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Abstract

Let (X,d, ) be a space of homogeneous type in the sense of Coifman and and Weiss. In
this setting, the author proves that a bilinear Calderén-Zygmund operator is bounded fr-
om the product of variable exponent Lebesgue spaces LP1()(X) x LP>()(X) into spaces
rt) (X), and it is bounded from the product of variable exponent generalized Morrey spa-
ces LP1O)#1( X)) x £P2()#2(X) into spaces LP0)#(X), where the Lebesgue measure functions
o(5 ), 1(+ ) and @o(-, ) satisfy p1 X @2 = ¢, and ﬁ = ﬁ(,) + le(J' Furthermore, by
establishing sharp maximal estimate for the commutator [by, be, BT| generated by by, by €
BMO(X) and BT, the author shows that the [by, ba, BT is bounded from the product of
spaces LP1()(X) x LP2()(X) into spaces LP()(X), and it is also bounded from product of
spaces LP1O)#1(X) x L£P20)%2(X) into spaces LP()#(X).
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1. Introduction

It is well known that the classical singular integral theory has been going on for a long
period and plays an important role in the fields of harmonic analysis and PDEs. Many sc-
holars have studied the boundedness of following Calderén-Zygmund integral operators

T(f)(w) = [ K(e.)f @)y

on various of function spaces (see [2,6,18,26,32]). In 2002, Grafakos and Torres [9] obta-
ined the definition of multilinear Calderén-Zygmund operators, which generalized the the-
ory of linear operators. Since then, many papers focus on the properties of multilinear C-
alderén-Zygmund operators on different kinds of spaces; for example, Mirek and Thiele in
[27] established a local T'(b) theorem for perfect multilinear Calderén-Zygmund operators.
In 2005, Hu, Meng and Yang [13] obtained the LP(u)-boundedness and some weak type
endpoint estimates for the multilinear commutators of Calderén-Zygmund singular integr-
als with BMO-type functions and Orlicz-type functions. In 2019, Tan [33] showed that b-
ilinear Calderén-Zygmund operators are bounded from product of variable exponent Hardy
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spaces HP*()(R™) x HP2()(R™) into variable exponent Lebesgue spaces LP() (R™) or Hardy
spaces HP() (R™). More researches on the multilinear Calderén-Zygmund operators can be
seen [14,17,23-25,31,34-36] and the corresponding references therein.

On the other hand, to extend the traditional Euclidean space to a general underlying
structure for the real harmonic analysis, the following spaces of homogeneous type were
introduced by Coifman and Weiss in [1].

Let X = (X,d, u) be a space of homogeneous type, i.e., X is a topological space endowed
with a quasi-distance d(-,-) defined on X x X and satisfying the following conditions:

(i) d(z,y) >0, d(xz,y) =0 if and only if z = y;

(ii) for all z,y € X, d(z,y) = d(y, z);

(iii) there exists a constant x > 1 such that, for all z,y,z € X,

d(z,y) < rld(z,2) + d(y, =), (L1)

and a positive measure u is defined on a g-algebra of subsets of X which contains the balls
B(z,r):={y e X :d(z,y) <r} for x € X and r > 0, and satisfies

0 < pu(B(x,2r)) < Camu(B(x,r)) < 00, (1.2)

where constant Cyp) > 1 is known to play a key role in the quasi-metric measure space. S-
ometimes we also refer to the following counterpart of this condition:

w(B(z,2r)) > K x p(B(x,r)), K>1. (1.3)

Since then, many papers focus on the mapping properties of integral operators over spaces
of homogeneous type. For example, In 2009, Hu et al. [16] obtained some sufficient cond-
itions which guarantee the boundedness of operators on spaces of homogeneous type. In
2016, Guliyev and Samko [10] obtained the definition of generalized variable exponent Mo-
rrey spaces on (X, d, u), and established the boundedness of maximal operator on these s-
paces. Deringoz et al. in [4] showed that fractional maximal operator and its commutator
associated with BMO functions are bounded on Orlicz spaces and on generalized Orlicz-
Morrey spaces. Further research about the spaces of homogeneous type can be seen in
[3,5,7,15,20,22,28-30].

However, in this paper, we will manly consider the boundedness of bilinear Calderén-Z-
ygmund operators and their commutators associated with spaces BMO(X) on variable ex-
ponent Lebesgue space LP() (X)) and variable exponent generalized Morrey space £P():#(X)
over spaces of homogeneous type.

Before stating the organizations of this paper, we need to recall some necessary notion
and definitions. The following notion of the variable exponent Lebesgue space on (X, d, i)
is from [11].

Let p(-) : X — [1,00) be a measurable function, and set

p— :=p_(X) =essinfp(x) > 1, p+ = py(X) = esssupp(z) < oo.
zeX rzeX

We denote P(X) the set of all measurable functions p(-) : X — [1,00) such that 1 <p_ <

p(-) < py <oo.
For p(-) € P(X), the variable exponent Lebesgue space LP()(X) introduced in [11] den-
otes the real-valued measurable functions f on R"™ such that, for some A > 0, the following

equation
/X (mjm)p(x)du(x) < 00

holds. This becomes a Banach function space with respect to the Luxemburg-Nakano no-

11l e (x) o= inf{)\ >0: /X (’f&x”)pwdu(x) < 1}. (1.4)
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Now let us recall some classes of variable exponent functions. P°8(X) is the set of all
measurable functions p(-) € P(X) satisfying the local Log-Hélder (i.e, LH) condition

A, 1
Ip(z) — p(y)| < —ma d(w,y) < >

where A, > 0 does not depend on z and y. Moreover, P°¢(X) represents the set of expon-
ents p € P%(X) with 1 < p_ < p;, < oo; for X which may be unbounded, by P (X),
Plog(X), Pl98(X), we denote the subsets of the above sets of exponents satisfying the decay
condition

AOO
e+ d(z,xg))
where zg is a fixed point in X, A is a positive constant and p(co) = :Clggop(x) > 1.
For any € X and f € L{. .(X), the Hardy-Littlewood maximal function M(f) of f (s-
e [20]) is defined by

pla) —ploc)| < o L wexX,

1

Mi@) = sw s [ wlant), (15

where B(x,r) is the open ball centered at « € X with its radius 7 > 0. The maximal oper-
ator M is bounded on spaces LP()(X) under the condition p(-) € P1%8(X) N LH. In additi-
on, B represents the set of p(-) € P(X) such that the M is bounded on spaces LP()(X).

The following definition of bound mean oscillation spaces (= BMO(X)) is from [1], also
see [16].

Definition 1.1. Let 1 < ¢ < co. A real-valued function f € L{ (X) is said to be the sp-

loc

ace BMO,(X) if there exists a positive constant C' such that, for all balls B C X,

<H<13> [ 15 —fB\Qdmx))q <c (1.6

where fp represents the mean value of function f over ball B, namely,
1
fBzzi/fyduy-
5 )

The infimum of the positive constant C'in (1.6) is defined to the BMOg4(X) norm of f and
denote by || f[lBmo,(x)-

Remark 1.2. From [1], Coifman and Weiss have showed that spaces BMO4(X) is inde-
pendent of the choice of ¢ € (1,00). Hence, space BMO,(X) is simply denoted by the spa-
ce BMO(X).

