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1. Introduction

Convexity theory is an astonishing and compelling methodology for contemplating the enormous and beautiful issues that arise in many
different fields of the pure and applied sciences. Numerous new structures have been presented and explored, including convex sets and
related functions. This theory has a rich history and has been the focus and motivation of outstanding mathematical research for more than a
century. Also, convexity theory has a critical place in the advancement of the idea of inequality. Inequalities have an interesting mathematical
model due to their important applications in traditional calculus, fractional calculus, quantum calculus, interval-valued, stochastic, time-scale
calculus, fractal sets, etc.
There are many types of convexity in the literature. The three types of convexity that will be used in this article are as follows.
The concept of s-convex function was introduced in Breckner’s paper [3] and a number of properties and connections with s-convexity in the
first sense are discussed in the paper [14].

Definition 1.1. A function f : [0,∞)→ R is said to be s-convex in the second sense if

f (λx+(1−λ )y)≤ λ
s f (x)+(1−λ )s f (y).

for all x,y ∈ [0,∞), t ∈ [0,1] and for some fixed s ∈ (0,1].

Definition 1.2. [15] Let f : I ⊆ R→ R for all λ ∈ [0,1] and all x,y ∈ I, if the following inequality

f (λx+(1−λ )y)≤max{ f (x), f (y)}

holds, then f is called a quasi-convex function on I.

Definition 1.3. [5] A function f : I ⊆ R→ R is P-function or that f belongs to the class of P(I), if it is nonnegative and for all x,y ∈ I and
λ ∈ [0,1], satisfies the following inequality:

f (λx+(1−λ )y)≤ f (x)+ f (y).

Recently, a large number of researchers, including mathematicians, engineers and scientists, have devoted themselves to studying the
inequalities and properties associated with convexity in certain different directions. Many integral inequalities have been developed so
far by different researchers in the due course of time. In the literature, we have many types of inequalities that involve convex functions,
such as Bullen inequality [4], Hermite-Hadamard-Fejér inequality [11], Simpson type inequality [20], and Ostrowski type inequalities [19].
Likewise, there are a lot of well-known integral inequalities but the most notable one is the Hermite-Hadamard integral inequality.
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Let f : I ⊂ R→ R be an integrable convex function with a < b. Then, the Hermite-Hadamard inequality is expressed as follows: (see [12]):

f
(

a+b
2

)
≤ 1

b−a

∫ b

a
f (x)dx≤ f (a)+ f (b)

2
.

In [6], Dragomir and Fitzpatrick proved a variant of Hermite-Hadamard inequality which holds for the s-convex functions.

Theorem 1.4. Suppose that f : [0,∞)→ [0,∞) is an s-convex function in the second sense, where s ∈ (0,1] and let a,b ∈ [0,∞), a < b. If
f ∈ L[a,b], then the following inequalities hold

2s−1 f
(

a+b
2

)
≤ 1

b−a

∫ b

a
f (x)dx≤ f (a)+ f (b)

s+1
. (1.1)

There has also been research focusing on the Simpson-type inequality. In particular, Alomari et al. [1] studied Simpson’s inequality
for s-convex functions using differentiable functions. Many researchers have studied Simpson-type inequalities in the literature (see,
[2, 7, 10, 13, 16]).
Bullen [4] obtained the well-known Bullen-type inequalities. Bullen-type inequalities for generalized convex functions were obtained by
Sarıkaya and Budak [18]. The local fractional version of Bullen-type inequality was presented in [9]. Du et al. [8] obtained Bullen-type
inequalities using fractional integrals.
In the last few decades, many mathematicians and research scholars have focused their great contributions and attention to the study of this
inequality. The aim of this paper, is to establish some new Hermite-Hadamard type inequalities and Simpson-type inequalities for s-convex
function, quasi-convex function and P-convex function, respectively.

2. Generalized Bullen Type Inequalities

Theorem 2.1. Suppose that f : [0,∞)→ [0,∞) is an s-convex function in the second sense, where s ∈ (0,1] and let a,b ∈ [0,∞), a < b. If
f ∈ L[a,b], then the following inequalities hold

2s−1
(

f
(

a+ x
2

)
+ f

(
b+ x

2

))
≤ 1

x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

≤ f (a)+ f (b)+2 f (x)
s+1

(2.1)

for x ∈ (a,b).

Proof. Since f is a s-convex function in the second sense on [a,x]⊂ [a,b], by using the inequalities (1.1) we get

2s−1 f
(

a+ x
2

)
≤ 1

x−a

∫ x

a
f (x)dx≤ f (a)+ f (x)

s+1
. (2.2)

By similar way for [x,b]⊂ [a,b], it follows that

2s−1 f
(

b+ x
2

)
≤ 1

b−a

∫ b

x
f (x)dx≤ f (b)+ f (x)

s+1
. (2.3)

Consequently, by adding (2.2) and (2.3), we have

2s−1
(

f
(

a+ x
2

)
+ f

(
b+ x

2

))
≤ 1

x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

≤ f (a)+ f (b)+2 f (x)
s+1

which completes the proof of the inequality (2.1).

