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Abstract 

This paper concentrates on the requirements of being an integral curve for the geodesic spray of the natural lift 

curves (n.l.c) of spherical indicatrices of the timelike-spacelike involute-evolute curve pair in Lorentz 3-space. 

In addition, the obtained results were supported by one example.       
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Zamansı-Uzaysı İnvolüt-Evolüt Eğri Çifti Üzerine Bir Araştırma   

 

 

 

Öz 

Bu makale, Lorentz 3-uzayında zamansı-uzaysı involüt-evolüt eğri çiftinin küresel göstergelerinin tabii lift 

eğrilerinin jeodezik spray için bir integral eğri olma gerekliliklerine odaklanır. Ayrıca elde edilen sonuçlar bir 

örnekle desteklenmiştir.  
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1. Introduction 

One of the exciting curves derived with the help of a curve is the involute curve. C. Huygens 

discovered the involute curve for the first time in 1673. The curve whose tangent vectors form 

right angles at each point of a given curve is called the involute curve, and these two curves are 

called the involute-evolute curve pair. For example, the involute of a circle is a spiral. In 

particular, a circle and its involute are significant in gear technology. For the characteristic 

properties and the more detailed information on the involute-evolute curve pair in classical 

differential geometry, see [1-3]. This article will focus more on n.l.c and geodesic sprays. See 

[4] for basic information on these concepts. In [5], authors have examined these concepts in the 

three dimensional space of Euclidean geometry. In [6], Bilici et al. generalized this problem to 

spherical indicatrices of the involute-evolute curve pair. Later, the authors  adapted this problem 

for a non-null curves in the three dimensional Lorentz spaces [7, 8]. Moreover, there are also 

many studies on spherical indicatrix curves and the n.l.c in Euclidean space and Lorentz  space 

[9-15]. Recently, authors have found the relations between the Frenet vectors of the curve pair 

in the Lorentz  3-space [16]. These relationships  were the source of inspiration for this study. 

In this sense, in the present paper, firstly, we defined the spherical indicatrices of the involute 

curve on the hyperbolic unit sphere and Lorentzian unit sphere. Then, we investigated the n.l.c 

and geodesic sprays for these indicatrices in Lorentz  3-space, and obtained some significant 

results.  

 

2. Preliminaries 

The space 3E  with the metric tensor   

        
1 1 2 2 3 3A,B ab a b a b= − + +  

is called Lorentz  3-spaces  and denoted by 3

1E . There can be three states for a vector 
3

1A E : 

        

0 0

0

0 0

spacelike, A,A or A

timelike, A,A

null( lightlike ), A,A and A

  =



 = 

 

Similarly, a curve ( )= s   in 3

1E  can be spacelike, timelike or null, if all of its velocity vectors 

( ) s  are spacelike, timelike or null respectively, [17]. The cross product of two vectors can 

be defined as follows:  

( )3 2 2 3 1 3 3 1 1 2 2 1A B a b a b ,a b a b ,a b a b . = − − −  

Let denote the moving Frenet frame along the curve   by  1 2 3E ,E ,E . In this trihedron, 1E  

and 3E  are spacelike vectors, 2E  is timelike vector. From [18], definition of Lorentzian cross 

product we can write 

                           1 2 3 2 3 1 3 1 2 =−  = −  =E E E , E E E , E E E . 
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Then the following Frenet formulas hold between these three vectors [19]: 

                                                        

1 2

2 1 3

3 2

  =

  = +


 =

E p E ,

E p E q E ,

E q E .

                                                                                                   

The Darboux vector is expressed by 

                                                                1 3= − +q E pE ,                                                                                                                                   

where =p cos  , =q sin  .  

On the other hand, from [16] the unit Darboux vector C  can be given as follows 

                    1 3= = − +C sin E cos E


 


.                                                                                

Theorem 1.   is a general helix if and only if tan= =  =
q

f
p

constant. 

We can generalize the conception of integral curve to the hypersurface 3

1M E  easily as 

follows:  

A smooth curve →: I M  is an integral curve of a smooth vector field ( )W M  if 

                           ( t ) W( ( t ))  =                                                                              (1)                                  

for all It , [18].                                                            

For a curve  , the parametrized curve →: I TM  is defined as the n.l.c given by the equation 

                                                = =
( t )

( t ) ( ( t ) , ( t )) ( t )


    ,                                                    (2)                             

where ( )


= m
m M

TM T M  is the set of all tangent vectors to M. 

The Lorentzian and hyperbolic unit sphere of radius 1 and center 0 in 3

1E  are given by 

                     ( ) ( ) ( ) 2 2 3

1 0 1 2 3 1 1 1S H A a ,a ,a E : A,A A,A= =  = = −  

respectively, [18].    

For u TM ,  the smooth vector field W (TM )  defined by 

                                 
( )t

W(u ) u,S(u )


=                                                                   (3)                                

is called the geodesic spray on TM. 

We know from [7] that "The n.l.c   of the curve   is an integral curve of the geodesic spray 

W if and only if   is a geodesic on M ".      