Now we state the notion of the bilinear Calderén-Zygmund operator, which was introd-
uced by Grafakos in [8], as follows.

Definition 1.3. A kernel K(,-,-) € LL (X3\ {(z,z,2) : € X}) is called a bilinear Cal-
deron-Zygmund kernel if it satisfying the following conditions:

(i) for all z,y1,y2 € X with = # y; for i € {1,2}, there exists a positive constant C such
that,

2 -2
K nw)| < O X n(Bla (o)) (17)
i=1
(ii) there exists a positive constant C such that, for all x,2’,y1,y2 € X with d(z,2") <
3 max{d(z,y1),d(x, y2)},
[d(x, 2)]° :

—2
[d(x,y1)+d(x7y2)]6[;M(B(%d(%yz‘)))} . (1.8)

K (z,y1,2) — K(«',y1,92)| < C
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) (iii) there exists a positive constant C' such that, for all z,y1, v}, y2 € X with d(y1,v]) <
3 max{d(z,y1),d(x,y2)},

/ [d(yby _2_
K (@9n,92) = K (@98 92)] < O +d1$ — [Z# (2, d(z yz)))} . (19)

(iv) there exists a positive constant C such that, for all x, yi, y2, y5 € X with d(y2, y5) <
%max{d(l“, y1),d(x,y2)},

/ [d(ya, y5)] -
K ey nsa) = K ()| < O +d2x — [ZM (2, d(z, yl)))} . (1.10)

Let L2°(X) be the space of all L>°(X) functions with compact support. A bilinear oper-
ator BT is called a bilinear Calder6n-Zygmund operator with kernel K satisfying (1.7),
(1.8), (1.9) and (1.10) if, for all f1, fo € L°(X) and x € X \ (supp(f1) Nsupp(f2)),

BT(fu o)) = [ [ Ko i) faldu)du). (L11)

Given by,bo € BMO(X), the commutator [by, by, BT| generated by by, by and BT is
defined by

[b1, b2, BT|(f1, f2)(x) = b1(2)b2(z) BT (f1, f2)(x) — b1(2) BT (f1,b2f2)(x)

—ba(@) BT (b1 f1, f2)(x) + BT (b1 f1, b2 f2)(2). (1.12)

Also, commutators [by, BT| and [bg, BT] are defined by, respectively,
[b1, BT|(f1, f2)(z) = bi(z) BT (f1, f2)(z) — BT (b1 f1, f2)(z), (1.13)
(b2, BT|(f1, f2)(x) = ba(x) BT(f1, f2)(x) — BT (f1,b2f2)(2). (1.14)

Next, we need to recall the following inequality introduced in [10], that is, for any x € X
and p € P°8(X), there exists a positive constant C' such that

1
IXB(@m) | 2ro) () < Clu(B(w,7))] 7 (1.15)
holds, where
{ p(x), 0<r<l1,

and p(o0) = mh_}rgop(aj) > 1.
The following definition of variable exponent generalized Morrey space is from [10].

Definition 1.4. Let p € P(X) and ¢(-, -) be a positive measurable function defined on X
% (0,00). Then the generalized variable exponent Morrey space L) (X) is defined by

I herr oy = {1 € HEDCO < WflLerinony < o0

where

1
, su = su (z,r) 1.16
HfHLP()w()Q XE>O <p(x 5) HfHLP() 7)) €X£)>O o(z,7) ||XB fHLP O(Xx)- ( )

Remark 1.5. Other properties on the spaces £P():¢(X) can be seen Section 4.2 in [10].

It is position to state the organization as follows. In Section 2, we should recall and es-
tablish some necessary lemmas to prove the main results. In Section 3, we will show that
the bilinear Calderén-Zygmund operator BT is bounded from product of variable expon-
ent Lebesgue spaces LP*()(X) x LP2()(X) into spaces LP()(X), and bounded from produ-
cts of variable exponent generalized Morrey spaces £LP1()%1(X) x £P2():%2(X) into spaces

L£P0)#(X), where @1 X @9 = ¢ and ﬁ = ﬁ(.) + ﬁ(,) with 1 < p1(-),p2(-) < co. By establ-
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ishing sharp maximal estimate for the commutator [by, ba, BT] formed by b1, by € BMO(X)
and the BT, the author shows that [b1, by, BT is bounded from product of spaces LP1() (X
x LP2() (X)) into spaces LP()(X), and also bounded from product of spaces £P1()#1(X) x
£P2()#2(X) into spaces LP()#(X) in Section 4.

Finally, we make some conventions on notation. Throughout the paper, C' represents a
positive constant being independent of the main parameters involved, but it may be diff-
erent from line to line. For a u-measurable set E, xg denotes its characteristic function.
For any variable exponent p(-), we denote by p/(-) its conjugate index, i.e., Wld + p%(.) =1.

2. Preliminaries

To prove the main theorems of this paper, in this section, we need to establish and reca-
1l some necessary lemmas as follows.

Lemma 2.1. Ifp(:) € B, there exists a positive constant C' such that, for all balls B C X,

| | 1 | <C
/.L(B(il’f, )) XBI’I‘ LP() XBIT) Lp() ) )
1 1 _
where o tro = 1.

Proof. By applying (1.15), we have

1

1
IXB @) e () IXB@ | o ) £ CllB(, r) 7@ [p(B(z, r))] 7 < Cu(B(z, 7).

Hence, we complete the proof of Lemma 2.1. O

The following Hoélder inequality on the variable exponent on (X, d, ) is from [10].

Lemma 2.2. If p(-) € P(X), then, for all f € LPO)(X) and g € LV (X)), the following
equation

/ F@)g(@)lde < epllfll oo o9 oo

holds, where ¢, :=1+ = p+

Lemma 2.3. Let 1 < p(-),p1(+),p2(+) < 0o satisfy — el pll() + 21(.). Then there exists s-
ome positive constant C, independent of f and g, such that

HngLP(‘) ) < C”fHLpl() HgHLPQ () (X)
holds for every f € LP*()(X) and g € LP2()(X).

Remark 2.4. With an argument similar to that used in the proof of Theorem 2.3 in [17],
it is easy to see that the above inequality holds on (X, d, ).

Also, we need to establish the following characterizations about the BMO(X) space.

Lemma 2.5. Let f € BMO(X). Then there exists some positive constant C such that, f-
or allp(-) € B and i,j € Z4 with j > i,

_ 1
C Y fllemowx) < sup ————II(f = f8)xBll 0 x) < CllflIB7MOCX) (2.1)
B: ball HXBHLp( X)
1(f = fB)xB, 10y (x) < CU =D f Mo X8, | v (x) (2:2)

where B; represents a ball with the same center to B and radius 2 times radius of B.

Remark 2.6. By (1.6), the Holder inequality, Lemmas 2.1 and 2.2, and an argument sim-
ilar to that used in the proof of Lemma 3 in [19], it is easy to show that Lemma 2.5 holds.