Remark 2.2. If we choose the s = 1 in the Theorem 2.1, then the inequality (2.1) reduces to the inequality of Theorem 3 in [17].

3. Trapezoid Type Inequalities

Lemma 3.1. [17] Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. If f ′ ∈ L[a,b], then the following equality holds:

f (x)+
f (a)+ f (b)

2
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]
=

x−a
2

∫ 1

0
(1−2λ ) f ′(λa+(1−λ )x)dλ

+
b− x

2

∫ 1

0
(1−2λ ) f ′(λx+(1−λ )b)dλ

for x ∈ (a,b).
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Theorem 3.2. Let f : [a,b]⊂ [0,∞)→ R be a differentiable mapping on (a,b) with a < b. If | f ′| is s-convex in the second sense on [a,b],
then

∣∣∣∣ f (x)+ f (a)+ f (b)
2

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣ (3.1)

≤
(

1
2s+1(s+1)(s+2)

+
s

2(s+1)(s+2)

)
(b−a)| f ′(x)|

+

(
1

2s+1(s+1)(s+2)
+

s
2(s+1)(s+2)

)
(x−a)| f ′(a)|+(b− x)| f ′(b)|

for x ∈ (a,b).

Proof. From Lemma 3.1, by using the properties of modulus and | f ′| is s-convex in the second sense on [a,b], we have

∣∣∣∣ f (x)+ f (a)+ f (b)
2

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ x−a

2

∫ 1

0
|1−2λ || f ′(λa+(1−λ )x)dλ |+ b− x

2

∫ 1

0
|1−2λ || f ′(λx+(1−λ )b)dλ |

≤ x−a
2

∫ 1

0
|1−2λ |

[
λ

s| f ′(a)|+(1−λ )s| f ′(x)|
]

dλ

+
b− x

2

∫ 1

0
|1−2λ |

[
λ

s| f ′(x)|+(1−λ )s| f ′(b)|
]

dλ

=
x−a

2

∫ 1
2

0
(1−2λ )

[
λ

s| f ′(a)|+(1−λ )s| f ′(x)|
]

dλ

+
x−a

2

∫ 1

1
2

(2λ −1)
[
λ

s| f ′(a)|+(1−λ )s| f ′(x)|
]

dλ

+
b− x

2

∫ 1
2

0
(1−2λ )

[
λ

s| f ′(x)|+(1−λ )s| f ′(b)|
]

dλ

+
b− x

2

∫ 1

1
2

(2λ −1)
[
λ

s| f ′(x)|+(1−λ )s| f ′(b)|
]

dλ

=

(
1

2s+1(s+1)(s+2)
+

s
2(s+1)(s+2)

)
(b−a)| f ′(x)|

+

(
1

2s+1(s+1)(s+2)
+

s
2(s+1)(s+2)

)
(x−a)| f ′(a)|+(b− x)| f ′(b)|

which completes the proof of the inequality (3.1).

Remark 3.3. If we choose s = 1 in the Theorem 3.2, then the inequality (3.1) reduces to the inequality of Theorem 4 in [17].

Theorem 3.4. Let f : [a,b]⊂ [0,∞)→ R be a differentiable mapping on (a,b) with a < b. If | f ′|q is s-convex in the second sense on [a,b]
for some q > 1, then

∣∣∣∣ f (x)+ f (a)+ f (b)
2

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣ (3.2)

≤ x−a

2(p+1)
1
p

(
| f ′(a)|q + | f ′(x)|q

s+1

) 1
q

+
b− x

2(p+1)
1
p

(
| f ′(b)|q + | f ′(x)|q

s+1

) 1
q

where x ∈ (a,b) and 1
p +

1
q = 1.
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Proof. From Lemma 3.1, by using Hölder inequality and | f ′|q is s-convex in the second sense on [a,b], we have

∣∣∣∣ f (x)+ f (a)+ f (b)
2

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ x−a

2

∫ 1

0
|1−2λ || f ′(λa+(1−λ )x)dλ |+ b− x

2

∫ 1

0
|1−2λ || f ′(λx+(1−λ )b)dλ |

≤ x−a
2

(∫ 1

0
|1−2λ |pdλ

) 1
p
(∫ 1

0
| f ′(λa+(1−λ )x)dλ |

) 1
q

+
b− x

2

(∫ 1

0
|1−2λ |pdλ

) 1
p
(∫ 1

0
| f ′(λx+(1−λ )b)dλ |

) 1
q

≤ x−a

2(p+1)
1
p

(∫ 1

0
(λ s| f ′(a)|q +(1−λ )s| f ′(x)|q)dλ

) 1
q

+
b− x

2(p+1)
1
p

(∫ 1

0
(λ s| f ′(x)|q +(1−λ )s| f ′(b)|q)dλ

) 1
q

=
x−a

2(p+1)
1
p

(
| f ′(a)|q + | f ′(x)|q

s+1

) 1
q

+
b− x

2(p+1)
1
p

(
| f ′(b)|q + | f ′(x)|q

s+1

) 1
q

which completes the proof of the inequality (3.2).

