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In this study, we first investigate the intersection of two different ruled surfaces in ℝ3 for two different 
tangential spherical indicatrix curves on 𝐷𝐷𝑆𝑆2 using the E. Study mapping. The conditions for the intersection of 
these ruled surfaces in ℝ3 are expressed by theorems with bivariate functions. Secondly, considering two 
different principal normal spherical indicatrix curves on 𝐷𝐷𝑆𝑆2, we examine the intersection of two different 
ruled surfaces in ℝ3 by using E. Study mapping. Similarly, the conditions for the intersection of these ruled 
surfaces in ℝ3 are indicated by theorems with bivariate functions. Thirdly, using E. Study mapping, we explore 
the intersection of two different ruled surfaces in ℝ3 by considering two different binormal spherical indicatrix 
curves on 𝐷𝐷𝑆𝑆2. Likewise, the conditions for the intersection of these ruled surfaces in ℝ3 are denoted by 
theorems with bivariate functions. Fourthly, considering two different pole spherical indicatrix curves on 𝐷𝐷𝑆𝑆2, 
we study the intersection of two different ruled surfaces in ℝ3 by using E. Study mapping. In the same way, the 
conditions for the intersection of these ruled surfaces in ℝ3 are specified by theorems with bivariate functions. 
Finally, we provide some examples that support the main results. 
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Introduction 

In geometry, surface theory has significant concepts in 
many disciplines such as surface modeling, kinematics, 
computer science, etc. One of the most important of these 
surfaces is the ruled surface. A ruled surface is 
represented by a straight line that moves along a curve 
[1]. Many authors have explored the application and 
geometric interpretation of ruled surfaces, see [2-4]. The 
surface-surface intersection problem (SSI) is also one of 
the significant research topics in geometry.  B. U. Düldül 
and M. Çalışkan examined the unit tangent vector of the 
tangential intersection curve of two surfaces in all three 
types of SSI problems, see [5]. The intersections of 
parametric-parametric, implicit-implicit and parametric-
implicit combinations of two surfaces are studied in detail, 
see [6]. For ruled surfaces, which are special cases of 
surfaces, the intersection of two ruled surfaces has been 
investigated. Furthermore, each connected component of 
the surface intersection curve corresponds to a connected 
component in the zero-set except for some singular 
points, redundant solutions and degenerate cases, see [7].  

Dual numbers were first introduced by W. K. Clifford in 
1873. Later, E. Study constructed the correspondence 
between the geometry of lines and the points of the unit 
dual sphere. E. Study says that there exists one-to-one 
correspondence between the oriented lines in Euclidean 
space and the points on the unit dual sphere. For more 
details on dual numbers, see [8]. Using the E. Study 
mapping, the curve on 𝐷𝐷𝑆𝑆2 corresponds to the ruled 

surfaces in ℝ3, see [9-10]. Similarly, the spherical curves 
on 𝐷𝐷𝑆𝑆2 correspond to the ruled surfaces in ℝ3, see [11]. 

In this article, we examine the intersections of two 
ruled surfaces corresponding to two different tangential 
spherical indicatrix curves, two different principal normal 
spherical indicatrix curves, two different binormal 
spherical indicatrix curves and two different pole spherical 
indicatrix curves on  𝐷𝐷𝑆𝑆2, respectively. Firstly, we consider 
the intersections of ruled surfaces corresponding to two 
different tangential spherical indicatrix curves on 𝐷𝐷𝑆𝑆2. 
Here, the intersection of the parameter curves of two 
ruled surfaces is shown by some theorems with the help 
of bivariate functions. Secondly, we investigate the 
intersections of ruled surfaces corresponding to two 
different principal normal spherical indicatrix curves on 
𝐷𝐷𝑆𝑆2. In the same way, the intersection of the parameter 
curves of two ruled surfaces is given by some theorems 
with the help of bivariate functions. Thirdly, we discover 
the intersections of ruled surfaces corresponding to two 
different binormal spherical indicatrix curves on 𝐷𝐷𝑆𝑆2. 
Likewise, the intersection of the parameter curves of two 
ruled surfaces is expressed by some theorems with the 
help of bivariate functions. Fourthly, we explore the 
intersections of ruled surfaces corresponding to two 
different pole spherical indicatrix curves on 𝐷𝐷𝑆𝑆2. Similarly, 
the intersection of the parameter curves of two ruled 
surfaces is denoted by some theorems with the help of 
bivariate functions.  
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This study is organized as follows: In Section 2, we 
present the properties of dual vectors, dual spherical 
indicatrix curves, ruled surfaces and the intersection of 
two ruled surfaces. In Section 3, we examine the 
intersections of two ruled surfaces corresponding to two 
different tangential spherical indicatrix curves, two 
different principal normal spherical indicatrix curves, two 
different binormal spherical indicatrix curves, two 
different pole spherical indicatrix curves on the unit dual 
sphere 𝐷𝐷𝑆𝑆2, respectively. Additionally, we give some 
examples to illustrate the main theorems. In Section 4, we 
discussed the results obtained. 
 
Preliminaries 

In this section, we recall some basic definitions and 
theorems about dual vectors, dual spherical indicatrix 
curves, ruled surfaces and the intersection of two ruled 
surfaces.   

The set of dual numbers is defined as 
 

𝐷𝐷 = {𝑋𝑋 = 𝑥𝑥 + 𝜀𝜀𝑥𝑥∗: (𝑥𝑥, 𝑥𝑥∗) ∈ ℝ × ℝ, 𝜀𝜀2 = 0}. 
 
The combination of �⃗�𝑥 and �⃗�𝑥∗is called dual vectors in 

ℝ3. These vectors are real part and dual part of �⃗�𝑋, 
respectively. If  �⃗�𝑥 and �⃗�𝑥∗are vectors in ℝ3, then �⃗�𝑋 = �⃗�𝑥 +
𝜀𝜀�⃗�𝑥∗is defined as dual vector. Assume that �⃗�𝑋 = �⃗�𝑥 +
𝜀𝜀�⃗�𝑥∗and 𝑌𝑌�⃗ = �⃗�𝑦 + 𝜀𝜀�⃗�𝑦∗ are dual vectors. The addition, inner 
product and vector product are presented as follows:  
The addition is 

 
�⃗�𝑋 + 𝑌𝑌�⃗ = (�⃗�𝑥 + �⃗�𝑦) + 𝜀𝜀(�⃗�𝑥∗ + �⃗�𝑦∗) 

 
and their inner product is  

 
��⃗�𝑋,𝑌𝑌�⃗ � = ⟨�⃗�𝑥, �⃗�𝑦⟩ + 𝜀𝜀(⟨�⃗�𝑥∗, �⃗�𝑦⟩ + ⟨�⃗�𝑥, �⃗�𝑦∗⟩. 

 
Also, the vector product is given as  

 
�⃗�𝑋 × 𝑌𝑌�⃗ = �⃗�𝑥 × �⃗�𝑦 + 𝜀𝜀(�⃗�𝑥 × �⃗�𝑦∗ + �⃗�𝑥∗ × �⃗�𝑦). 

 
The norm of  �⃗�𝑋 = �⃗�𝑥 + 𝜀𝜀�⃗�𝑥∗is defined as 

 

��⃗�𝑋� = �⟨�⃗�𝑥, �⃗�𝑥⟩ + 𝜀𝜀
⟨�⃗�𝑥, �⃗�𝑥∗⟩

�⟨�⃗�𝑥, �⃗�𝑥⟩
. 

 
The norm of  �⃗�𝑋 exists only for �⃗�𝑥 ≠ 0. If the norm of  �⃗�𝑋 

is equal to 1, the dual vector is called unit dual vector. The 
unit dual sphere which consists of the all unit dual vectors 
is defined as 
 
𝐷𝐷𝑆𝑆2 = ��⃗�𝑋 = �⃗�𝑥 + 𝜀𝜀�⃗�𝑥∗ ∈ 𝐷𝐷3: ��⃗�𝑋� = 1�,                              (1) 

 
for detailed information on dual vectors, see [8].  

Theorem 1 (E. Study mapping) There exists one-to-one 
correspondence between the oriented lines in ℝ3 and the 
points of 𝐷𝐷𝑆𝑆2, see [8]. 

Theorem 2 Let �̄�𝛼(𝑢𝑢) = 𝛼𝛼(𝑢𝑢) + 𝜀𝜀𝛼𝛼∗(𝑢𝑢) be a curve on 
𝐷𝐷𝑆𝑆2. In ℝ3, the ruled surface obtained by the curve �̄�𝛼(𝑢𝑢) 
can be represented as 
 
 𝜙𝜙(𝑢𝑢, 𝑠𝑠) = 𝛼𝛼(𝑢𝑢) × 𝛼𝛼∗(𝑢𝑢) + 𝑠𝑠𝛼𝛼(𝑢𝑢),                                  (2) 

 
where  𝐶𝐶(𝑢𝑢) = 𝛼𝛼(𝑢𝑢) × 𝛼𝛼∗(𝑢𝑢)  is the base curve of  𝜙𝜙, see 
[9-10]. 

