyapunov exponent of the coexistence fixed point are verified with the help of numerical simulations. To
support the theoretical conclusions, we also provided further numerical simulations using Maple 2021 and

Matlab R2022b.
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