Remark 3.5. If we choose s = 1 in the Theorem 3.4, then the inequality (3.2) reduces to the inequality of Theorem 5 in [17].

Theorem 3.6. Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. If | f ′| is quasi-convex on [a,b], then

∣∣∣∣ f (x)+ f (a)+ f (b)
2

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣ ≤ x−a
4

max{| f ′(a)|, | f ′(x)|}+ b− x
4

max{| f ′(x)|, | f ′(b)|}

≤ b−a
4

max{| f ′(x)|, | f ′(a)|, | f ′(b)|}

for x ∈ (a,b).

Proof. From Lemma 3.1, by using the properties of modulus and | f ′| is quasi-convex we have

∣∣∣∣ f (x)+ f (a)+ f (b)
2

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ x−a

2

∫ 1

0
|1−2λ || f ′(λa+(1−λ )x)dλ |+ b− x

2

∫ 1

0
|1−2λ || f ′(λx+(1−λ )b)dλ |

≤ x−a
2

∫ 1

0
|1−2λ |max{| f ′(a)|, | f ′(x)|}dλ +

b− x
2

∫ 1

0
|1−2λ |max{| f ′(x)|, | f ′(b)|}dλ

=
x−a

4
max{| f ′(a)|, | f ′(x)|}+ b− x

4
max{| f ′(x)|, | f ′(b)|}.

So, the proof is completed.

Theorem 3.7. Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. If | f ′|q is quasi-convex on [a,b] for some q > 1, then

∣∣∣∣ f (x)+ f (a)+ f (b)
2

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ x−a

2(p+1)
1
p

(
max{| f ′(a)|q, | f ′(x)|q}

) 1
q +

b− x

2(p+1)
1
p

(
max{| f ′(x)|q, | f ′(b)|q}

) 1
q

where x ∈ (a,b) and 1
p +

1
q = 1.
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Proof. From Lemma 3.1, by using Hölder inequality and | f ′|q is quasi-convex on [a,b], we have∣∣∣∣ f (x)+ f (a)+ f (b)
2

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ x−a

2

∫ 1

0
|1−2λ || f ′(λa+(1−λ )x)dλ |+ b− x

2

∫ 1

0
|1−2λ || f ′(λx+(1−λ )b)dλ |

≤ x−a
2

(∫ 1

0
|1−2λ |pdλ

) 1
p
(
| f ′(λa+(1−λ )x)dλ |

) 1
q

+
b− x

2

(∫ 1

0
|1−2λ |pdλ

) 1
p
(
| f ′(λx+(1−λ )b)dλ |

) 1
q

≤ x−a

2(p+1)
1
p

(∫ 1

0
max{| f ′(a)|q, | f ′(x)|q}dλ

) 1
q

+
b− x

2(p+1)
1
p

(∫ 1

0
max{| f ′(x)|q, | f ′(b)|q}dλ

) 1
q

=
x−a

2(p+1)
1
p

(
max{| f ′(a)|q, | f ′(x)|q}

) 1
q +

b− x

2(p+1)
1
p

(
max{| f ′(x)|q, | f ′(b)|q}

) 1
q .

So, the proof is completed.

Theorem 3.8. Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. If | f ′| is P-convex on [a,b], then∣∣∣∣ f (x)+ f (a)+ f (b)
2

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣ ≤ (x−a)[| f ′(a)|+ | f ′(x)|]
4

+
(b− x)[| f ′(x)|+ | f ′(b)|]

4

for x ∈ (a,b).

Proof. From Lemma 3.1, by using the properties of modulus and | f ′| is P-convex on [a,b], we have∣∣∣∣ f (x)+ f (a)+ f (b)
2

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ x−a

2

∫ 1

0
|1−2λ || f ′(λa+(1−λ )x)dλ |+ b− x

2

∫ 1

0
|1−2λ || f ′(λx+(1−λ )b)dλ |

≤ x−a
2

∫ 1

0
|1−2λ |

[
| f ′(a)|+ | f ′(x)|

]
dλ +

b− x
2

∫ 1

0
|1−2λ |

[
| f ′(x)|+ | f ′(b)|

]
dλ

=
(x−a)[| f ′(a)|+ | f ′(x)|]

4
+

(b− x)[| f ′(x)|+ | f ′(b)|]
4

.

So, the proof is completed.

Theorem 3.9. Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. If | f ′|q is P-convex on [a,b] for some q > 1, then∣∣∣∣ f (x)+ f (a)+ f (b)
2

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣ ≤ x−a

2(p+1)
1
p

(
| f ′(a)|q + | f ′(x)|q

) 1
q +

b− x

2(p+1)
1
p

(
| f ′(b)|q + | f ′(x)|q

) 1
q

where x ∈ (a,b) and 1
p +

1
q = 1.