Finally, we recall the following lemma in [12].
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Lemma 2.7. Letb € BMO(X). Then there exists some positive constant C' being indepen-
dent of b,x,r and t,

t
1bB(2r) — bB@y| < Cln ( >HbHBMO(X)7 for 0<2r <t (2.3)

-
3. Estimate for BT on L”)(X) and £P0)%#(X)

The main theorems of this section are stated as follows.

Theorem 3.1. Let p(-),p1(-), p2(-) € B satisfy ﬁ = p11(~) + ITI(J' Suppose that BT is def-
ined as in (1.11), and the measure p satisfies (1.2) and (1.3). Then there exists some pos-

sitive constant C such that, for all f; € L”i(')(X) with i =1,2,
HBT(flaf2)HLP(-)(X) < CHleLpl(')(X)Hf2HL172(')(X)7

where the constant C' does not depend on x and r.

Theorem 3.2. Let p(-),pi(:),p2(-) € B and ﬁ = ﬁ(.) + 1%()' Suppose that the bilinear

Calderén-Zygmund operator BT is defined as in (1.11), @;(-,-)(i = 1,2) defined on X x (0,
o0) are positive measurable functions, and the measure p satisfies (1.2) and (1.3). If there
exists some positive constant C such that, for all x € X and r > 0,

[e.9]

sl pi(z, 2"y < Cyyi(x,r), i=1,2, (3.1)

= IXB2e+10) | o) (x)
and @12 = @, then
|1 BT'(f1, f2)”£z’(-w(x) < CHflHml('%v’l(X)Hf2”mz(-)w2 (X)»
where f; € LPi0)% (X)) with i = 1,2.
To prove Theorem 3.1, we should recall the following lemmas (see [15,21], respectively).

Lemma 3.3. Let p € (0,00) and w € Axo(X). Then there exists a positive constant C su-
ch that

| s @)yei@dn) < € [ VG0 @)@
for all functions f when the the left-hand side is finite.

Lemma 3.4. Let (X,d,u) be a space of homogeneous type. Suppose that po is a constant
such that 1 < pg < co. Let F be a family of pairs of non-negative functions (f,g). Assume
that for all (f,g) € F, and all weights wy € Ap,(X), the inequality

[ G@rPa@)dn) < ¢ [ (o) wole)duta)
holds. Then for all (f,g) € F and f € LPO)(X) with p(-) € P8(X),
1Al 2o (x) < Cllgll oo -
Also, we need to establish the following lemma about the operator BT.

Lemma 3.5. Let 0 < 6 < %, and BT be a bilinear Calderdn-Zygmund operator defined as
in (1.11). Suppose that the measure p satisfies (1.2) and (1.3). Then there exists a
constant C > 0 such that, for all f; € LX(X) with i = 1,2,

MF(BT(f1, f2))(x) < CM(f1)(@) M (f2) =), (3.2)
where the sharp mazimal operator MY is defined by, for all f € Li (X)),
1 _ 1 _
M) = swp s [ 1) = S nldn() (33)

and denote by Mg(f) = Mﬁ(\f\‘s)%
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Proof. To prove (3.2), it only suffices to show that

1
(u(B(xﬂ")) /B@,r)

for some constant ¢ . In fact, by using the following inequality
B(z,r) y

S‘du(y)> < OM(f1)(@)M(f2)(x), (34)

‘BT(fla f2)(y)‘6 - ’CB(x,r)

\w-w <la—pl, O<r<l,

To estimate (3.4), we only need to show

(W /B(W) ’BT(flan)(y)_CB(x,r)|§d/J’(y)> < OM(f)(@)M(f2)(z),  (3.5)

Let B := B(z,r) be a fixed ball centered at x with radius > 0, and decompose f; as

fi=fl+ £° = fixe + fixx\ep), =12,

and take cp(, ) = mp(BT(fT°, f5°)) in (3.5).
Then, for any y € X, write

1
(u(B(fw)) /B(x,r) BT (1 12)(9) = eniar) lédu(y)>
1 5
< (,,M L \BT(ff,ﬁ)(y)Pdu(y))

1 roo Fy o
' (:u(B(JUaT)) /B(x,r) BT (i, £2°) (W) d“(Q))

s | |BT<ff°,f5><y>|5du<y>>
B(z,r)

|-

1 . o 1
+<M(B(~’Ca7“)) /B($,T’) |BT(f1°, f3°)(y) — mp(BT(f{°, f3 ))lédu(y)>

=D1+ D32+ D3+ Dy.
To estimate Dy, we will use the following Kolmogorov estimate in [31]: let (X, i) be a

probability measure space and let 0 < p < ¢ < oo, then there is a constant C = C) 4 such
that for any measurable function f, the following inequality

[ fllzrxy < Clfllpaee )
holds. From the above Kolmogorov estimate with p = ¢ and ¢ = %, and (L'(X) x L'(X),
L%’W(X))—boundedness of BT in [22], it then follows that

1
B

(o Ly
Di = (MBW)) Jo IBTUL W) du(y)>

" u(B(x,r

2 1 2
<1l gy fy i an) < CTLM (@)
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Now let us estimate Do. For any y € B(x,r), by (1.3), (1.5) and (1.7), we have
[BT(fi, ) (y)]

< [ K@l Ol o) duta)dutz2)

|1yl f2(y2)]
< CLB /X\ QB) y, Zl))) + M(B(y,d(y,zg)))P d,Uf(Zl)dM(ZQ)

Fal2)
<C [, 1A ‘d"(“)/xww) (B, d(y, =2

- C/ i) du (Z/JHB\ 21 B) (L{Q;(z;’);)))]zdu(@)>

< C/ ’fl z1 ‘dM Zl (ZJEQ]T))]/%HB ‘f2(22)|d,u(2’2)>

(22)

g ML TEY

(z,2r))

\~_ H2TB) 1
’ <Z [1(B(x,27r))]> W(27H1 B) /21'+13 |f2(22)|d“(22)>

J=1
— _ H(2B(z,1))
< CM(f1)(@)M(f3)(x) <j1 Kj—lﬂ(2B(x,r))>

< OM(fi)(@) M (f2) (),

further, we have

_ # o) é ’
D, = <H<B<m,r>> L, IBTUL ) du<y>>
< CM(P)@)M (@)

With an argument similar to that used in the estimate for Da, it is easy to see that

D3 < CM(f1)(z)M(f2)(x).

To estimate Dy, we first consider |BT(f7°, f5$°)(y) — BT (ft°, fs°)(z)| with y € B(x, ).
By applying (1.2), (1.5) and (1.8), we have

|BT(f7°, f5°)(y) — BT(f°, £53°)(2)|
S/X/X\K(:c,zhzz)—K(y721,22)|’floo(21)|!f§°(zg)|dﬂ(zl)du(22)

[f1(z0)[1f2(22)]
< C/X\ 2B) /X\ @eB) |d x,ZQ)} [22: W(Bo, d(a Z‘)))]gdﬂ(zl)dﬂ(ﬁéz)

=1

1
<CH lz 2918 p(B(x, 297)) /ZjHB‘fi(Zi”dﬂ(zi)

SCM(fl)( )M (f2)(z),

further, we have

Dy < CM(f1)(z)M(f2)().
Which, together with D4y, Do and Ds, the proof of Lemma 3.5 is finished. O
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Now we state the proofs of Theorems 3.1 and 3.2 as follows.