Definition 1 Let �̄�𝛼 = 𝛼𝛼 + 𝜀𝜀𝛼𝛼∗ be a curve on 𝐷𝐷𝑆𝑆2. The 
dual Frenet vectors, dual curvature, dual torsion, dual 
Darboux vectors and dual pole vectors of this curve, 
respectively, can be presented as follows [11]: 
 
�̄�𝑇 = �̄�𝛼′,   �̄�𝑁 = �̄�𝛼′′

‖�̄�𝛼′′‖
,   �̄�𝐵 = �̄�𝑇 × 𝑁𝑁,̄    �̄�𝜅 = ⟨�̄�𝑇′, �̄�𝑁⟩,    

�̄�𝜏 = ⟨�̄�𝑁′, �̄�𝐵⟩,   �̄�𝑊 = �̄�𝜏. �̄�𝑇 + �̄�𝜅. �̄�𝐵,   �̄�𝐶 = �̄�𝑊
‖�̄�𝑊‖

. 
 
Theorem 3 Let �̄�𝑇(𝑢𝑢) = 𝑇𝑇(𝑢𝑢) + 𝜀𝜀𝑇𝑇∗(𝑢𝑢) be a tangential 

spherical indicatrix curve on 𝐷𝐷𝑆𝑆2. In ℝ3, the ruled surface 
obtained by the curve �̄�𝑇(𝑢𝑢) can be shown as 

 
 𝜙𝜙𝑇𝑇�(𝑢𝑢, 𝑠𝑠) = 𝑇𝑇(𝑢𝑢) × 𝑇𝑇∗(𝑢𝑢) + 𝑠𝑠𝑇𝑇(𝑢𝑢),                                          (3) 

 
where  𝐶𝐶𝑇𝑇�(𝑢𝑢) = 𝑇𝑇(𝑢𝑢) × 𝑇𝑇∗(𝑢𝑢) is the base curve of  𝜙𝜙𝑇𝑇� , 
see [9-11]. 

Theorem 4 Let �̄�𝑁(𝑢𝑢) = 𝑁𝑁(𝑢𝑢) + 𝜀𝜀𝑁𝑁∗(𝑢𝑢) be a principal 
normal spherical indicatrix curve on 𝐷𝐷𝑆𝑆2. In ℝ3, the ruled 
surface obtained by the curve �̄�𝑁(𝑢𝑢) can be given as 

 
 𝜙𝜙𝑁𝑁�(𝑢𝑢, 𝑠𝑠) = 𝑁𝑁(𝑢𝑢) × 𝑁𝑁∗(𝑢𝑢) + 𝑠𝑠𝑁𝑁(𝑢𝑢),                                     (4) 

 
where  𝐶𝐶𝑁𝑁�(𝑢𝑢) = 𝑁𝑁(𝑢𝑢) × 𝑁𝑁∗(𝑢𝑢) is the base curve of  𝜙𝜙𝑁𝑁�, 
see [9-11]. 

Theorem 5 Let �̄�𝐵(𝑢𝑢) = 𝐵𝐵(𝑢𝑢) + 𝜀𝜀𝐵𝐵∗(𝑢𝑢) be a binormal 
spherical indicatrix curve on 𝐷𝐷𝑆𝑆2. In ℝ3, the ruled surface 
obtained by the curve �̄�𝐵(𝑢𝑢) can be expressed as 
 
 𝜙𝜙𝐵𝐵�(𝑢𝑢, 𝑠𝑠) = 𝐵𝐵(𝑢𝑢) × 𝐵𝐵∗(𝑢𝑢) + 𝑠𝑠𝐵𝐵(𝑢𝑢),                                        (5) 

 
where  𝐶𝐶𝐵𝐵�(𝑢𝑢) = 𝐵𝐵(𝑢𝑢) × 𝐵𝐵∗(𝑢𝑢) is the base curve of 𝜙𝜙𝐵𝐵� , 
see [9-11]. 

Theorem 6 Let �̄�𝐶(𝑢𝑢) = 𝐶𝐶(𝑢𝑢) + 𝜀𝜀𝐶𝐶∗(𝑢𝑢) be a pole 
spherical indicatrix curve on 𝐷𝐷𝑆𝑆2. In ℝ3, the ruled surface 
obtained by the curve �̄�𝐶(𝑢𝑢) can be denoted as 
 
 𝜙𝜙𝐶𝐶̅(𝑢𝑢, 𝑠𝑠) = 𝐶𝐶(𝑢𝑢) × 𝐶𝐶∗(𝑢𝑢) + 𝑠𝑠𝐶𝐶(𝑢𝑢),                                            (6) 

 
where 𝐶𝐶𝐶𝐶̅(𝑢𝑢) = 𝐶𝐶(𝑢𝑢) × 𝐶𝐶∗(𝑢𝑢) is the base curve of 𝜙𝜙𝐶𝐶̅, see 
[9-11]. 

Now, we give some proporties for the intersection 
curve of two ruled surfaces in ℝ3. 

Let 𝜙𝜙1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙2(𝑣𝑣, 𝑡𝑡) be two ruled surfaces 
defined by  

 
𝜙𝜙1(𝑢𝑢, 𝑠𝑠) = 𝜂𝜂1(𝑢𝑢) + 𝑠𝑠𝑒𝑒1(𝑢𝑢),                                                               (7) 
 
𝜙𝜙2(𝑣𝑣, 𝑡𝑡) = 𝜂𝜂2(𝑣𝑣) + 𝑠𝑠𝑒𝑒2(𝑣𝑣).                                                    (8) 
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Here, 𝜂𝜂1(𝑢𝑢) and 𝜂𝜂2(𝑣𝑣) are the base curves of surfaces 
𝜙𝜙1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙2(𝑣𝑣, 𝑡𝑡), respectively. 

The 𝑢𝑢-parameter curve of 𝜙𝜙1(𝑢𝑢, 𝑠𝑠)  with a constant 𝑠𝑠0-
parameter and the 𝑣𝑣-parameter curve of 𝜙𝜙2(𝑣𝑣, 𝑡𝑡)  with a 
constant 𝑡𝑡0-parameter are denoted by 𝐿𝐿1(𝑢𝑢) = 𝜙𝜙1(𝑢𝑢, 𝑠𝑠0) 
and 𝐿𝐿2(𝑣𝑣) = 𝜙𝜙2(𝑣𝑣, 𝑡𝑡0),  respectively, see [7]. 
If the ruled surfaces  𝜙𝜙1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙2(𝑣𝑣, 𝑡𝑡) intersect, 

 
𝜙𝜙1(𝑢𝑢, 𝑠𝑠) = 𝜙𝜙2(𝑣𝑣, 𝑡𝑡), 
 
and we get 

 
𝜂𝜂1(𝑢𝑢) − 𝜂𝜂2(𝑣𝑣) = − 𝑠𝑠𝑒𝑒1(𝑢𝑢) + 𝑡𝑡𝑒𝑒2(𝑣𝑣). 

 
Since these three vectors are linearly dependent, the 
following equation can be represented by [7]:      
 
𝜆𝜆(𝑢𝑢, 𝑣𝑣) = 𝑑𝑑𝑒𝑒𝑡𝑡{𝑒𝑒1(𝑢𝑢), 𝑒𝑒2(𝑣𝑣), [𝜂𝜂1(𝑢𝑢) − 𝜂𝜂2(𝑣𝑣)]} = 0. 
 
Theorem 7 Let  𝜙𝜙1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙2(𝑣𝑣, 𝑡𝑡) be two ruled 
surfaces in ℝ3 . If  𝜆𝜆(𝑢𝑢, 𝑣𝑣) = 0, then the parameter curves 
𝐿𝐿1(𝑢𝑢) and 𝐿𝐿2(𝑣𝑣) intersect, see [7]. 

In order to µ(𝑢𝑢, 𝑣𝑣) = 0, 𝐿𝐿1(𝑢𝑢) and 𝐿𝐿2(𝑣𝑣) intersect. 
But, there are some points in the solution set of the 
equation  µ(𝑢𝑢, 𝑣𝑣) = 0 that is not at the intersection of 
these two ruled surfaces. The intersection contains these 
points when the directors of the ruled surfaces are 
𝜙𝜙1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙2(𝑣𝑣, 𝑡𝑡) parallel. In this way, in the condition 
of  parallelism of the direction vectors of two ruled 
surfaces, there may be some points that are not at the 
intersection of two ruled surfaces, see [7]. 

The parallelism of the direction vectors of the ruled 
surfaces 𝜙𝜙1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙2(𝑣𝑣, 𝑡𝑡) is expressed with  bivariate 
functions as follows [7] : 

 
Δ(𝑢𝑢, 𝑣𝑣) = ‖𝑒𝑒1(𝑢𝑢) × 𝑒𝑒2(𝑣𝑣)‖2. 