Proof. From Lemma 3.1, by using Hölder inequality and | f ′|q is P-convex on [a,b], we have∣∣∣∣ f (x)+ f (a)+ f (b)
2

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ x−a

2

∫ 1

0
|1−2λ || f ′(λa+(1−λ )x)dλ |+ b− x

2

∫ 1

0
|1−2λ || f ′(λx+(1−λ )b)dλ |

≤ x−a
2

(∫ 1

0
|1−2λ |pdλ

) 1
p
(∫ 1

0
| f ′(λa+(1−λ )x)dλ |

) 1
q

+
b− x

2

(∫ 1

0
|1−2λ |pdλ

) 1
p
(∫ 1

0
| f ′(λx+(1−λ )b)dλ |

) 1
q

≤ x−a

2(p+1)
1
p

(∫ 1

0
(| f ′(a)|q + | f ′(x)|q)dλ

) 1
q

+
b− x

2(p+1)
1
p

(∫ 1

0
(| f ′(x)|q + | f ′(b)|q)dλ

) 1
q

=
x−a

2(p+1)
1
p

(
| f ′(a)|q + | f ′(x)|q

) 1
q +

b− x

2(p+1)
1
p

(
| f ′(b)|q + | f ′(x)|q

) 1
q .

So, the proof is completed.
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4. Midpoint Type Inequalities

Lemma 4.1. [17] Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. f ′ ∈ L[a,b], then the following equality holds:

f
(

a+ x
2

)
+ f

(
b+ x

2

)
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]
= (x−a)

∫ 1
2

0
λ [ f ′(λx+(1−λ )a)− f ′(λa+(1−λ )x)]dλ

+(b− x)
∫ 1

1
2

(1−λ )[ f ′(λx+(1−λ )b)− f ′(λb+(1−λ )x)]dλ

for x ∈ (a,b).

Theorem 4.2. Let f : [a,b]⊂ [0,∞)→ R be a differentiable mapping on (a,b) with a < b. If | f ′| is s-convex in the second sense on [a,b],
then

∣∣∣∣ f (a+ x
2

)
+ f

(
b+ x

2

)
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣ (4.1)

=
2s+1−1

2s+1(s+1)(s+2)
(b−a)| f ′(x)|+ 2s+1−1

2s+1(s+1)(s+2)

[
(x−a)| f ′(a)|+(b− x)| f ′(b)|

]

for x ∈ (a,b).

Proof. From Lemma 4.1, by using the properties of modulus and | f ′| is s-convex in the second sense on [a,b], we have

∣∣∣∣ f (a+ x
2

)
+ f

(
b+ x

2

)
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ (x−a)

∫ 1
2

0
λ [| f ′(λx+(1−λ )a)|+ | f ′(λa+(1−λ )x)|]dλ

+(b− x)
∫ 1

1
2

(1−λ )[| f ′(λx+(1−λ )b)|+ | f ′(λb+(1−λ )x)|]dλ

≤ (x−a)
∫ 1

2

0
λ [λ s| f ′(x)|+(1−λ )s| f ′(a)|+λ

s| f ′(a)|+(1−λ )s| f ′(x)|]dλ

+(b− x)
∫ 1

1
2

(1−λ )[λ s| f ′(x)|+(1−λ )s| f ′(b)|+λ
s| f ′(b)|+(1−λ )s| f ′(x)|]dλ

=
2s+1−1

2s+1(s+1)(s+2)
(b−a)| f ′(x)|+ 2s+1−1

2s+1(s+1)(s+2)

[
(x−a)| f ′(a)|+(b− x)| f ′(b)|

]

which completes the proof of the inequality (4.1).

Remark 4.3. If we choose s = 1 in the Theorem 4.2, then the inequality (4.1) reduces to the inequality of Theorem 6 in [17].

Theorem 4.4. Let f : [a,b]⊂ [0,∞)→ R be a differentiable mapping on (a,b) with a < b. If | f ′|q is s-convex in the second sense on [a,b]
for some q > 1, then

∣∣∣∣ f (a+ x
2

)
+ f

(
b+ x

2

)
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣ (4.2)

≤ x−a

(1+ p)
1
p 21+ 1

p

[(
| f ′(x)|q + | f ′(a)|q

s+1

) 1
q

+

(
| f ′(a)|q + | f ′(x)|q

s+1

) 1
q
]

+
b− x

(1+ p)
1
p 21+ 1

p

[(
| f ′(x)|q + | f ′(b)|q

s+1

) 1
q

+

(
| f ′(b)|q + | f ′(x)|q

s+1

) 1
q
]

where x ∈ (a,b) and 1
p +

1
q = 1.
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Proof. From Lemma 4.1, by using Hölder inequality and | f ′|q is s-convex in the second sense on [a,b], we have∣∣∣∣ f (a+ x
2

)
+ f

(
b+ x

2

)
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤(x−a)

(∫ 1
2

0
λ

pdλ

) 1
p
(∫ 1

2

0
| f ′(λx+(1−λ )a)|q

) 1
q

+

(∫ 1
2

0
| f ′(λa+(1−λ )x)|q

) 1
q


+(b− x)
(∫ 1

1
2

λ
pdλ

) 1
p
[(∫ 1

1
2

| f ′(λx+(1−λ )b)|q
) 1

q
+

(∫ 1

1
2

| f ′(λb+(1−λ )x)|q
) 1

q
]