Proof of Theorem 3.1. Since f1 and fy are bounded functions with compact support,
and BT(f1, f2)(z) < Mg(BT(fl,fQ))(l') for € X. Then, from Lemmas 2.3, 3.3, 3.4 and
3.5, and the boundedness of M on spaces LP()(X), it follows that

IBT(f1; f2)ll Loty (xy < CIM(F1)M(f2)ll o () < CIM P or e oy M (F) | oo )
< Clfill oo x ||f2HLp2(> x)-

Hence, we complete the proof of Theorem 3.1. ]

Proof of Theorem 3.2. Let B := B(x,r) be the fixed ball centered at € X with radi-
us r > 0, and decompose f; as

fi:fil—i_fzoov i:172>

where f! = fixep and f7° = fixx\(2n)-
Then, by (1.16) and the Minkowski inequality, write

1
su yBT(f1,
S e T)||XB(N (f1 )l vy (x

1
< sup ||XB acr)BT(flaf2)||LP()
zeX,r>0 80( )

+ sup

X xTBvaf O(x
S e )|| B( (fi £59) I o

1
+ sup X J:T’BTf 7f )
e )H Blaw) BT, f) |l oo ()

+ sup
zeX,r>0 ()0(

:E1+E2+E3—|—E4.

)HXB x,T) BT(fl 7f2 )HLP(')(X)

From (1.16), Theorem 3.1 and o1 (x,r)p2(x,r) = ¢(x,r), it then follows that

1
su BT
m€X£)>0 Q0($ T) HXB(Q??”) (fl fQ)HLP()

<C sup

2EX >0 o(z,7) HXB(I,T)fl HLm(-)(Rn) HXB(%’“)fQHLw(')(X)

<C sup
zeX,r>0 90("177 r

« 1
@1($7r)
< CHfl||LP1(‘)N’1(X)Hf2||LP2(‘)7<P1(X)’

) pr(x,7)p2(2,7)

IXBr) fill Lo (x) ] IXBr) f2ll Lr20 (x)

1
wo(x,r
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To estimate Eq, we first consider |BT(f{, f5°)(y)| with y € B(x,r). By applying (1.3),
(1.5), (1.7) and Lemmas 2.1 and 2.2, we have

[BT(fi, f5°)(y)]

|1 (z0)]1£5°(22)]
< C/ / d(y,z1))) + u(B(y, d(y, ZQ)))]2d/’L(Zl)dM(22)

<C/2B/)(\ ) ‘fl Zl Hf2<22)’ 2d,u(zl)du(z2)

,d(y, 22)))]
<0 [ 1ptlantz) / L)l qz)
- ) x\@2B) [(B(y, d(y, 22)))]?
< Ol o ”fl‘m”w{z/wg\ s B i )
o0 1
< Clbesl o« ||f1|LP1()(X){Jz::1[M(B(xw/QjHBUZ(ZQNdN(ZZ)}

o ||X2j+1B|| P ()
L2V (X)
< Clixasl o I8 fall i ){ (
J

=1 [/L(B(:L’,Qﬂ’r))] ||X2J+1Bf2||LP2() )}

o1(z, 2r)
< C||XzB||Lp1<>(X (@, )||X2Bf1||LP1('>(X)

S ”X”“B”w% a2, 2+1r)
8 X241 ol
[(B (@, 27 10))]2 ipg (a, 20 ) A2 T B2 1L 00(X)

j=1

< CHfl”Lpl(‘)Wl(X)||f2||LP2(‘)»V’2(X)||X2B|| e1(z, 2r)

(X) j+1
- j @2l T, 2 r
{]Zl [(B(z, 27+17))]2 ( )}

1
< Cllfalleriorer oyl f2lleraren oy 2Bl oy iy X281 2 0 () (2B)¢1($ ,2r)

(2B) 1
X—) ZHX2J+1BHLP2() HX23+1BHLP2() ) 1(B(w, 27717))

Ix2Bll Loy x) | =
1 1 .
. x, 2y
o 8l oy F(B (@, 27917)) ¥ )}
< C||f1HLp1(')»<P1(X)||f2”LP2(')#P2(X)801($)2T)

1(2B) { i 1 L e 2j+174)}7

HX?BHLPI(')(X) j=1 ”X2j+1B"LP2(~)(X) p(B(z,29+1r))

further, by applying Lemma 2.3 and (3.1) and ¢1p2 = ¢, we obtain that

1
Es = su BT(fi,
2= S o T)HXB(M) (i 59 o (x

< Cllfill gorrer (xy 1 f2ll gracrez (x) Sup WHXB(W)HLM-)(X)SDI(% 2r)
zeX,r 5
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: { i - o2 — 2j+17“)}

Ix2Bll Loy | S Ixer+1 Il Leao (x) #(B(, 274 1r))

< C”flHml(-),m(x)Hf2HLP2(')’*"2(X) Esup>0 o(x,r
xT T‘

« { Z ||XB(:B,T) ”LPQ(‘)(X) @2(1.7 2j+17")}

= IxaieBllipeo (x)

)<p1(x, 2r)

1

< C||f1HLP1<'>,¢1(X)||f2HLp2<»>,<p2(X) es)l(lp>0 m%ﬁl(% r)ea(z,7)
T ,r )

< C”flHL‘,Pl('>v<P1(X)”fQHLPQ(')»‘PQ(X)

With an argument similar to that used in the estimate for Eo, it is easy to get

Ey < CHflHLP1(~)7¢’1(X)Hf2”LP2(~)W2 (X)"

Now let us estimate E4. By applying (1.7), (1.16) and Lemmas 2.1 and 2.2, we have
[BT(f7°: f2°) ()]

/T2 (20157 (22)]
< C/ / d(y, z1))) +M(B(%d(y’22)))]2d/~t(z1)du(z2)

|fz Zz)’ ‘
< Cg (Z/X\ ) (yjzl)))dﬂ(zzo
(s iz |
(;/ZJMB\ZJB w(B d(y,zi)))d’u(zl)>
n(B 2]7“)) /2j+1B |fz(zz)\du(z,)>

oo
,U 1’ 2 )) HXB(.Z’72j+1’!’)HLP;('>(X)||XB($,2j+1T)fi||Lpi<‘>(X)>

IA
Q

-.
Il
—

IN

Q
T
—

<.
Il

—
<.
I

—_

IN
Q
e
Mg

i=1 \j=1
2 1S9 1
<C H (Z mHXB(:E,QJ"HT)HLp;(-)(X)”XB(m,ZJ’-&-lT.)”Lpi(.)(X)
oi(x, 277 1r) 1
) ' Ix 10 fill 1oaC)
‘|XB(1’72j+1T)‘|LPi(-)(X) ¢i(x,2]+17“) B(z,2it1r)JillLp (X)

wi(, 2ty )
23+1 ||Lp7.() )