 
The parallelism of 𝜂𝜂1(𝑢𝑢) − 𝜂𝜂2(𝑣𝑣) and the direction 

vector of 𝜙𝜙1(𝑢𝑢, 𝑠𝑠) are given by bivariate functions as 
follows [7] : 

 
𝛿𝛿1(𝑢𝑢, 𝑣𝑣) = ‖𝑒𝑒1(𝑢𝑢) × [𝜂𝜂1(𝑢𝑢) − 𝜂𝜂2(𝑣𝑣)]‖2. 

 
Similarly, the parallelism of 𝜂𝜂1(𝑢𝑢) − 𝜂𝜂2(𝑣𝑣) and the 

direction vector of the 𝜙𝜙2(𝑣𝑣, 𝑡𝑡) are presented with 
bivariate functions as follows [7] : 

 
𝛿𝛿2(𝑢𝑢, 𝑣𝑣) = ‖𝑒𝑒2(𝑣𝑣) × [𝜂𝜂1(𝑢𝑢) − 𝜂𝜂2(𝑣𝑣)]‖2. 

 
Theorem 8 The parameter curves 𝐿𝐿1(𝑢𝑢) and 𝐿𝐿2(𝑣𝑣)  
intersect if and only if 

Δ(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿1(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿2(𝑢𝑢, 𝑣𝑣) = 0, 
 see [7]. 
 

 

Intersection of Two Ruled Surfaces Corresponding 
to Spherical Indicatrix Curves on the Unit Dual 
Sphere 

In this section, we examine the intersections of two 
ruled surfaces corresponding to two different tangential 
spherical indicatrix curves, two different principal normal 
spherical indicatrix curves, two different binormal 
spherical indicatrix curves, and two different pole 
spherical indicatrix curves on 𝐷𝐷𝑆𝑆2, respectively. 
Furthermore, we give some examples to support the main 
results. 

Let  𝛼𝛼�1 = 𝛼𝛼1 + 𝜀𝜀𝛼𝛼1∗ and 𝛼𝛼�2 = 𝛼𝛼2 + 𝜀𝜀𝛼𝛼2∗ be two curves 
on  𝐷𝐷𝑆𝑆2. The tangential spherical indicatrix curves of these 
curves are �̄�𝑇1 = 𝑇𝑇1 + 𝜀𝜀𝑇𝑇1∗ and �̄�𝑇2 = 𝑇𝑇2 + 𝜀𝜀𝑇𝑇2∗, 
respectively. According to the E. Study mapping, 𝜙𝜙�̄�𝑇1(𝑢𝑢, 𝑠𝑠) 
and  𝜙𝜙�̄�𝑇2(𝑣𝑣, 𝑡𝑡) are the ruled surfaces corresponding to 
these tangential spherical indicatrix curves shown above 
in  ℝ3. These ruled surfaces are expressed as follows: 

 
𝜙𝜙�̄�𝑇1(𝑢𝑢, 𝑠𝑠) = 𝑇𝑇1(𝑢𝑢) × 𝑇𝑇1∗(𝑢𝑢) + 𝑠𝑠𝑇𝑇1(𝑢𝑢),                              (9) 

 
𝜙𝜙�̄�𝑇2(𝑣𝑣, 𝑡𝑡) = 𝑇𝑇2(𝑣𝑣) × 𝑇𝑇2∗(𝑣𝑣) + 𝑡𝑡𝑇𝑇2(𝑣𝑣).                               (10) 

 
Here, the base curves of the ruled surfaces 𝜙𝜙�̄�𝑇1(𝑢𝑢, 𝑠𝑠) 

and  𝜙𝜙�̄�𝑇2(𝑣𝑣, 𝑡𝑡) are 𝐶𝐶�̄�𝑇1(𝑢𝑢) = 𝑇𝑇1(𝑢𝑢) × 𝑇𝑇1∗(𝑢𝑢) and 𝐶𝐶�̄�𝑇2(𝑣𝑣) =
𝑇𝑇2(𝑣𝑣) × 𝑇𝑇2∗(𝑣𝑣), respectively. 

The 𝑢𝑢-parameter curve of 𝜙𝜙�̄�𝑇1(𝑢𝑢, 𝑠𝑠)  with a constant 
𝑠𝑠0-parameter is represented by 𝐿𝐿�̄�𝑇1(𝑢𝑢) = 𝜙𝜙�̄�𝑇1(𝑢𝑢, 𝑠𝑠0). 
Similarly, the 𝑣𝑣-parameter curve of 𝜙𝜙�̄�𝑇2(𝑣𝑣, 𝑡𝑡)  with a 
constant 𝑡𝑡0-parameter is represented by 𝐿𝐿�̄�𝑇2(𝑣𝑣) =
𝜙𝜙�̄�𝑇2(𝑣𝑣, 𝑡𝑡0). 

 
If 𝜙𝜙�̄�𝑇1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙�̄�𝑇2(𝑣𝑣, 𝑡𝑡) intersect,  we can write 

 
𝜙𝜙�̄�𝑇1(𝑢𝑢, 𝑠𝑠) = 𝜙𝜙�̄�𝑇2(𝑣𝑣, 𝑡𝑡), 
 
and  

 
𝐶𝐶�̄�𝑇1(𝑢𝑢) − 𝐶𝐶�̄�𝑇2(𝑣𝑣) = −𝑠𝑠𝑇𝑇1(𝑢𝑢) + 𝑡𝑡𝑇𝑇2(𝑣𝑣). 

 
Since these three vectors are linearly dependent, the 
following equation can be given 

 
𝜆𝜆𝑇𝑇�(𝑢𝑢, 𝑣𝑣) = 𝑑𝑑𝑒𝑒𝑡𝑡�𝑇𝑇1(𝑢𝑢),𝑇𝑇2(𝑣𝑣),𝐶𝐶�̄�𝑇1(𝑢𝑢) − 𝐶𝐶�̄�𝑇2(𝑣𝑣)� = 0. 

 
Theorem 9 Let 𝜙𝜙�̄�𝑇1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙�̄�𝑇2(𝑣𝑣, 𝑡𝑡) be the two ruled 
surfaces corresponding to two different tangential 
spherical indicatrix  curves on the unit dual sphere in ℝ3 . 
If  𝜆𝜆𝑇𝑇�(𝑢𝑢, 𝑣𝑣) = 0, then the parameter curves 𝐿𝐿�̄�𝑇1(𝑢𝑢) and 
𝐿𝐿�̄�𝑇2(𝑣𝑣)  intersect. 

 
According to the parallelism of these three vectors 

with each other, the bivariate functions are denoted as 
follows, respectively: 

 
Δ𝑇𝑇�(𝑢𝑢, 𝑣𝑣) = ‖𝑇𝑇1(𝑢𝑢) × 𝑇𝑇2(𝑣𝑣)‖2, 
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𝛿𝛿𝑇𝑇�
1(𝑢𝑢, 𝑣𝑣) = �𝑇𝑇1(𝑢𝑢) × �𝐶𝐶�̄�𝑇1(𝑢𝑢) − 𝐶𝐶�̄�𝑇2(𝑣𝑣)��2, 

 
𝛿𝛿𝑇𝑇�
2(𝑢𝑢, 𝑣𝑣) = �𝑇𝑇2(𝑣𝑣) × �𝐶𝐶�̄�𝑇1(𝑢𝑢) − 𝐶𝐶�̄�𝑇2(𝑣𝑣)��2. 

 
Theorem 10 Let 𝐿𝐿�̄�𝑇1(𝑢𝑢) and 𝐿𝐿�̄�𝑇2(𝑣𝑣) be the parameter 
curves of the ruled surfaces 𝜙𝜙�̄�𝑇1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙�̄�𝑇2(𝑣𝑣, 𝑡𝑡), which 
correspond to two different tangential spherical indicatrix 
curves on 𝐷𝐷𝑆𝑆2. In this case, the parameter curves 𝐿𝐿�̄�𝑇1(𝑢𝑢) 
and 𝐿𝐿�̄�𝑇2(𝑣𝑣) intersect if and only if   

 
Δ𝑇𝑇�(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝑇𝑇�

1(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝑇𝑇�
2(𝑢𝑢, 𝑣𝑣) = 0. 

 
Let 𝛼𝛼�1 = 𝛼𝛼1 + 𝜀𝜀𝛼𝛼1∗ and 𝛼𝛼�2 = 𝛼𝛼2 + 𝜀𝜀𝛼𝛼2∗ be two curves 

on 𝐷𝐷𝑆𝑆2. The principal spherical indicatrix curves of these 
curves are �̄�𝑁1 = 𝑁𝑁1 + 𝜀𝜀𝑁𝑁1∗ and �̄�𝑁2 = 𝑁𝑁2 + 𝜀𝜀𝑁𝑁2∗, 
respectively. By the E. Study mapping, 𝜙𝜙�̄�𝑁1(𝑢𝑢, 𝑠𝑠) and  
𝜙𝜙�̄�𝑁2(𝑣𝑣, 𝑡𝑡) are the ruled surfaces corresponding to these 
principal spherical indicatrix curves given above in  ℝ3. 
These ruled surfaces are denoted as follows: 

 
𝜙𝜙�̄�𝑁1(𝑢𝑢, 𝑠𝑠) = 𝑁𝑁1(𝑢𝑢) × 𝑁𝑁1∗(𝑢𝑢) + 𝑠𝑠𝑁𝑁1(𝑢𝑢),                             (11) 
 
𝜙𝜙�̄�𝑁2(𝑣𝑣, 𝑡𝑡) = 𝑁𝑁2(𝑣𝑣) × 𝑁𝑁2∗(𝑣𝑣) + 𝑡𝑡𝑁𝑁2(𝑣𝑣).                                   (12) 

 
Here, the base curves of the ruled surfaces 𝜙𝜙�̄�𝑁1(𝑢𝑢, 𝑠𝑠) and  
𝜙𝜙�̄�𝑁2(𝑣𝑣, 𝑡𝑡) are 𝐶𝐶�̄�𝑁1(𝑢𝑢) = 𝑁𝑁1(𝑢𝑢) × 𝑁𝑁1∗(𝑢𝑢) and 
 𝐶𝐶�̄�𝑁2(𝑣𝑣) = 𝑁𝑁2(𝑣𝑣) × 𝑁𝑁2∗(𝑣𝑣). 