Theorem 2. Let ( ),   be the involute-evolute curve pair. The following equality [16] gives 

the Frenet vectors of the curve pair: 

                                                         

2

1 3

1 3

 =


= − −
 = − −

*

*

*

T E

N cos E sin E

B sin E cos E

 

 

.                                              (4) 
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3. Main Theorems and Proofs  

In this section, we investigate the n.l.c *T , 
N* , 

B*  derived from spherical indicatrices of the 

involute curve   in 3

1E . For this purpose, we seek an answer to the following question. What 

type of curve must the evolute curve   be for the n.l.c of the spherical indicatrix curve to be an 

integral curve for geodesic spray?  

3.1. The curve *T for the first indicatrix of   

Let *T  be n.l.c of the tangent indicatrix *

*

T
T = . If *T  is an integral curve of the geodesic 

spray, then by means of Lemma 1. we can write        

                                                   0
* *T T

D   = ,                                                                  (5)                                                

where  

T

d
D

ds *

=  is the differential operator of 2
0H . Thus from Theorem 2. and (5) we have 

                                     
1 3 0sin E cos E

 
 

 

 
− + = . 

Because of  1 2 3E ,E ,E  are linear independent, we get  

= constant. 

Thus, from Theorem 1. we obtain 

                                                      f = constant. 

Result 3.1.1. If the curve   is a general helix, then *T
  is a geodesic on 2

0H .  

3.2. The curve * N
 for the second indicatrix of   

Let * N
 be the n.l.c of the principal normal indicatrix *

*

N
N = . If * N

 is an integral curve of 

the geodesic spray, then from Lemma1. we can write 

                                                                              0
N N

D   =** .                                                                (6) 

From the Theorem 2. and (6) we get,  

           

1 22

3

1

**N

N
NN

N N

N

N N

k
D ( sin cos k cos )E ( )E

k k

( cos sin k sinh )E ,
k k




       


      





 
  = − − + + + −




 + − + − 
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where  
N

d
D

ds *

=  is the differential operator of 
2

1S  and N

N

g

k
 = . From [20], Ng






=  and 

221
Nk  


= −  are the geodesic curvatures of the principal normal indicatrix N N =   

with respect to 2
1S  and 3

1E , respectively. Since  1 2 3E ,E ,E  are linear independent, we can 

write  

        
2

0

0

0

N

N

N

N

N

N

sin cos k cos ,
k

k
,

k

cos sin k sin ,
k


      


      


 + − − =


 

=



 − + + =


 

then we have  

                                     Nk = constant, N
g =  constant. 

Result 3.2.1. If Nk = constant, N
g =  constant, then *N

  is a geodesic line on 2

1S .  

 

3.3. The curve *B  for the third indicatrix of   

Let *B  be the n.l.c of the binormal indicatrix *

*

B
B = . If *B  is an integral curve of the 

geodesic spray, then we can write 

                                                    0
B B

D   =**
,          

that is, 

                                                         
2 0E




=


. 

Since  1 2 3E ,E ,E  are linear independent, we have 

                                                                 0. =   

Thus we get  

                                                     0= , 0= . 

Thus, we can say that   is a line and know its involute is a circle segment. Thus we can give 

the following result. 
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Result 3.3.1. If the curve   is a line, then 
B

 *  is a geodesic on 2

1S .  

Example 3.3.2. Let ( )
3 3

2 2 2

s
s cosh s, sinh s,

 
=   
 

 be a unit speed spacelike helix. For the 

curve   we  obtain                                    

                                            ( )

1

2

3

3 3 1

2 2 2
3 1

0
2 2

1 1 3

2 2 2

E sinh s, cosh s,

E cosh s,sinh s, , , .

E sinh s, cosh s,

 

  
=   

  


= = =


  =   
 

                                                                                              

Then we get the timelike involute curve   of  such that 

           ( ) ( )( ) ( )( )
3 3

2 2 2
s cosh s s sinh s , sinh s s cosh s , ,


  

 
= + − + −  
 

 

The following figures show the spacelike evolute curve   (Fig. 1) and timelike involute curve 

  (Fig. 2) for 2 =  and  5 5s , − .  

  

                       Figure 1. Evolute curve                                                  Figure 2. Involute curve    

Then we can give the spherical indicatrices and the n.l.c of   as follow: 

           

( )

( )

( )

0

0

0 0 1

*

*

*

T

N

B

cosh s,sinh s, ,

sinh s,cosh s, ,

, , ,







 =


=
 =

    

( )

( )

( )

0

0

0 0 0

*

*

*

T

N

B

sinh s,cosh s, ,

cosh s,sinh s, ,

, , .







 =


=


=
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Since 1* *T T
,   = , 

T
 *  is a spacelike curve. For being 

T
 *  is a spacelike, its tangent 

indicatrix which is a geodesic line on 
2

0H  and the n.l.c of this spherical curve are as Fig.3. On 

the other hand, the normal indicatrix which is a geodesic on 
2

1S  and its n.l.c are as Fig.4. It is 

also obvious that the third spherical indicatrix (binormal  indicatrix) and its n.l.c is a point. 

Furthermore, we can say that ( ),   is timelike-spacelike involute-evolute curve pair, and the 

condition ( )1 0*g E ,T =  is satisfied. 

 

           Figure 3. Tangent indicatrix curve *T
  

              and its n.l.c *T  (red color) 

 

 

 

                 Figure 4. Normal indicatrix curve *N
  

                     and its n.l.c *N  (red color) 
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