2 fe'e)
< Ol gmnrer o el eraron g T (z e

further, via (3.1) and Lemma 2.3, we deduce

Es= sup

xr BT y .
zeXr>0 P(T, T)HXB (f7% f2° )”Lp()(x)

< Cllfill gorren (x) 1 F2ll grarea () es)}lp>0WHXB(LT)HLP(‘)(X)
zeX,r s

s x, 20y )
. H <Z HXB(;L» 27ty )

HLpl()(X)
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1
< Cllfill grrorer (x) 1 f2ll gracron (x) X oo o, 7)
x ,r ?

o0

2 HXB (z,r) ”Lm() X .
X-Hl<z [ ( )f"(:”’zm”)

XB(x,2i+1r ||LP1( (X

1
< C”flHgm(-),m(x)||f2”/;p2(~),«p2(x) ESUP
X

1\x, r)p2(2, 7
X,r>0<P(9U7T’)(P( )SO( )

< CHflHLPI(')WI(X)||f2”,Cp2(‘)»<P2(X)'
Combining the estimates for Eq, Es and Eg, the proof of Theorem 3.2 is finished. O

4. Estimate for [b;,by, BT] on [P)(X) and £P0)%(X)

The main theorems of this section are stated as follows.
Theorem 4.1. Let by, by € BMO(X), and p(+),p1(), p2(-) € B satisfying Wl.) = ﬁ(.)—l—ﬁ(,).
Suppose that the operator BT is defined as in (1.11), and the measure u satisfies (1.2)

and (1.3). Then there exists some constant C > 0 such that, for all f; € LPC)(X) with
i=1,2,

1[b1, b2, BT(f1, f2)ll o) (x) < CllballBmo o) b2 llByo) 11l evo oy 1 f2ll pratr (x)-
Theorem 4.2. Let by, by € BMO(X), and p(-),p1(-), p2(-) € B satisfying ﬁ = ﬁ(-)jLﬁ(-)'
Suppose that the operator BT is defined as in (1.11), the measure p satisfies (1.2) and
(1.3), and ¢;(-,-)(i = 1,2) defined on X x (0,00) are positive measurable functions. If
there exists some constant C' > 0 such that, for any x € X and r > 0,

o

Z(k?+1) HXB(x,r)HLP(J(X) (pi(l‘,2k+1T) < C(,Di(.'ﬁ,T), i=1,2, (41)
k=0 ||XB(:E,2’9+1T)||LP(‘)(X)

and p1p2 = @, then

[[[b1, b2, BT|(f1, f2)ll 2o (xy < ClibrllBmox) 12 llBMo o) 11l gor 01 x) 12l gra 62 (x
where f; € LPiC% (X)) with i =1,2.

To prove the above theorems, we should establish the following lemma.

Lemma 4.3. Let0< i< T < %, 1 < s1,82 < 00 and by, by € BMO(X). Suppose that the
operator BT defined as in (1.11) is bounded from product spaces L'(X) x L'(X) into spac-

es L%(X), and the measure p satisfies (1.2) and (1.3). Then there exists some positive c-
onstant C' such that, for all fi, fo € L7S.(X),

ME([b1, b2, BT](f1, f2))(z) < Cllb1llzmocx) M ([b2, BT (f1, f2)) ()
+C|b2|[BMo(x) M- ([b1, BT](f1, f2)) ()

+ClllmstogolIbllssionn | Mr (BT (i, £2)(w) + Mo i(@Maufole)|. (42

Mj([br, BT)(f1, f2))(x )<C\51HBMO(X)[ (BT(f1,f2))(:r)+Ms1f1(fc)Ms2f2(iv)] (4.3)

and

Mj([bs, BT)(f1, f2))(x) < C|lballsmo(x) [MT(BT(fl,fz))(fL’) + M51f1(1f)Mszfz(l‘)]- (4.4)
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Proof. Without loss of generality, we may assume that [|b1|gymo(x) = l|b2llBmox) = 1.

Moreover, because of the methods for the estimates of (4.2), (4.3) and (4.4) are the same,
therefore, here we only show (4.2).

To show (4.2), by (3.3), it suffices to prove that
(e
p(B(z,7)) JBa.r)

+ M- ([b2, BT)(f1, f2))(2) + M, f1(2)Ms, fa(x) + M- ([by, BT(f1, fz))(w)] (4.5)

)

du(y)> < C[MT(BT(fl, f2))(x)

[[b1, b2, BT)(f1, f2) W)I° = [hp eI

where hp(, ) is defined by

by = mp(BT((b1(-) — (b1)B) fixx\@B): (b2(-) = (b2)B) faxx\(2B)))-

Further, we will show that

1
5

1
(u(B(:vﬂ")) /B (o 1202 BTI(1, 1)) —hB(z,m‘;du(y)) < C{MT(BT( fi o) ()

M (b2 BT f2) @) + May o) Moo fala) + Moo BTV f)(a)] . (40
To prove (4.6), decompose the functions f; as
fi=fixaB + fixx\ep) = fi + f°, i=1,2,

where B := B(z,r) is the fixed ball centered at = with radius r. And then write

1 5
(M(B(l"ﬂ")) /B(:r:,r) [[b1, b2, BT|(f1, f2)(y) — hB(z,r)’(;dN(y)>

=

< C(M(B(ll',?”‘)) /B(m’r) b1 (y) — (b1)B|°|b2(y) — (52)316\BT(f1,f2)(y)\6dﬂ(y)>

=

4 c(MB({U» /. oy 1) = G sPIBT (1, ()~ <bQ>B>f2><y>Pdu<y>>

=

1
+c<M<B(W /B . b2 () — (b2) || BT ((by(-) — (bl)B)flafZ)(y)’(de(w)

1
5

" C(mB&» /m,r) [BT((b1() = (b1)p) /1, (ba() - <b2>3>f5><y>rédu<y>>

1
S

+ C(MB(IM [ B0 = () 1. ) - <b2>B>f5°><y>\5du<y>>
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=

u(B(z,r))

N C(ﬂ(B(lx)) / o VBT(O10) = 00)8) 7%, (20) = () )5 )

N c(l / IBT((b1(-) — (b1) ) £°, (ba(-) — (b2)B)f%)(y>\6du(y)>
B(z,r)

o
- hB(z,r) 6d:u(y)>

=F +Fo+F3+F4+F5+Fg + Fr.
Taking s1,s2 > 1 such that % + é + % = %. By applying the Holder inequality, (1.5)
and (1.6), we deduce

1
5

Fy < C(M /BW) 1b1(y) = (b1) [ lb1(y) — (bl)B|6|BT(flaf2)(y)|6dlu(y)>

C )
: m </B(m,r) [b1(y) = (b1) 5| dM('!/))

X (/B(x,r) |b2(y) - (b2)352d,u(y)> 52 (/B(x’r) |BT(f1,f2)(y)|TdH(y)>

< CM-(BT(f1, f2))(x).
Let s > 1 with satisfying 1 + 2 = }. Via the Hélder inequality, (1.5) and (1.6), we have

1
s1

T

Fy < c(m /. o 1) = ()5 IBT (A, ()~ (bz)B)f2)(y)|5dM(y)>

1

C S :
< m </B(m,r) b1(y) — (b1) 5] d#(y))

X (/ |BT(f1, (b2(-) — (bQ)B)fQ)(y)Tdﬂ(y)>
B(z,r)

< CM7(BT(f1, (b2(-) — (b2)B) f2)) (7).