 
The 𝑢𝑢-parameter curve of 𝜙𝜙�̄�𝑁1(𝑢𝑢, 𝑠𝑠)  with a constant 

𝑠𝑠0-parameter is presented by  𝐿𝐿�̄�𝑁1(𝑢𝑢) = 𝜙𝜙�̄�𝑁1(𝑢𝑢, 𝑠𝑠0). 
Similarly, the 𝑣𝑣-parameter curve of 𝜙𝜙�̄�𝑁2(𝑣𝑣, 𝑡𝑡)  with a 
constant 𝑡𝑡0-parameter is given by  𝐿𝐿�̄�𝑁2(𝑣𝑣) = 𝜙𝜙�̄�𝑁2(𝑣𝑣, 𝑡𝑡0). 

 
If 𝜙𝜙�̄�𝑁1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙�̄�𝑁2(𝑣𝑣, 𝑡𝑡) intersect, we can write 
𝜙𝜙�̄�𝑁1(𝑢𝑢, 𝑠𝑠) = 𝜙𝜙�̄�𝑁2(𝑣𝑣, 𝑡𝑡), 
and  

 
𝐶𝐶�̄�𝑁1(𝑢𝑢) − 𝐶𝐶�̄�𝑁2(𝑣𝑣) = −𝑠𝑠𝑁𝑁1(𝑢𝑢) + 𝑡𝑡𝑁𝑁2(𝑣𝑣) 

 
Since these three vectors are linearly dependent, the 
following equation can be expressed 

 
𝜆𝜆𝑁𝑁�(𝑢𝑢, 𝑣𝑣) = 𝑑𝑑𝑒𝑒𝑡𝑡�𝑁𝑁1(𝑢𝑢),𝑁𝑁2(𝑣𝑣),𝐶𝐶�̄�𝑁1(𝑢𝑢) − 𝐶𝐶�̄�𝑁2(𝑣𝑣)� = 0. 

 
Theorem 11 Let 𝜙𝜙�̄�𝑁1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙�̄�𝑁2(𝑣𝑣, 𝑡𝑡) be the two ruled 
surfaces corresponding to two different principal 
spherical indicatrix  curves on  the unit dual sphere in ℝ3 . 
If  𝜆𝜆𝑁𝑁�(𝑢𝑢, 𝑣𝑣) = 0, then the parameter curves 𝐿𝐿�̄�𝑁1(𝑢𝑢) and 
𝐿𝐿�̄�𝑁2(𝑣𝑣)  intersect. 

According to the parallelism of these three vectors 
with each other, the bivariate functions are indicated as 
follows, respectively: 

 
Δ𝑁𝑁�(𝑢𝑢, 𝑣𝑣) = ‖𝑁𝑁1(𝑢𝑢) × 𝑁𝑁2(𝑣𝑣)‖2, 

 
𝛿𝛿𝑁𝑁�
1(𝑢𝑢, 𝑣𝑣) = �𝑁𝑁1(𝑢𝑢) × �𝐶𝐶�̄�𝑁1(𝑢𝑢) − 𝐶𝐶�̄�𝑁2(𝑣𝑣)��2, 

𝛿𝛿𝑁𝑁�
2(𝑢𝑢, 𝑣𝑣) = �𝑁𝑁2(𝑣𝑣) × �𝐶𝐶�̄�𝑁1(𝑢𝑢) − 𝐶𝐶�̄�𝑁2(𝑣𝑣)��2. 

Theorem 12 Let 𝐿𝐿�̄�𝑁1(𝑢𝑢) and 𝐿𝐿�̄�𝑁2(𝑣𝑣) be the parameter 
curves of the ruled surfaces 𝜙𝜙�̄�𝑁1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙�̄�𝑁2(𝑣𝑣, 𝑡𝑡), 
which correspond to two different principal spherical 
indicatrix  curves on 𝐷𝐷𝑆𝑆2. In this case, the parameter 
curves 𝐿𝐿�̄�𝑁1(𝑢𝑢) and 𝐿𝐿�̄�𝑁2(𝑣𝑣) intersect if and only if   

 
Δ𝑁𝑁�(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝑁𝑁�

1(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝑁𝑁�
2(𝑢𝑢, 𝑣𝑣) = 0. 

 
Let 𝛼𝛼�1 = 𝛼𝛼1 + 𝜀𝜀𝛼𝛼1∗ and 𝛼𝛼�2 = 𝛼𝛼2 + 𝜀𝜀𝛼𝛼2∗ be two curves 

on 𝐷𝐷𝑆𝑆2. The binormal spherical indicatrix curves of these 
curves are �̄�𝐵1 = 𝐵𝐵1 + 𝜀𝜀𝐵𝐵1∗ and �̄�𝐵2 = 𝐵𝐵2 + 𝜀𝜀𝐵𝐵2∗, 
respectively. According to the E. Study mapping, 𝜙𝜙�̄�𝐵1(𝑢𝑢, 𝑠𝑠) 
and  𝜙𝜙�̄�𝐵2(𝑣𝑣, 𝑡𝑡) are the ruled surfaces corresponding to 
these binormal spherical indicatrix curves shown above in  
ℝ3. These ruled surfaces are indicated as follows: 

 
𝜙𝜙�̄�𝐵1(𝑢𝑢, 𝑠𝑠) = 𝐵𝐵1(𝑢𝑢) × 𝐵𝐵1∗(𝑢𝑢) + 𝑠𝑠𝐵𝐵1(𝑢𝑢),                                    (13) 
 
𝜙𝜙�̄�𝐵2(𝑣𝑣, 𝑡𝑡) = 𝐵𝐵2(𝑣𝑣) × 𝐵𝐵2∗(𝑣𝑣) + 𝑡𝑡𝐵𝐵2(𝑣𝑣).                                     (14) 

 
Here, the base curves of the ruled surfaces 𝜙𝜙�̄�𝐵1(𝑢𝑢, 𝑠𝑠) and  
𝜙𝜙�̄�𝐵2(𝑣𝑣, 𝑡𝑡) are 𝐶𝐶�̄�𝐵1(𝑢𝑢) = 𝐵𝐵1(𝑢𝑢) × 𝐵𝐵1∗(𝑢𝑢) and 𝐶𝐶�̄�𝐵2(𝑣𝑣) =
𝐵𝐵2(𝑣𝑣) × 𝐵𝐵2∗(𝑣𝑣). 

 
The 𝑢𝑢-parameter curve of 𝜙𝜙�̄�𝐵1(𝑢𝑢, 𝑠𝑠)  with a constant 

𝑠𝑠0-parameter is given  𝐿𝐿�̄�𝐵1(𝑢𝑢) = 𝜙𝜙�̄�𝐵1(𝑢𝑢, 𝑠𝑠0). Similarly, The 
𝑣𝑣-parameter curve of 𝜙𝜙�̄�𝐵2(𝑣𝑣, 𝑡𝑡)  with a constant 𝑡𝑡0-
parameter is represented  𝐿𝐿�̄�𝐵2(𝑣𝑣) = 𝜙𝜙�̄�𝐵2(𝑣𝑣, 𝑡𝑡0). 

 
If 𝜙𝜙�̄�𝐵1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙�̄�𝐵2(𝑣𝑣, 𝑡𝑡) intersect, we can write 

 
𝜙𝜙�̄�𝐵1(𝑢𝑢, 𝑠𝑠) = 𝜙𝜙�̄�𝐵2(𝑣𝑣, 𝑡𝑡), 
 
and  

 
𝐶𝐶�̄�𝐵1(𝑢𝑢) − 𝐶𝐶�̄�𝐵2(𝑣𝑣) = −𝑠𝑠𝐵𝐵1(𝑢𝑢) + 𝑡𝑡𝐵𝐵2(𝑣𝑣) 

 
Since these three vectors are linearly dependent, the 
following equation can be denoted 

 
𝜆𝜆𝐵𝐵�(𝑢𝑢, 𝑣𝑣) = 𝑑𝑑𝑒𝑒𝑡𝑡�𝐵𝐵1(𝑢𝑢),𝐵𝐵2(𝑣𝑣),𝐶𝐶�̄�𝐵1(𝑢𝑢) − 𝐶𝐶�̄�𝐵2(𝑣𝑣)� = 0. 