≤ x−a

(1+ p)
1
p 21+ 1

p

(∫ 1
2

0
[λ s| f ′(x)|q +(1−λ )s| f ′(a)|q]dλ

) 1
q

+

(∫ 1
2

0
[λ s| f ′(a)|q +(1−λ )s)| f ′(x)|q]dλ

) 1
q


+
b− x

(1+ p)
1
p 21+ 1

p

[(∫ 1

1
2

[λ s| f ′(x)|q +(1−λ )s| f ′(b)|q]dλ

) 1
q
+

(∫ 1

1
2

[λ s| f ′(b)|q +(1−λ )s)| f ′(x)|q]dλ

) 1
q
]

=
x−a

(1+ p)
1
p 21+ 1

p

[(
| f ′(x)|q + | f ′(a)|q

s+1

) 1
q
+

(
| f ′(a)|q + | f ′(x)|q

s+1

) 1
q
]

+
b− x

(1+ p)
1
p 21+ 1

p

[(
| f ′(x)|q + | f ′(b)|q

s+1

) 1
q
+

(
| f ′(b)|q + | f ′(x)|q

s+1

) 1
q
]
.

So, the proof is completed.

Remark 4.5. If we choose s = 1 in the Theorem 4.4, then the inequality (4.2) reduces to the inequality of Theorem 7 in [17].

Theorem 4.6. Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. If | f ′| is quasi-convex on [a,b], then∣∣∣∣ f (a+ x
2

)
+ f

(
b+ x

2

)
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣ =
x−a

8
(
max{| f ′(x)|, | f ′(a)|}+max{| f ′(a)|, | f ′(x)|}

)
+

b− x
8
(
max{| f ′(x)|, | f ′(b)|}+max{| f ′(b)|, | f ′(x)|}

)
for x ∈ (a,b).

Proof. From Lemma 4.1, by using the properties of modulus and | f ′| is quasi-convex on [a,b], we have∣∣∣∣ f (a+ x
2

)
+ f

(
b+ x

2

)
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ (x−a)

∫ 1
2

0
λ [| f ′(λx+(1−λ )a)|+ | f ′(λa+(1−λ )x)|]dλ

+(b− x)
∫ 1

1
2

(1−λ )[| f ′(λx+(1−λ )b)|+ | f ′(λb+(1−λ )x)|]dλ

≤ (x−a)
∫ 1

2

0
λ [max{| f ′(x)|, | f ′(a)|}+max{| f ′(a)|, | f ′(x)|}]dλ

+(b− x)
∫ 1

1
2

(1−λ )[max{| f ′(x)|, | f ′(b)|}+max{| f ′(b)|, | f ′(x)|}]dλ

=
x−a

8
(
max{| f ′(x)|, | f ′(a)|}+max{| f ′(a)|, | f ′(x)|}

)
+

b− x
8
(
max{| f ′(x)|, | f ′(b)|}+max{| f ′(b)|, | f ′(x)|}

)
.

So, the proof is completed.

Theorem 4.7. Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. If | f ′|q is quasi-convex on [a,b] for some q > 1, then∣∣∣∣ f (a+ x
2

)
+ f

(
b+ x

2

)
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ x−a

4(1+ p)
1
p

[(
max{| f ′(x)|q, | f ′(a)|q}

) 1
q +
(
max{| f ′(a)|q, | f ′(x)|q}

) 1
q

]
+

b− x

4(1+ p)
1
p

[(
max{| f ′(x)|q, | f ′(b)|q}

) 1
q +
(
max{| f ′(b)|q, | f ′(x)|q}

) 1
q

]

where x ∈ (a,b) and 1
p +

1
q = 1.
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Proof. From Lemma 4.1, by using Hölder inequality and | f ′|q is quasi-convex on [a,b], we have∣∣∣∣ f (a+ x
2

)
+ f

(
b+ x

2

)
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ (x−a)

(∫ 1
2

0
λ

pdλ

) 1
p
(∫ 1

2

0
| f ′(λx+(1−λ )a)|q

) 1
q

+

(∫ 1
2

0
| f ′(λa+(1−λ )x)|q

) 1
q


+(b− x)
(∫ 1

1
2

λ
pdλ

) 1
p
[(∫ 1

1
2

| f ′(λx+(1−λ )b)|q
) 1

q
+

(∫ 1

1
2

| f ′(λb+(1−λ )x)|q
) 1

q
]

≤ x−a

(1+ p)
1
p 21+ 1

p

(∫ 1
2

0
max{| f ′(x)|q, | f ′(a)|q}dλ

) 1
q

+

(∫ 1
2

0
max{| f ′(a)|, | f ′(x)|}dλ

) 1
q


+
b− x

(1+ p)
1
p 21+ 1

p

[(∫ 1

1
2

max{| f ′(x)|q, | f ′(b)|q}dλ

) 1
q
+

(∫ 1

1
2

max{| f ′(b)|q, | f ′(x)|q}dλ

) 1
q
]

=
x−a

4(1+ p)
1
p

[(
max{| f ′(x)|q, | f ′(a)|q}

) 1
q +
(
max{| f ′(a)|q, | f ′(x)|q}

) 1
q

]

+
b− x

4(1+ p)
1
p

[(
max{| f ′(x)|q, | f ′(b)|q}

) 1
q +
(
max{| f ′(b)|q, | f ′(x)|q}

) 1
q

]
.