Similarly, we also have F3 < CM (BT((b1(-) — (b1)B) f1, f2))(x).
Let p=4d and ¢ = % By using the Kolmogorov estimate and the (L'(X) x L'(X),

L%"X’(X))—boundedness of BT, we have

T

1
5

Fy < C<1 /B(x ) |BT((b1() = (b1)B) fi+ (b2() — (b2)B)f21)(y)|5dN(y)>

u(B(z,r))
< C||BT((b1() = (b)) fi, (b2(-) = (b2)B)f21)HL%(B(x7r),%)
1
< CW /ZB(%T) |b1(2’1) - (bl)BHfl(Zl)|dN’(zl)

1

- u(B(z,7)) /23(x,r) |b2(22) — (b2) Bl| f2(22)|dpu(22)



Bilinear Calderén-Zygmund operator and its commutator on spaces of homogeneous type 447

S el N (G R CANIRR COWR GV [FCEEEN

Lo (st = Bo)asl + [(2)2s = ()] aleo)ldn(z2)
2B(z,r)

}
}

To show Fj5, we consider |[BT((b1(-) — (b1)B) fi, (b2(:) — (b2) B) £5°) (y)| with y € B(z,r).
By applying (1.6), (1.7) and the Hoélder inequality, we have

n(2B(z,r))

(2B1$ T)){</23m |f1(zl)|51d“(zl)>31[#(QB(x,r))]lsll

" he) 1du<zl>)‘:1 (/ U R Ddn(z1))

Zer

1

e

1

1 % z ° x,r 1_5
L) {</QB<,;,T) o)) ) (2B )

- </QB(9: " |f2(z2)152dﬂ(zl)> ; (/23(90 " |b2(22) — (b2)28]° )du(z2))
< CMs, (f1)(z) Mg, (f2)(2).

W=

[BT((b1(-) = (b)) f1, (b2(-) = (b2)B) £3°) (9)]

|b1 z1) — (b1)Bl|ba(22) — (b2) B
< C/zB /X\ 2B) [(B(y, d(y, 21))) + n(B(y, d(y, 22)))]? |f1(21)[| f2(22)|dp(z1)dp(z2)

<c/ Ib1(21) — (b)) 51 f1(21)|dps(21)

2) — (b
(Z /2’““3\ 2+ B) B((x,)d(x(, 52)55]2 ‘f2(22)|du(22)>

< c<|<b1>23 ~(boal [ 1AGIu) + [ i) - (bnwufl(zlndu(zl))

(Z T))] /2 [b2(22) — <bz>B||f2<zQ>|du(22>>

1

{(/ | f1(z1) P dp(z ) </ |b1(21) — (b1)2B]° 1d,u(2’1)> !
+ (/ | f1(z1)] ldu(zl))s [u(2B)]" 11}

Z W(/%HB |b2(22) — (b2)ar+1 B[ f2(22)|dp(z2)

) = (sl [ IfaC zz>\du<22>)]

< Cu(2B)Ms, (f1)(x {2562"3))]
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g [(L’“HB ‘fQ(ZZ)ISQdM(@)) 32 </2k+1B [b2(22) — (b2)2’“+13‘5l2d/i(z2)> ’

" k</2k+13 |f2(z2)|s2du(z2)) 32[#(2’”13)]1;2] }

o~ kp(21B)
< CM(QB)M51(fl)(a?)Msz(fz)(fv){ kz::l [u(B(z, ri))]Q}

= hpB)
< CMSI (fl)(x)Msz(f2)(x){ ]; M(B(:C, 2k7“)) }

- kpu(2B)
< CM; M
< CM;, (f1)(x) 2(f2)(x){kz::1]Kk_llu(B(x,QT))}
< CM51 (fl)(SU)M& (f2)(x)7
thus, we obtain that Fs < C My, (f1)(z)Ms,(f2)(z).
With an argument similar to that used in the estimate of F's, it is easy to see that

Fg < C M, (f1)(2) M, (f2)(2).

Since

(M(B(lxﬂ")) /B(x,r) [BT((b1(-) — (b1) ) J1°, (b2(") — (b2) B) f2°)(y) — hB(x7r)!6du(y)>

1 1 - N i,
: (u(B(xﬂ")) B oo Sy B0 = 1)) % (020) = (0205 F5°)(0)

_BT((bl(‘)_(bl)B)ffo7(b2(')_(bQ)B)fé)o)(W)|6d,u(y)d:u(w)> :

Thus, to show F7, we only need to consider | BT ((b1(-) — (b1)B) f5°, (b2(-) — (b2)B) f5°)(y) —
BT((b1(-) — (b1)B) f5°, (b2(+) — (b2)B) f5°)(w)| with y,w € B(z,r). From (1.6), (1.8) and
the Holder inequality, it then follows that
[BT((b1(-) = (b1)B).J17 (b2(+) — (b2)B).f5°) (y)
= BT((b1(-) = (b1)B)f1°, (b2(-) = (b2)B) f2°) (W)

< /X /X |K (y, 21, 22) — K(w, 21, 22)||b1(21) — (b1) B)||b2(22) — (b2) )]

X [T (z20)1£2° (z2) [dp(z1) dpu(22)

[d(y,w)]° b1(21) — (b1)B)||b2(22) — (b2)B)|
SC/ / z 29)]0 2
x\@2B) Jx\@2B) [d(y, z1) + d(y, 22)] Z w(B(y, (y,zz)))]

x [ f1(z1) f2(22)|dp(z1)dp(22)

[d(y,w)]° |bi(z:) — (b)) B)|
= CH/\<2B> [d(y, 2:)]° W(B(y, d(y, 2)))

o [d(y,w)]® |bi(z) — (b:)B)
kzl/sz\(sz) [d(y, z0)]° p(B(y, d(x, z:)))

| fi(2:) ’dM(ZZ)

\fz’(zz')|dﬂ(zi)>
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X0 1
S Cg (k:1 (ri)é w(B(z, ri)) /2k+1B 1bi(2i) — (bi)B)Hfi(ZiNdN(Zi))
2 o0 27]6(5
<CIl|> w(B(z.25) <|(bi)2k+13 - |/ | fi(z)|dp(z)
i=1 Lk=1 )

2k+1B

+ |bi(zi) — (bi)2k+lB)’|fi(zi)|du(zi)>]
< CH { Z x Qk [ ( okt1p |f7, Zi ’ dﬂ(zl))%[u(2k+13)]1;

+( / izl du ) ([ i) = G lidntz)

< CM,, (f1)(2) My (fo) ( (Z Qka)

< OM;, (f1)(2) M, (f2) (2),

therefore, we obtain that F7 < CMj, (f1)(z)Ms,(f2)(x). Which, combining the estimates
for F1 — Fg, implies (4.6). O

w
o

}

Now let us state the proofs of the Theorems 4.1 and 4.2 as follows.