 
Theorem 13 Let 𝜙𝜙�̄�𝐵1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙�̄�𝐵2(𝑣𝑣, 𝑡𝑡) be the two ruled 
surfaces corresponding to two different binormal 
spherical indicatrix  curves on the unit dual sphere in ℝ3 . 
If  𝜆𝜆𝐵𝐵�(𝑢𝑢, 𝑣𝑣) = 0, then the parameter curves 𝐿𝐿�̄�𝐵1(𝑢𝑢) and 
𝐿𝐿�̄�𝐵2(𝑣𝑣)  intersect. 

According to the parallelism of these three vectors 
with each other, the bivariate functions are expressed as 
follows, respectively: 

 
Δ𝐵𝐵�(𝑢𝑢, 𝑣𝑣) = ‖𝐵𝐵1(𝑢𝑢) × 𝐵𝐵2(𝑣𝑣)‖2, 

 
𝛿𝛿𝐵𝐵�
1(𝑢𝑢, 𝑣𝑣) = �𝑁𝑁1(𝑢𝑢) × �𝐶𝐶�̄�𝐵1(𝑢𝑢) − 𝐶𝐶�̄�𝐵2(𝑣𝑣)��2, 

 
𝛿𝛿𝐵𝐵�
2(𝑢𝑢, 𝑣𝑣) = �𝐵𝐵2(𝑣𝑣) × �𝐶𝐶�̄�𝐵1(𝑢𝑢) − 𝐶𝐶�̄�𝐵2(𝑣𝑣)��2. 
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Theorem 14 Let 𝐿𝐿�̄�𝐵1(𝑢𝑢) and 𝐿𝐿�̄�𝐵2(𝑣𝑣) be the parameter 
curves of the ruled surfaces 𝜙𝜙�̄�𝐵1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙�̄�𝐵2(𝑣𝑣, 𝑡𝑡), 
which correspond to two different binormal spherical 
indicatrix  curves on 𝐷𝐷𝑆𝑆2. In this case, the parameter 
curves 𝐿𝐿�̄�𝐵1(𝑢𝑢) and 𝐿𝐿�̄�𝐵2(𝑣𝑣) intersect if and only if   

 
Δ𝐵𝐵�(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝐵𝐵�

1(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝐵𝐵�
2(𝑢𝑢, 𝑣𝑣) = 0. 

 
Let 𝛼𝛼�1 = 𝛼𝛼1 + 𝜀𝜀𝛼𝛼1∗ and 𝛼𝛼�2 = 𝛼𝛼2 + 𝜀𝜀𝛼𝛼2∗ be two curves 

on the unit dual sphere  𝐷𝐷𝑆𝑆2. The pole spherical indicatrix 
curves of these curves are �̄�𝐶1 = 𝐶𝐶1 + 𝜀𝜀𝐶𝐶1∗ and �̄�𝐶2 = 𝐶𝐶2 +
𝜀𝜀𝐶𝐶2∗, respectively. By the E. Study mapping, 𝜙𝜙�̄�𝐶1(𝑢𝑢, 𝑠𝑠) and  
𝜙𝜙�̄�𝐶2(𝑣𝑣, 𝑡𝑡) are the ruled surfaces corresponding to these 
pole spherical indicatrix curves taken above in  ℝ3. These 
ruled surfaces are given as follows: 

 
𝜙𝜙�̄�𝐶1(𝑢𝑢, 𝑠𝑠) = 𝐶𝐶1(𝑢𝑢) × 𝐶𝐶1∗(𝑢𝑢) + 𝑠𝑠𝐶𝐶1(𝑢𝑢),                            (15) 
 
𝜙𝜙�̄�𝐶2(𝑣𝑣, 𝑡𝑡) = 𝐶𝐶2(𝑣𝑣) × 𝐶𝐶2∗(𝑣𝑣) + 𝑡𝑡𝐶𝐶2(𝑣𝑣).                             (16) 

 
Here, the base curves of the ruled surfaces 𝜙𝜙�̄�𝐶1(𝑢𝑢, 𝑠𝑠) and  
𝜙𝜙�̄�𝐶2(𝑣𝑣, 𝑡𝑡) are 𝐶𝐶�̄�𝐶1(𝑢𝑢) = 𝐶𝐶1(𝑢𝑢) × 𝐶𝐶1∗(𝑢𝑢) and 
 𝐶𝐶�̄�𝐶2(𝑣𝑣) = 𝐶𝐶2(𝑣𝑣) × 𝐶𝐶2∗(𝑣𝑣). 

 
The 𝑢𝑢-parameter curve of 𝜙𝜙�̄�𝐶1(𝑢𝑢, 𝑠𝑠) with a constant 𝑠𝑠0-

parameter is shown  𝐿𝐿�̄�𝐶1(𝑢𝑢) = 𝜙𝜙�̄�𝐶1(𝑢𝑢, 𝑠𝑠0). Similarly, the 𝑣𝑣-
parameter curve of 𝜙𝜙�̄�𝐶2(𝑣𝑣, 𝑡𝑡)  with a constant 𝑡𝑡0-
parameter is indicated  𝐿𝐿�̄�𝐶2(𝑣𝑣) = 𝜙𝜙�̄�𝐶2(𝑣𝑣, 𝑡𝑡0). 
If 𝜙𝜙�̄�𝐶1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙�̄�𝐶2(𝑣𝑣, 𝑡𝑡) intersect, we can write 

 
𝜙𝜙�̄�𝐶1(𝑢𝑢, 𝑠𝑠) = 𝜙𝜙�̄�𝐶2(𝑣𝑣, 𝑡𝑡), 
 
and  

 
𝐶𝐶�̄�𝐶1(𝑢𝑢) − 𝐶𝐶�̄�𝐶2(𝑣𝑣) = −𝑠𝑠𝐶𝐶1(𝑢𝑢) + 𝑡𝑡𝐶𝐶2(𝑣𝑣) 
Since these three vectors are linearly dependent, the 
following equation can be represented 

 
𝜆𝜆𝐶𝐶̅(𝑢𝑢, 𝑣𝑣) = 𝑑𝑑𝑒𝑒𝑡𝑡�𝐶𝐶1(𝑢𝑢),𝐶𝐶2(𝑣𝑣),𝐶𝐶�̄�𝐶1(𝑢𝑢) − 𝐶𝐶�̄�𝐶1(𝑣𝑣)� = 0. 

 
Theorem 15 Let 𝜙𝜙�̄�𝐶1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙�̄�𝐶2(𝑣𝑣, 𝑡𝑡) be the two ruled 
surfaces corresponding to two different pole spherical 
indicatrix  curves on the unit dual sphere in ℝ3 . If  
𝜆𝜆𝐶𝐶̅(𝑢𝑢, 𝑣𝑣) = 0, then the parameter curves 𝐿𝐿�̄�𝐶1(𝑢𝑢) and 
𝐿𝐿�̄�𝐶2(𝑣𝑣)  intersect. 

According to the parallelism of these three vectors 
with each other, the bivariate functions are given as 
follows, respectively: 

 
Δ𝐶𝐶̅(𝑢𝑢, 𝑣𝑣) = ‖𝐶𝐶1(𝑢𝑢) × 𝐶𝐶2(𝑣𝑣)‖2, 

 
𝛿𝛿𝐶𝐶̅
1(𝑢𝑢, 𝑣𝑣) = �𝐶𝐶1(𝑢𝑢) × �𝐶𝐶�̄�𝐶1(𝑢𝑢) − 𝐶𝐶�̄�𝐶2(𝑣𝑣)��2, 

 
𝛿𝛿𝐶𝐶̅
2(𝑢𝑢, 𝑣𝑣) = �𝐶𝐶2(𝑣𝑣) × �𝐶𝐶�̄�𝐶1(𝑢𝑢) − 𝐶𝐶�̄�𝐶2(𝑣𝑣)��2. 

Theorem 16 Let 𝐿𝐿�̄�𝐶1(𝑢𝑢) and 𝐿𝐿�̄�𝐶2(𝑣𝑣) be the parameter 
curves of the ruled surfaces 𝜙𝜙�̄�𝐶1(𝑢𝑢, 𝑠𝑠) and 𝜙𝜙�̄�𝐶2(𝑣𝑣, 𝑡𝑡), which 
correspond to two different pole spherical indicatrix  

curves on 𝐷𝐷𝑆𝑆2.  In this case, the parameter curves 𝐿𝐿�̄�𝐶1(𝑢𝑢) 
and 𝐿𝐿�̄�𝐶2(𝑣𝑣) intersect if and only if   

 
Δ𝐶𝐶̅(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝐶𝐶̅

1(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝐶𝐶̅
2(𝑢𝑢, 𝑣𝑣) = 0. 