So, the proof is completed.

Theorem 4.8. Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. If | f ′| is P-convex on [a,b], then

∣∣∣∣ f (a+ x
2

)
+ f

(
b+ x

2

)
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ (x−a)[| f ′(x)|+ | f ′(a)|]

4
+

(b− x)[| f ′(x)|+ | f ′(b)|]
4

for x ∈ (a,b).

Proof. From Lemma 4.1, by using the properties of modulus and | f ′| is P-convex on [a,b], we have

∣∣∣∣ f (a+ x
2

)
+ f

(
b+ x

2

)
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ (x−a)

∫ 1
2

0
λ [| f ′(λx+(1−λ )a)|+ | f ′(λa+(1−λ )x)|]dλ

+(b− x)
∫ 1

1
2

(1−λ )[| f ′(λx+(1−λ )b)|+ | f ′(λb+(1−λ )x)|]dλ

≤ 2(x−a)
∫ 1

2

0
λ [| f ′(x)|+ | f ′(a)|]dλ +2(b− x)

∫ 1

1
2

(1−λ )[| f ′(x)|+ | f ′(b)|]dλ

=
(x−a)[| f ′(x)|+ | f ′(a)|]

4
+

(b− x)[| f ′(x)|+ | f ′(b)|]
4

So, the proof is completed.

Theorem 4.9. Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. If | f ′|q is P-convex on [a,b], then

∣∣∣∣ f (a+ x
2

)
+ f

(
b+ x

2

)
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ x−a

(1+ p)
1
p 21+ 1

p

[(
| f ′(x)|q + | f ′(a)|q

2

) 1
q

+

(
| f ′(a)|q + | f ′(x)|q

2

) 1
q
]

+
b− x

(1+ p)
1
p 21+ 1

p

[(
| f ′(x)|q + | f ′(b)|q

2

) 1
q

+

(
| f ′(b)|q + | f ′(x)|q

2

) 1
q
]

where x ∈ (a,b) and 1
p +

1
q = 1.
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Proof. From Lemma 4.1, by using Hölder inequality and | f ′|q is P-convex on [a,b], we have

∣∣∣∣ f (a+ x
2

)
+ f

(
b+ x

2

)
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣
≤ (x−a)

(∫ 1
2

0
λ

pdλ

) 1
p
(∫ 1

2

0
| f ′(λx+(1−λ )a)|q

) 1
q

+

(∫ 1
2

0
| f ′(λa+(1−λ )x)|q

) 1
q


+(b− x)
(∫ 1

1
2

λ
pdλ

) 1
p
[(∫ 1

1
2

| f ′(λx+(1−λ )b)|q
) 1

q
+

(∫ 1

1
2

| f ′(λb+(1−λ )x)|q
) 1

q
]

≤ x−a

(1+ p)
1
p 21+ 1

p

(∫ 1
2

0
[| f ′(x)|q + | f ′(a)|q]dλ

) 1
q

+

(∫ 1
2

0
[| f ′(a)|q + | f ′(x)|q]dλ

) 1
q


+
b− x

(1+ p)
1
p 21+ 1

p

[(∫ 1

1
2

[| f ′(x)|q + | f ′(b)|q]dλ

) 1
q
+

(∫ 1

1
2

[| f ′(b)|q + | f ′(x)|q]dλ

) 1
q
]

=
x−a

(1+ p)
1
p 21+ 1

p

[(
| f ′(x)|q + | f ′(a)|q

2

) 1
q
+

(
| f ′(a)|q + | f ′(x)|q

2

) 1
q
]

+
b− x

(1+ p)
1
p 21+ 1

p

[(
| f ′(x)|q + | f ′(b)|q

2

) 1
q
+

(
| f ′(b)|q + | f ′(x)|q

2

) 1
q
]
.

So, the proof is completed.

5. Simpson Type Inequalities

Lemma 5.1. [17] Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. f ′ ∈ L[a,b], then the following equality holds:

1
3

[
2 f
(

a+ x
2

)
+2 f

(
b+ x

2

)
+ f (x)+

f (a)+ f (b)
2

]
−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]
= (x−a)

∫ 1
2

0

(
λ − 1

6

)
[ f ′(λx+(1−λ )a)− f ′(λa+(1−λ )x)]dλ

+(b− x)
∫ 1

1
2

(
5
6
−λ

)
[ f ′(λx+(1−λ )b)− f ′(λb+(1−λ )x)]dλ

for x ∈ (a,b).