Proof of Theorem /4.1. By Lemmas 3.3 and 4.3, and the (L (X) x LP?(X), LP(X))-bo-
undedness of operators BT, we have

[ (b1, BTV, f2) (@) (a)dp(a)
< [ (M(foa,bo, BT)(S1, £2)) (@) (w)dn(z)
X
< C [ (Qi([br,bo, BTI(f1, f2)) )P (a)dp(a)
< C [ (balson allssiogo) M (BT (1, £2)) ) @) o)
+C [ (1bllmsoo [BellsaiogoMa 1 (@)Mey fo(@)Peo(2)du(z)
< C [ (I0allon [Ballpyioge) Mo f1(2) Mo fo(a) i) (),

further, by Lemmas 2.3 and 3.4, we deduce

I[b1, b2, BT](f1, f)ll oo x) < Clibrllemox) 102llBmo ) 1M, f1 Mo, foll oo (x

< CllbrllBymox) l[b2llBrox) L fill Lo o >Hf2|!m<>

Hence, the proof of Theorem 4.1 is completed. O

Proof of Theorem 4.2. Without loss of generality, we may assume that HbIHBMO( X) =
lb1llmo(x) = 1. And decompose the function f; as

fi= [+ F° = fixes + fixx\ep), 1=1,2,

where B := B(z,r) is a fixed ball centered at x € X with radius » > 0. Then, by applying
(1.16) and the Minkowski inequality, write
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b1, be, BT
xes)}l£)>0 (,0(11? T)HXB x,r) ([ 1,02, ](flan))HLP()(X)

1
< su ) (01,02, BT|(f1, »
< xeX%O o(z, T‘)HXB ([ 1,02 ](fl fZ))HL () (X)

+ sup

olz.T) z,r b 7b 7BT 17 > (-
zeX,r>0 <P(ﬂ$,r)||XB( ) ([0, 02 (o )L ()(X)

+ sup ——~
zeX,r>0 90(337 r)

1
+ s 2 (01,02, BT , .
:cGXE>O o(z,7) HXB( )([ 1,02 1(f°5 f2° ))HLP()(X)

=G+ G2+ Gz + Gy.

X By (1015 b2, BTN, fa )l oo ()

From (1.16), Lemma 2.3, Theorem 4.1 and 12 = ¢, it then follows that

1
G = su b1, b2, BT)(f1 f2)ll pac
i= s sl BTG D ooy

1

<(C su E— . 1 .

> xEX,E>O SD(rI, ’I") Hfl ||LP1< >(B(x,r))Hf2 ||LT’2< >(B(x,7“))
1

<C —_— . .

= mes)?;g>0 QD(JL', 1”) Hfl ||LP1( )(B(:z:,r)) Hf2||LP2< >(B(:v,7"))

< CHflan(‘),m(X)Hf?”ﬁm(%wz(x)v
L1, 1
where p() — pi() + p2()”
To estimate Go, we only need to consider |[b1, b2, BT|(f{, 5°)(y)| with y € B(z,r). By
applying (1.7), Lemmas 2.1, 2.2, 2.5, 2.7 and (4.1), we have
|[b1, b2, BT)(f1+ f5°) ()]

< [ ] Tort) = baCea)lae) = baCa) 1K (20, 20) LA G5 ) (o)

|b1 y) — bi(21)|[b2(y) — ba(22)]
< 0/23 /X\ 2B) (y, zl))) + M(B((% d(y, ZQ)))]Q ‘fl(21)|’f2(22)\du(zl)du(z2)

b2(y) — ba(22)]
<c /23|b1<y>—b1<z1>||f1<zl>|du<zl> /. o5 BECTe T

< c(rb1<y> —(b0asl [ 1AGIuG) + [ a(e) - (bl>2BHf1<z1>|du<zl>>

<|bz — (b2)28] Z/ [fo(z2) dp(22)

5| fa(22)[dp(22)

@+1)\@2+B) [1(B(y, d(y, 22)))]?

[ba(22) — (b2)28]
*Z/MBM3ummeWM@W@0

c{\fn(y) = (b2)anlx2n 1L ooy 28 o

+ Ix2fill oo (x) Ix2B (b1 — (51)23)HL;/1<~>(X)}
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(\bz — (b2)28] Z W/Zk'*‘lB | f2(22)|dp(22)

" Z T)] /QkﬂB |b2(22) — (b2)2B||f2(22)|dM(z2)>

< CHleLm(-m x)lb1(y) = (O)25llxesll 20 1 (2,27)

X {|b2 — (b2)28] Z T))]Q”X2k+13f2HLm(-)(X)HXQHlBHLp’Q(d(X)
I( b2 2B — (b2)okt1p]
+ Z [B ok ;- ))] ok+1p ’fQ(ZQ)‘d:u(ZQ)

- Z T))] /sz |ba(22) — (bg)ngBHfQ(zQ)dM(ZQ)}

< Cllflllmcm x)lor(y) = (u)2sllxesl o)y 1(2,27)

{Ibz — (b2)25 Z —))]2||X2k+13f2”m2(~)(x)||X2k'+lB||Lp’2<‘>(X)
+ kallxwmhl!mo HX2k+lB||Lp2<>( X)

+ Z T)]QHXQHIBﬁHLPQ«)(X)HX2k+13(52(Z2) - (52)2k+13)”Lp’2(-)(X)}

< CHleLm(-m x) 2l raere2 0 01 (y) = (1)2allIx2B oy o) iy P1(2, 21)

+1
wz r)
{|b2 b2 23‘ Z .Z' 2k ))]2”X2k+1BHLP/2(‘)(X)

> x,2
z:: (k+1) MHXQHIBHLHQ(»(X)}

v1(x,2r)
X2l 1ri0)(x)

x, 2kt 1y

= n(B(z, 2k ) [Ix2r+18ll r20) (x)

+§: k+1 pa(z, 26 1r) }
= 1(B(w,2kr) ) Ixor+18l e (x)

< Cllfall porrer (xoy 1 f2ll oo () (01 () = (b1)2B|1(2B)

v1(x,2r)
Ix2Bl 1ri0)(x)

x, 2kt 1y
X {\bz — (b2)23B| Z 2] )

= 1“ (, Qk ) [Ix2r+18ll 201 (x)

k41
+ Z (k+1) (2326 pa(, 277 ) }
(B(z,2%r)) ||X2k+1BHLpz<-)(X)

< Clfrll pororer xyllf2ll Lo eren () [B1 () = (b1)28]

T, 2r
< Ol orres ) 2 oaonea gy o1 () — (br)ap 220
Ix2Bl 1ri0)(x)

w(2B) ©o(x, 28 1r)

w(B(@,2r)) [[xor+18l r20) (x)