 
Example 17. Let us consider 𝛼𝛼1̄(𝑢𝑢) =
(𝑐𝑐𝑐𝑐𝑠𝑠(𝑢𝑢), 𝑠𝑠𝑠𝑠𝑠𝑠(𝑢𝑢),0) + 𝜀𝜀(−𝑠𝑠𝑠𝑠𝑠𝑠( 𝑢𝑢), 𝑐𝑐𝑐𝑐𝑠𝑠( 𝑢𝑢),𝑢𝑢4) and 
𝛼𝛼2̄(𝑣𝑣) = (𝑠𝑠𝑠𝑠𝑠𝑠( 𝑣𝑣), 𝑐𝑐𝑐𝑐𝑠𝑠( 𝑣𝑣),0) + 𝜀𝜀(−𝑐𝑐𝑐𝑐𝑠𝑠( 𝑣𝑣), 𝑠𝑠𝑠𝑠𝑠𝑠(𝑣𝑣), 𝑣𝑣4).  
Since ⟨𝛼𝛼1(𝑢𝑢),𝛼𝛼1∗(𝑢𝑢)⟩ = 0, ⟨𝛼𝛼2(𝑣𝑣),𝛼𝛼2∗(𝑣𝑣)⟩ = 0 and 
|𝛼𝛼1(𝑢𝑢)| = |𝛼𝛼2(𝑣𝑣)| = 1,  the 𝛼𝛼1̄(𝑢𝑢) and 𝛼𝛼2̄(𝑣𝑣) are on 𝐷𝐷𝑆𝑆2.  

 
The dual tangential spherical indicatrix curves of the 
𝛼𝛼1̄(𝑢𝑢) and 𝛼𝛼2̄(𝑣𝑣) are 

 
𝑇𝑇1̄(𝑢𝑢) = (−𝑠𝑠𝑠𝑠𝑠𝑠(𝑢𝑢), 𝑐𝑐𝑐𝑐𝑠𝑠(𝑢𝑢),0) + 𝜀𝜀(−𝑐𝑐𝑐𝑐𝑠𝑠(𝑢𝑢),−𝑠𝑠𝑠𝑠𝑠𝑠(𝑢𝑢),4𝑢𝑢3), 
 
𝑇𝑇2̄(𝑣𝑣) = (𝑐𝑐𝑐𝑐𝑠𝑠(𝑣𝑣),−𝑠𝑠𝑠𝑠𝑠𝑠(𝑣𝑣),0) + 𝜀𝜀(𝑠𝑠𝑠𝑠𝑠𝑠( 𝑣𝑣), 𝑐𝑐𝑐𝑐𝑠𝑠( 𝑣𝑣),4𝑣𝑣3).  

 
The ruled surface corresponding to the 𝑇𝑇1̄(𝑢𝑢) is 

 
�̄�𝜙𝑇𝑇1̄(𝑢𝑢, 𝑠𝑠) = (4𝑢𝑢3 cos(𝑢𝑢) , 4𝑢𝑢3 sin(𝑢𝑢), 1)

+ 𝑠𝑠(− sin(𝑢𝑢), cos(𝑢𝑢), 0) 
 
where the base curve is  𝐶𝐶𝑇𝑇1̄(𝑢𝑢) =
(4𝑢𝑢3 cos(𝑢𝑢) , 4𝑢𝑢3 sin(𝑢𝑢), 1). 

 
The ruled surface corresponding to the 𝑇𝑇2̄(𝑣𝑣) is  

�̄�𝜙𝑇𝑇2̄(𝑣𝑣, 𝑡𝑡) = (−4𝑣𝑣3 sin(𝑣𝑣),−4𝑣𝑣3 cos(𝑣𝑣), 1) + 𝑡𝑡(cos(𝑣𝑣),
− sin(𝑣𝑣), 0) 

 
where the base curve is 𝐶𝐶𝑇𝑇2̄(𝑣𝑣) =
(−4𝑣𝑣3 sin(𝑣𝑣),−4𝑣𝑣3 cos(𝑣𝑣), 1). 

Let's examine the intersection of two ruled surfaces 
corresponding to two different tangential spherical 
indicatrix curves on 𝐷𝐷𝑆𝑆2. Let �̄�𝜙𝑇𝑇1̄(𝑢𝑢, 𝑠𝑠) = �̄�𝜙𝑇𝑇2̄(𝑣𝑣, 𝑡𝑡), the 
following equations can be written by 
(4𝑢𝑢3 cos(𝑢𝑢) + 4𝑣𝑣3 sin(𝑣𝑣), 4𝑢𝑢3 sin(𝑢𝑢) + 4𝑣𝑣3 cos(𝑣𝑣), 0)

= −𝑠𝑠(− sin(𝑢𝑢), cos(𝑢𝑢), 0)
+ 𝑡𝑡(cos(𝑣𝑣), − sin(𝑣𝑣), 0). 

 
Since 𝐶𝐶𝑇𝑇1̄(𝑢𝑢) − 𝐶𝐶𝑇𝑇2̄(𝑣𝑣), 𝑇𝑇1(𝑢𝑢) and 𝑇𝑇2(𝑣𝑣) are linearly 
dependent, 𝜆𝜆𝑇𝑇�(𝑢𝑢, 𝑣𝑣) = 0. Hence, the parameter curves 
𝐿𝐿𝑇𝑇1̄(𝑢𝑢) and 𝐿𝐿𝑇𝑇2̄(𝑣𝑣) intersect. 
If  Δ𝑇𝑇�(𝑢𝑢, 𝑣𝑣), 𝛿𝛿𝑇𝑇�

1(𝑢𝑢, 𝑣𝑣), 𝛿𝛿𝑇𝑇�
2(𝑢𝑢, 𝑣𝑣) are calculated, we obtain  

 
Δ𝑇𝑇�(𝑢𝑢, 𝑣𝑣) = (cos(𝑢𝑢 + 𝑣𝑣))2, 

 
𝛿𝛿𝑇𝑇�
1(𝑢𝑢, 𝑣𝑣) = 16(𝑢𝑢3 + 𝑣𝑣3 sin(𝑢𝑢 + 𝑣𝑣))2, 

 
𝛿𝛿𝑇𝑇�
2(𝑢𝑢, 𝑣𝑣) = 16(𝑣𝑣3 + 𝑢𝑢3 sin(𝑢𝑢 + 𝑣𝑣))2. 

 
For the 𝜆𝜆𝑇𝑇�(𝑢𝑢, 𝑣𝑣) = 0, the solution of the (𝑢𝑢, 𝑣𝑣) =

�3𝜋𝜋
4

, 3𝜋𝜋
4
�,  Δ𝑇𝑇�(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝑇𝑇�

1(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝑇𝑇�
2(𝑢𝑢, 𝑣𝑣) = 0. Hence, the 

parameter curves 𝐿𝐿𝑇𝑇1̄(𝑢𝑢) and 𝐿𝐿𝑇𝑇2̄(𝑣𝑣) intersect. Then, 
�̄�𝜙𝑇𝑇1̄(𝑢𝑢, 𝑠𝑠) and �̄�𝜙𝑇𝑇2̄(𝑣𝑣, 𝑡𝑡) ruled surfaces intersect. 

 
 
 



Öztemir, Çalışkan / Cumhuriyet Sci. J., 44(2) (2023) 328-335 

333 

 

Figure 1. The intersection of �̄�𝜙𝑇𝑇1̄ and �̄�𝜙𝑇𝑇2̄ ruled 
surfaces.. 

 
The dual principal spherical indicatrix curves of the 

𝛼𝛼1̄(𝑢𝑢) and 𝛼𝛼2̄(𝑣𝑣) are 
 

𝑁𝑁1̄ (𝑢𝑢) = (− cos(𝑢𝑢) ,−𝑠𝑠𝑠𝑠𝑠𝑠(𝑢𝑢),0) + 𝜀𝜀(sin(𝑢𝑢) ,− cos(𝑢𝑢) , 12𝑢𝑢2), 
 

𝑁𝑁2̄ (𝑣𝑣) = (− sin(𝑣𝑣) ,− cos(𝑣𝑣) , 0) +
𝜀𝜀(cos(𝑣𝑣) ,− sin(𝑣𝑣) , 12𝑣𝑣2). 

 
The ruled surface corresponding to the 𝑁𝑁1̄ (𝑢𝑢) is 

 
�̄�𝜙𝑁𝑁1̄ (𝑢𝑢, 𝑠𝑠) = (−12𝑢𝑢2 sin(𝑢𝑢), 12𝑢𝑢2 cos(𝑢𝑢), 1)

+ 𝑠𝑠(− cos(𝑢𝑢), − sin(𝑢𝑢), 0) 
where the base curve is 
 
 𝐶𝐶𝑁𝑁1̄ (𝑢𝑢) = (−12𝑢𝑢2 sin(𝑢𝑢), 12𝑢𝑢2 cos(𝑢𝑢), 1). 

 
The ruled surface corresponding to the 𝑁𝑁2̄ (𝑣𝑣) is  

 
�̄�𝜙𝑁𝑁2̄ (𝑣𝑣, 𝑡𝑡) = (−12𝑣𝑣2 cos(𝑣𝑣), 12𝑣𝑣2 sin(𝑣𝑣), 1)

+ 𝑡𝑡(− sin(𝑣𝑣), − cos(𝑣𝑣), 0) 
 

where the base curve is 
 
 𝐶𝐶𝑁𝑁2̄ (𝑣𝑣) = (−12𝑣𝑣2 cos(𝑣𝑣), 12𝑣𝑣2 sin(𝑣𝑣), 1). 