Theorem 5.2. Let f : [a,b]⊂ [0,∞)→ R be a differentiable mapping on (a,b) with a < b. If | f ′| is s-convex in the second sense on [a,b],
then

∣∣∣∣∣13
[

2 f
(

a+ x
2

)
+2 f

(
b+ x

2

)
+ f (x)+

f (a)+ f (b)
2

]
(5.1)

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣∣
≤

(
2−s−1(1+5s+2)

3s+2(s+1)(s+2)
− 1

2s+1(s+1)(s+2)
+

s−4
6(s+1)(s+2)

)
| f ′(x)|

+

(
2−s−1(1+5s+2)

3s+2(s+1)(s+2)
− 1

2s+1(s+1)(s+2)
+

s−4
6(s+1)(s+2)

)
[(x−a)| f ′(a)|+(b− x)| f ′(b)|]

for x ∈ (a,b).
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Proof. From Lemma 5.1, by using the properties of modulus and s-convexity of | f ′|, we have∣∣∣∣∣13
[

2 f
(

a+ x
2

)
+2 f

(
b+ x

2

)
+ f (x)+

f (a)+ f (b)
2

]

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣∣
≤(x−a)

∫ 1
2

0

∣∣∣∣λ − 1
6

∣∣∣∣ [| f ′(λx+(1−λ )a)|+ | f ′(λa+(1−λ )x)|]dλ

+(b− x)
∫ 1

1
2

∣∣∣∣56 −λ

∣∣∣∣ [| f ′(λx+(1−λ )b)|+ | f ′(λb+(1−λ )x)|]dλ

≤(x−a)
∫ 1

2

0

∣∣∣∣λ − 1
6

∣∣∣∣ [λ s| f ′(x)|+(1−λ )s| f ′(a)|+λ
s| f ′(a)|+(1−λ )s| f ′(x)|]dλ

+(b− x)
∫ 1

1
2

∣∣∣∣56 −λ

∣∣∣∣ [λ s| f ′(x)|+(1−λ )s| f ′(b)|+λ
s| f ′(b)|+(1−λ )s| f ′(x)|]dλ

=

(
2−s−1(1+5s+2)

3s+2(s+1)(s+2)
− 1

2s+1(s+1)(s+2)
+

s−4
6(s+1)(s+2)

)
| f ′(x)|

+

(
2−s−1(1+5s+2)

3s+2(s+1)(s+2)
− 1

2s+1(s+1)(s+2)
+

s−4
6(s+1)(s+2)

)
[(x−a)| f ′(a)|+(b− x)| f ′(b)|]

which completes the proof of the inequality (5.1).

Remark 5.3. If we choose s = 1 in the Theorem 5.2, then the inequality (5.1) reduces to the inequality of Theorem 8 in [17].

Theorem 5.4. Let f : [a,b]⊂ [0,∞)→ R be a differentiable mapping on (a,b) with a < b. If | f ′|q is s-convex in the second sense on [a,b]
for some q > 1, then ∣∣∣∣∣13

[
2 f
(

a+ x
2

)
+2 f

(
b+ x

2

)
+ f (x)+

f (a)+ f (b)
2

]
(5.2)

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣∣
≤ x−a

(1+ p)
1
p

[
1

3p+1 +
1

6p+1

] 1
p

[(
| f ′(x)|q + | f ′(a)|q

s+1

) 1
q

+

(
| f ′(a)|q + | f ′(x)|q

s+1

) 1
q
]

+
b− x

(1+ p)
1
p

[
1

3p+1 +
1

6p+1

] 1
p
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| f ′(x)|q + | f ′(b)|q

s+1

) 1
q

+

(
| f ′(b)|q + | f ′(x)|q

s+1

) 1
q
]

where x ∈ (a,b) and 1
p +

1
q = 1.

Proof. From Lemma 5.1, by using Hölder inequality and | f ′|q is s-convex in the second sense on [a,b], we have∣∣∣∣∣13
[

2 f
(

a+ x
2

)
+2 f

(
b+ x

2

)
+ f (x)+

f (a)+ f (b)
2

]

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣∣
≤(x−a)

(∫ 1
2

0

∣∣∣∣λ − 1
6

∣∣∣∣p dλ

) 1
p
(∫ 1

2

0
| f ′(λx+(1−λ )a)|q

) 1
q

+

(∫ 1
2

0
| f ′(λa+(1−λ )x)|q

) 1
q


+(b− x)
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1
2

∣∣∣∣56 −λ

∣∣∣∣p dλ

) 1
p
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1
2

| f ′(λx+(1−λ )b)|q
) 1

q
+

(∫ 1

1
2

| f ′(λb+(1−λ )x)|q
) 1

q
]

≤ 1

(1+ p)
1
p

[
1

3p+1 +
1

6p+1

] 1
p

×

(x−a)

(∫ 1
2

0
[λ s| f ′(x)|q +(1−λ )s| f ′(a)|q]dλ

) 1
q

+

(∫ 1
2

0
[λ s| f ′(a)|q +(1−λ )s)| f ′(x)|q]dλ

) 1
q


+ (b− x)

[(∫ 1

1
2

[λ s| f ′(x)|q +(1−λ )s| f ′(b)|q]dλ

) 1
q
+

(∫ 1

1
2

[λ s| f ′(b)|q +(1−λ )s)| f ′(x)|q]dλ

) 1
q
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=
x−a

(1+ p)
1
p

[
1

3p+1 +
1

6p+1

] 1
p
[(
| f ′(x)|q + | f ′(a)|q

s+1

) 1
q
+

(
| f ′(a)|q + | f ′(x)|q

s+1

) 1
q
]

+
b− x

(1+ p)
1
p

[
1

3p+1 +
1

6p+1

] 1
p
[(
| f ′(x)|q + | f ′(b)|q

s+1

) 1
q
+

(
| f ′(b)|q + | f ′(x)|q

s+1

) 1
q
]
.
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So, the proof is completed.