X {|bz( ) — (b2) QB\ZKk T
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1(2B) pa(x, 28 1r)

w(B(@,2r)) [[Xor+1 8l 200 (x) }
o1(z,2r)

HXQBHLm('>(X)

X {|b2(y) — (b2)28] i(k‘ +1) 22l 217r) )},
X

— IX2k+1 Bl 1p2
k=1 (

+) (k+ 1) i
k=1

< Ol fillporer xollf2ll Lracren (x) b1 () — (b1)2]

further, by Lemmas 2.3 and 2.5, we obtain

1 v1(x,2r)
Go < CHfl”Lpl(%m(x)Hf2||Lp2(-),v>2(X) es;(lp>0 SO(x 7”) ”XQBHLP O
zeX,r s 1(¢

(S siete )

=1 ||X2’9+1BHLP2(‘)(X)
X IXB(a.r) (01() = (b1)28) (b2(-) = (b2)28) || Lv0) (x)

1 p1(z, 2r)
S C||f1||LP1(‘)#P1 (X)Hf2||LP2(')a<P2(X) ei}lp>0 So(w T') HXQBHLp ()(X)
zeX,r s 1C

X IXB ) (01() = (b1)28) || Lp10) ()

e ©o(x, 28 1r)
X k+1 2z (02() — (b A
{kzzl( Mgl | 70 020) = G220

1 @1(%,27‘)
< Clirlenow ol Llmowc S92 0 or S sl mom
x ,r ) 1t

x (HXB(x,r)HLpl(')(X) + IxBn (01() — (bl)B)!Lm-)(X))

(S siete )

k=1 ||X2k+1BHLp2(-)(X)

(It oo + I 020 = 0200 ) )

L e
S CHleLPl(‘)#Pl (X)Hf2||LP2(')v<P2(X) es)?p>0 SD(-'L‘ T‘) ”X2B||Lp ()(X) HXB(JC,T)||LP1(<)(X)
zeX,r s 10

00 902($72k+lr)
X k+1 NN
{];1( )|’X2k+1BHLp2(.)(X)|| Bz, )HL 20)(X)

1
< ClAl oo xollf2llprareax)  sup @ 7,)901(3577’)902(5677“)

zeX,r>0 P

< CllAll e ol fall Lraeren (x)-
With an argument similar to that used in the estimate for Ga, it is easy to obtain that
GS < C||f1||Lp1(~),s01(X)Hf2||Lp2(~)«s02(X)'

Now let us turn G4. For any y € B(z,r), by (1.7), Lemmas 2.1, 2.2, 2.5 and 2.7, we de-
duce

|[b1, b2, BTI(f7°, 3°)(y)
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< [ [ 110 = be)lIbaly) = balea) 1K (21, 22 )15 () (o))
XJX

[b1(y) — b1 (21)[[ba(y) — ba(z2)[|f1(z1) ]| f2(22)]

= C/X\@B) /X\(23> [1(B(y, d(y, z1)) dp(z1)dp(z2)

)+ 1(B(y, d(y, 22)))]?
[b1(y) — b1 (z1)|[b2(y) — ba(22)[1f1(21) (] f2(22)]
= e /X\@B H(Bly. dly. ) (Bl dly. ) D)
bi(zi)l fi(zi)l ;
- CH/ e B )
|fi(=i)] ,
. CH <‘b 22| ey 1By g, 20
1bi(2i) — (bi)2m]fi(2:)] ,
+/X\(QB) u(B(y, d(y, z))) szZ))
(0 |fi(2i)] ,
< CH <‘bz( QB‘ Z/k+1B\ ok B) (y d(y,zi)))dM(ZZ)
bi(zi) — (bi)2sllfi(z)] o
! Z/ B o o) dm))
2
= CH <\bi( bi)25| Z (B, 2k )/2k+13 | fi(=i)|dpa(2i)
k=1
- Z W(B(x, 2k; /ZMB |bi(zi) — (bz‘)zBHfi(Zi)\dM(Zz‘)>
k=1
2
<] <\bz bi)2B| Z B 2k /2k+1B |fizi)|dp(zi)
i=1 k=1
3 g fa ) — Bz sl Al
k=1
i kz::l Kbiff(k;l(i _Qk(b)i;ZB’ " |fz(zz)’dﬂ(zz)>
2
<C H <\bz bi)2s| Z (z, Qk )HX2k+1BfiHLpi<->(X)HszHBHLp;(»(X)
=1
i 1
+ kZ::l WHX%HBMLM»(M||X2k+13(bi(') = Giaer1)l ot
> k
+I;M(B(x’2k))\szHsz‘\Lm-)(x)HX2k+1BHLp;<~>(X)>
2 902 2k+1 )
< CTT Al poicres x <!b 2B!Z B 9% )HszHBHLP;(A)(X)
=1

k+1 /
+kz:1 ,U l’ 2k )sz(.%',Q T)||X2k+1BHLPi(')(X)



454 G. Lu

. k+1
+ Z Jf Qk ))SDZ(‘T72 r)||X2k+lB||LP;(')(X)>

o B

- @i 'r)
<C Al g bi( v
= Z:rll ||leLPz()v<Pz <| 23| kzl M ZL‘ 2k )HXQ’VJFlBHLP ()( X)

- k +1 k
(x, 281 ”
’ 1; w(B(z, 25r)) 7 i@ 27 lxare Bl o«

I (Ini |z 7, 2777)
S C il priores x| 1Bi i)2B

i=1 B ”X2’€+1BHLPZ()(X)

z a2 ),

||X2k+1B||LP1()( X)

further, by Lemma 2.3, Lemma 2.5 and (4.1), we obtain that

1
Gy= sup —— 2. ([b1, b2, BT](f1°, f5° (-
4 xeX$>0 o(z, r)HXB( , )([ 1,02 [Ssayelin ((X)

1
< CTTIfill poecren ) SUP
21_[1 tlLpi()ei (X) e X 10 (p(m T)
> k+1
Sol(w,Q 7")
X s b2)28) | o0
<kz=:1 Xkl o) (x (@r) H LrO)(X)

S (701(‘,1"72 T‘)
+ ) (k+1 »
Z( )||X2k+1B”LPi(‘)(X)||XB( 5 )”LF()(X))

1
<C Jill pri).es sup ——
Z1_[1 1fill Loicres ) zex;r>0 P(T,7)

y o QOi(fL’,Qk—HT)
= Ixarnpll e (x)

HXB(x,r) (bl() - (bZ)B) HLPi(')(X)

‘Pi($a 2k+17")

||X2k+1B”LP¢(-)(X)

Y
k=1

||XB(9:,7") ”LPi(')(X)>

2
1
<O Wfill poicres sup ————
e . M e

( > Ixsllro
X

k+1
pi(x,2°7r)
=1 ”X2’€+1BHLP¢<'>(X) '

— gpi(xazk—'—lr)
+ E+1 XB(z,r HO)
DIl v e Al EECICY

< CHfIHL?H(-),«m (X) Hf2HLP2(-),<Pz(X)'

Which, together with G1, G2 and Gs, the proof of Theorem 4.2 is completed. O
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