 
Let's examine the intersection of two ruled surfaces 

correspondig to two different principal normal spherical 
indicatrix curves 𝐷𝐷𝑆𝑆2. Let  �̄�𝜙𝑁𝑁1̄ (𝑢𝑢, 𝑠𝑠) = �̄�𝜙𝑁𝑁2̄ (𝑣𝑣, 𝑡𝑡), the 
following equation can be written by 

 
(−12𝑢𝑢2 sin(𝑢𝑢) + 12𝑣𝑣2 cos(𝑣𝑣), 12𝑢𝑢2 cos(𝑢𝑢) −
12𝑣𝑣2 sin(𝑣𝑣) , 0) = −𝑠𝑠(− cos(𝑢𝑢), − sin(𝑢𝑢), 0) +
𝑡𝑡(− sin(𝑣𝑣), − cos(𝑣𝑣), 0).  

 
Since 𝐶𝐶𝑁𝑁1̄ (𝑢𝑢) − 𝐶𝐶𝑁𝑁2̄ (𝑣𝑣), 𝑁𝑁1̄ (𝑢𝑢) and 𝑁𝑁2̄ (𝑣𝑣) are linearly 

dependent, 𝜆𝜆�̄�𝑁(𝑢𝑢, 𝑣𝑣) = 0. Therefore, the parameter 
curves 𝐿𝐿𝑁𝑁1̄ (𝑢𝑢) and 𝐿𝐿𝑁𝑁2̄ (𝑣𝑣) intersect. 

If  Δ𝑁𝑁�(𝑢𝑢,𝑣𝑣), 𝛿𝛿𝑁𝑁�
1(𝑢𝑢, 𝑣𝑣), 𝛿𝛿𝑁𝑁�

2(𝑢𝑢, 𝑣𝑣) are calculated, we 
obtain  

 
Δ𝑁𝑁�(𝑢𝑢, 𝑣𝑣) = (cos(𝑢𝑢 + 𝑣𝑣))2, 

 
𝛿𝛿𝑁𝑁�
1(𝑢𝑢, 𝑣𝑣) = 144(𝑣𝑣2 sin(𝑢𝑢 + 𝑣𝑣) − 𝑢𝑢2)2, 

 
𝛿𝛿𝑁𝑁�
2(𝑢𝑢, 𝑣𝑣) = 144(𝑣𝑣2 − 𝑢𝑢2 sin(𝑢𝑢 + 𝑣𝑣))2. 

For the 𝜆𝜆�̄�𝑁(𝑢𝑢, 𝑣𝑣) = 0, the solution of the (𝑢𝑢, 𝑣𝑣) =
�𝜋𝜋
4

, 𝜋𝜋
4
�, Δ𝑁𝑁�(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝑁𝑁�

1(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝑁𝑁�
2(𝑢𝑢, 𝑣𝑣) = 0. Therefore, 

the parameter curves 𝐿𝐿𝑁𝑁1̄ (𝑢𝑢) and 𝐿𝐿𝑁𝑁2̄ (𝑣𝑣) intersect. As a 
result, �̄�𝜙𝑁𝑁1̄ (𝑢𝑢, 𝑠𝑠) and �̄�𝜙𝑁𝑁2̄ (𝑣𝑣, 𝑡𝑡) ruled surfaces intersect. 

 

 

Figure 2. The intersection of �̄�𝜙𝑁𝑁1̄  and �̄�𝜙𝑁𝑁2̄  ruled 
surfaces.. 

 
The dual binormal spherical indicatrix curves of the 𝛼𝛼1̄(𝑢𝑢) 
and 𝛼𝛼2̄(𝑣𝑣) are 

 
𝐵𝐵1̄(𝑢𝑢) = (0,0,1) + 𝜀𝜀(4𝑢𝑢3 sin(𝑢𝑢) +
12𝑢𝑢2 cos(𝑢𝑢) ,−4𝑢𝑢3 cos(𝑢𝑢) + 12𝑢𝑢2 sin(𝑢𝑢) , 0),  

 
𝐵𝐵2̄(𝑣𝑣) = (0,0,−1) + 𝜀𝜀(4𝑣𝑣3 cos(𝑣𝑣) −
12𝑣𝑣2 sin(𝑣𝑣) ,−4𝑣𝑣3 sin(𝑣𝑣) − 12𝑣𝑣2 cos(𝑣𝑣), 0). 

 
The ruled surface corresponding to the 𝐵𝐵1̄(𝑢𝑢) is 

 
�̄�𝜙𝐵𝐵1̄(𝑢𝑢, 𝑠𝑠) = (4𝑢𝑢3 cos(𝑢𝑢) − 12𝑢𝑢2 sin(𝑢𝑢), 4𝑢𝑢3 sin(𝑢𝑢)

+ 12𝑢𝑢2 cos(𝑢𝑢) , 0) + 𝑠𝑠(0,0,1) 
 

where the base curve is 𝐶𝐶𝐵𝐵1̄(𝑢𝑢) = (4𝑢𝑢3 cos(𝑢𝑢) −
12𝑢𝑢2 sin(𝑢𝑢), 4𝑢𝑢3 sin(𝑢𝑢) + 12𝑢𝑢2 cos(𝑢𝑢) , 0).  

 
The ruled surface corresponding to the 𝐵𝐵2̄(𝑣𝑣) is  

 
�̄�𝜙𝐵𝐵2̄(𝑣𝑣, 𝑡𝑡) = (−4𝑣𝑣3 sin(𝑣𝑣)

− 12𝑣𝑣2 cos(𝑣𝑣) ,−4𝑣𝑣3 cos(𝑣𝑣)
+ 12𝑣𝑣2 sin(𝑣𝑣) , 0) + 𝑡𝑡(0,0,−1) 

 
where the base curve is 𝐶𝐶𝐵𝐵2̄(𝑣𝑣) = (−4𝑣𝑣3 sin(𝑣𝑣) −
12𝑣𝑣2 cos(𝑣𝑣) ,−4𝑣𝑣3 cos(𝑣𝑣) + 12𝑣𝑣2 sin(𝑣𝑣) , 0). 

 
Let's examine the intersection of two ruled surfaces 
correspondig to two different binormal spherical 
indicatrix curves on 𝐷𝐷𝑆𝑆2. Let �̄�𝜙𝐵𝐵1̄(𝑢𝑢, 𝑠𝑠) = �̄�𝜙𝐵𝐵2̄(𝑣𝑣, 𝑡𝑡), the 
following equation can be written by 

 
(4𝑢𝑢3 cos(𝑢𝑢) − 12𝑢𝑢2 sin(𝑢𝑢)

+ 4𝑣𝑣3 sin(𝑣𝑣)
+ 12𝑣𝑣2 cos(𝑣𝑣) , 4𝑢𝑢3 sin(𝑢𝑢)
+ 12𝑢𝑢2 cos(𝑢𝑢)
+ 4𝑣𝑣3 cos(𝑣𝑣) − 12𝑣𝑣2 sin(𝑣𝑣) , 0)
= −𝑠𝑠(0,0,1) + 𝑡𝑡(0,0,−1). 

 
Since 𝐶𝐶𝐵𝐵1̄(𝑢𝑢) − 𝐶𝐶𝐵𝐵2̄(𝑣𝑣), 𝐵𝐵1̄(𝑢𝑢) and 𝐵𝐵2̄(𝑣𝑣) are linearly 

dependent, 𝜆𝜆�̄�𝐵(𝑢𝑢, 𝑣𝑣) = 0. Hence, the parameter curves 
𝐿𝐿𝐵𝐵1̄(𝑢𝑢) and 𝐿𝐿𝐵𝐵2̄(𝑣𝑣) intersect. 
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If  Δ𝐵𝐵�(𝑢𝑢, 𝑣𝑣), 𝛿𝛿𝐵𝐵�
1(𝑢𝑢, 𝑣𝑣), 𝛿𝛿𝐵𝐵�

2(𝑢𝑢, 𝑣𝑣) are calculated, we obtain  
 

Δ𝐵𝐵�(𝑢𝑢, 𝑣𝑣) = 0, 
 

𝛿𝛿𝐵𝐵�
1(𝑢𝑢, 𝑣𝑣) = 16{[3(𝑣𝑣2 sin(𝑣𝑣) − 𝑢𝑢2 cos(𝑢𝑢))

− (𝑣𝑣3 cos(𝑣𝑣) + 𝑢𝑢3 sin(𝑢𝑢))]2
+ [3(𝑣𝑣2 cos(𝑣𝑣) − 𝑢𝑢2 sin(𝑢𝑢))
+ (𝑣𝑣3 sin(𝑣𝑣) + 𝑢𝑢3 cos(𝑢𝑢))]2}, 

 
𝛿𝛿𝐵𝐵�
2(𝑢𝑢, 𝑣𝑣) = 16{[3(𝑢𝑢2 cos(𝑢𝑢) − 𝑣𝑣2 sin(𝑣𝑣))

+ (𝑢𝑢3 sin(𝑢𝑢) + 𝑣𝑣3 cos(𝑣𝑣))]2
+ [3(𝑢𝑢2 sin(𝑢𝑢)−𝑣𝑣2 cos(𝑣𝑣))
− (𝑢𝑢3 cos(𝑢𝑢) + 𝑣𝑣3 sin(𝑣𝑣))]2}. 