Remark 5.5. If we choose s = 1 in the Theorem 5.4, then the inequality (5.2) reduces to the inequality of Theorem 9 in [17].

Theorem 5.6. Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. If | f ′| is quasi-convex on [a,b], then

∣∣∣∣∣13
[

2 f
(

a+ x
2

)
+2 f

(
b+ x

2

)
+ f (x)+

f (a)+ f (b)
2

]

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣∣
≤ 5(x−a)

72
(
max{| f ′(x)|, | f ′(a)|}+max{| f ′(a)|, | f ′(x)|}

)
+

5(b− x)
72

(
max{| f ′(x)|, | f ′(b)|}+max{| f ′(b)|, | f ′(x)|}

)
for x ∈ (a,b).

Proof. From Lemma 5.1, by using the properties of modulus and quasi-convexity of | f ′|, we have∣∣∣∣∣13
[

2 f
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a+ x
2

)
+2 f

(
b+ x

2

)
+ f (x)+

f (a)+ f (b)
2

]

−
[

1
x−a
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a
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1
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∫ b

x
f (t)dt

]∣∣∣∣∣
≤ (x−a)

∫ 1
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6

∣∣∣∣ [| f ′(λx+(1−λ )a)|+ | f ′(λa+(1−λ )x)|]dλ

+(b− x)
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1
2
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)
+

5(b− x)
72

(
max{| f ′(x)|, | f ′(b)|}+max{| f ′(b)|, | f ′(x)|}

)
.

So, the proof is completed.

Theorem 5.7. Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. If | f ′|q is quasi-convex on [a,b] for some q > 1, then

∣∣∣∣∣13
[

2 f
(

a+ x
2

)
+2 f

(
b+ x

2

)
+ f (x)+

f (a)+ f (b)
2

]

−
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1
x−a

∫ x
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f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣∣
≤ x−a

4(1+ p)
1
p

[
2

3p+1

] 1
p [(

max{| f ′(x)|q, | f ′(a)|q}
) 1

q +
(
max{| f ′(a)|q, | f ′(x)|q}

) 1
q

]

+
b− x

4(1+ p)
1
p

[
2

3p+1

] 1
p [(

max{| f ′(x)|q, | f ′(b)|q}
) 1

q +
(
max{| f ′(b)|q, | f ′(x)|q}

) 1
q

]

where x ∈ (a,b) and 1
p +

1
q = 1.
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Proof. From Lemma 5.1, by using Hölder inequality and | f ′|q is quasi-convex on [a,b], we have∣∣∣∣∣13
[

2 f
(

a+ x
2

)
+2 f

(
b+ x

2

)
+ f (x)+

f (a)+ f (b)
2

]

−
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1
x−a

∫ x

a
f (t)dt +

1
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∫ b

x
f (t)dt

]∣∣∣∣∣
≤ (x−a)

(∫ 1
2

0
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6

∣∣∣∣p dλ

) 1
p
(∫ 1

2

0
| f ′(λx+(1−λ )a)|q

) 1
q

+
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2

0
| f ′(λa+(1−λ )x)|q

) 1
q

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1
2
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∣∣∣∣p dλ

) 1
p
[(∫ 1

1
2
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+
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1
2
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) 1

q
]

≤ 1

(1+ p)
1
p

[
1
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1

6p+1

] 1
p

×
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2

0
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q

+
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2
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q
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1
2
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1
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]}

=
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1
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2
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] 1
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2
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q

]
.

So, the proof is completed.

Theorem 5.8. Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. If | f ′| is P-convex on [a,b], then∣∣∣∣∣13
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2

)
+2 f

(
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2

)
+ f (x)+

f (a)+ f (b)
2

]

−
[

1
x−a

∫ x

a
f (t)dt +

1
b− x

∫ b

x
f (t)dt

]∣∣∣∣∣
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36
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36

for x ∈ (a,b).

Proof. From Lemma 5.1, by using the properties of modulus and the fact that | f ′| is P-convex on [a,b], we have∣∣∣∣∣13
[
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.

So, the proof is completed.

Theorem 5.9. Let f : [a,b]→ R be a differentiable mapping on (a,b) with a < b. If | f ′|q is P-convex on [a,b] for some q > 1, then∣∣∣∣∣13
[

2 f
(

a+ x
2

)
+2 f
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where x ∈ (a,b) and 1
p +

1
q = 1.

Proof. From Lemma 5.1, by using Hölder inequality and | f ′|q is P-convex on [a,b], we have∣∣∣∣∣13
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)
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.

So, the proof is completed.
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