 
For the 𝜆𝜆�̄�𝐵(𝑢𝑢, 𝑣𝑣) = 0, the solution of the (𝑢𝑢, 𝑣𝑣) = (0,0), 
Δ𝐵𝐵�(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝐵𝐵�

1(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝐵𝐵�
2(𝑢𝑢, 𝑣𝑣) = 0. Therefore, the 

parameter curves 𝐿𝐿𝐵𝐵1̄(𝑢𝑢) and 𝐿𝐿𝐵𝐵2̄(𝑣𝑣) intersect. Then, 
�̄�𝜙𝐵𝐵1̄(𝑢𝑢, 𝑠𝑠) and �̄�𝜙𝐵𝐵2̄(𝑣𝑣, 𝑡𝑡) ruled surfaces intersect. 

 

 

Figure 3. The intersection of �̄�𝜙𝐵𝐵1̄  and �̄�𝜙𝐵𝐵2̄  ruled 
surfaces. 

 
The dual pole spherical indicatrix curves of the 𝛼𝛼1̄(𝑢𝑢) and 
𝛼𝛼2̄(𝑣𝑣) are 

 
𝐶𝐶1̄(𝑢𝑢) = (0,0,1) + 𝜀𝜀(12𝑢𝑢2 cos(𝑢𝑢)

− 24𝑢𝑢 sin(𝑢𝑢) , 12𝑢𝑢2 sin(𝑢𝑢)
+ 24𝑢𝑢 cos(𝑢𝑢) , 0), 

 
𝐶𝐶2̄(𝑣𝑣) = (0,0,−1) + 𝜀𝜀(−12𝑣𝑣2 sin(𝑣𝑣) −

24𝑣𝑣 cos(𝑣𝑣) ,−12𝑣𝑣2 cos(𝑣𝑣) + 24𝑣𝑣 sin(𝑣𝑣) , 0).   
The ruled surface corresponding to the 𝐶𝐶1̄(𝑢𝑢) is 

 
�̄�𝜙𝐶𝐶1̄(𝑢𝑢, 𝑠𝑠) = (−12𝑢𝑢2 sin(𝑢𝑢) − 24𝑢𝑢 cos(𝑢𝑢) , 12𝑢𝑢2 cos(𝑢𝑢)

− 24𝑢𝑢 sin(𝑢𝑢) , 0) + 𝑠𝑠(0,0,1) 
 

where the base curve is 𝐶𝐶𝐶𝐶1̄(𝑢𝑢) = (−12𝑢𝑢2 sin(𝑢𝑢) −
24𝑢𝑢 cos(𝑢𝑢) , 12𝑢𝑢2 cos(𝑢𝑢) − 24𝑢𝑢 sin(𝑢𝑢) , 0).  

 
The ruled surface corresponding to the 𝐶𝐶2̄(𝑣𝑣) is  
�̄�𝜙𝐶𝐶2̄(𝑣𝑣, 𝑡𝑡) = (−12𝑣𝑣2 cos(𝑣𝑣) + 24𝑣𝑣 sin(𝑣𝑣), 12𝑣𝑣2 sin(𝑣𝑣)

+ 24𝑣𝑣 cos(𝑣𝑣), 0) + 𝑡𝑡(0,0,−1) 
 

where the base curve is 𝐶𝐶𝐶𝐶2̄(𝑣𝑣) = (−12𝑣𝑣2 cos(𝑣𝑣) +
24𝑣𝑣 sin(𝑣𝑣), 12𝑣𝑣2 sin(𝑣𝑣) + 24𝑣𝑣 cos(𝑣𝑣), 0). 

Let's examine the intersection of two ruled surfaces 
correspondig to two different pole spherical indicatrix 
curves on 𝐷𝐷𝑆𝑆2. Let  �̄�𝜙𝐶𝐶1̄(𝑢𝑢, 𝑠𝑠) = �̄�𝜙𝐶𝐶2̄(𝑣𝑣, 𝑡𝑡), the following 
equation can be written by  

(−12𝑢𝑢2 sin(𝑢𝑢) − 24𝑢𝑢 cos(𝑢𝑢)
+ 12𝑣𝑣2 cos(𝑣𝑣)
− 24𝑣𝑣 sin(𝑣𝑣), 12𝑢𝑢2 cos(𝑢𝑢)
− 24𝑢𝑢 sin(𝑢𝑢)−12𝑣𝑣2sin(𝑣𝑣)
− 24𝑣𝑣 cos(𝑣𝑣), 0)
= −𝑠𝑠(0,0,1) + 𝑡𝑡(0,0,−1). 

 
Since 𝐶𝐶𝐶𝐶1̄(𝑢𝑢) − 𝐶𝐶𝐶𝐶2̄(𝑣𝑣), 𝐶𝐶1̄(𝑢𝑢) and 𝐶𝐶2̄(𝑣𝑣) are linearly 
dependent, 𝜆𝜆�̄�𝐶(𝑢𝑢, 𝑣𝑣) = 0. Hence, the parameter curves 
𝐿𝐿𝐶𝐶1̄(𝑢𝑢) and 𝐿𝐿𝐶𝐶2̄(𝑣𝑣) intersect. 
If  Δ𝐶𝐶̅(𝑢𝑢, 𝑣𝑣), 𝛿𝛿𝐶𝐶̅

1(𝑢𝑢, 𝑣𝑣), 𝛿𝛿𝐶𝐶̅
2(𝑢𝑢, 𝑣𝑣) are calculated, we obtain  

 
Δ𝐶𝐶̅(𝑢𝑢, 𝑣𝑣) = 0, 
𝛿𝛿𝐶𝐶̅
1(𝑢𝑢, 𝑣𝑣) = 144{[(𝑣𝑣2 sin(𝑣𝑣) − 𝑢𝑢2 cos(𝑢𝑢))

+ 2(𝑢𝑢 sin(𝑢𝑢) + 𝑣𝑣 cos(𝑣𝑣))]2
+ [(𝑣𝑣2 cos(𝑣𝑣) − 𝑢𝑢2 sin(𝑢𝑢))
− (𝑢𝑢 cos(𝑢𝑢) + 𝑣𝑣 sin(𝑣𝑣))]2}, 

 
𝛿𝛿𝐶𝐶̅
2(𝑢𝑢, 𝑣𝑣) = 144{[(𝑢𝑢2 cos(𝑢𝑢) − 𝑣𝑣2 sin(𝑣𝑣))

− 2(𝑢𝑢 sin(𝑢𝑢) + 𝑣𝑣 cos(𝑣𝑣))]2
+ [(𝑢𝑢2 sin(𝑢𝑢)−𝑣𝑣2 cos(𝑣𝑣))
+ 2(𝑢𝑢 cos(𝑢𝑢) + 𝑣𝑣 sin(𝑣𝑣))]2}. 

For the 𝜆𝜆�̄�𝐶(𝑢𝑢,𝑣𝑣) = 0, the solution of the (𝑢𝑢, 𝑣𝑣) =
(0,0), Δ𝐶𝐶̅(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝐶𝐶̅

1(𝑢𝑢, 𝑣𝑣) = 𝛿𝛿𝐶𝐶̅
2(𝑢𝑢, 𝑣𝑣) = 0. Therefore, 

the parameter curves 𝐿𝐿𝐶𝐶1̄(𝑢𝑢) and 𝐿𝐿𝐶𝐶2̄(𝑣𝑣) intersect. Then, 
�̄�𝜙𝐶𝐶1̄(𝑢𝑢, 𝑠𝑠) and �̄�𝜙𝐶𝐶2̄(𝑣𝑣, 𝑡𝑡) ruled surfaces intersect. 

 

 

Figure 4. The intersection of �̄�𝜙𝐶𝐶1̄  and �̄�𝜙𝐶𝐶2̄  ruled 
surfaces. 

 
Conclusion 

E. Study mapping plays an important role to establish 
correspondence between dual space and Euclidean space. 
Considering the E. Study mapping, the curve on 𝐷𝐷𝑆𝑆2 
corresponds to the ruled surfaces in ℝ3. Also, the 
intersection curve of two ruled surfaces in ℝ3 is 
represented by bivariate functions. In this study, two 
different ruled surfaces in ℝ3 are examined with E. Study 
mapping to two different dual spherical indicatrix curves 
taken on 𝐷𝐷𝑆𝑆2. Later, the intersection curve for the 
corresponding ruled surfaces is presented by some main 
theorems. Additionally, these theorems are verified by 
giving examples. These results could have important 
applications in geometry, computer modeling systems, 
and solid modeling 
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