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In this paper, we have first obtained the derivatives of spherical and spatial motions by using the special matrix
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group in generalized space E3(a,B). The rotation matrices and tangent operators were found by using derivatives
of one- and multi-parameters motions in E3(a,B). Also, we obtained the angular velocity matrix of the moving
body and its linear velocity vector. Finally, we gave some examples including applications of tangent operators

and rotation matrices in support of our results.
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Introduction

Kinematics is a Greek word that means ‘'motion’, and
it is one of the branches of mechanics that deals with the
analysis of the motion of particles and rigid bodies. The
rigid body is a set of the points that the distance between
two of the points never varies after motion [1].

In order to represent a rigid motion in Euclidean or
Lorentzian space equipped with multiple coordinate
frames, it is required to determine the concept of a
rotation matrix and a translation axis. These concepts are
used to construct homogeneous transformation matrices
that are used to represent the position and orientation of
a coordinate frame relative to the other. These
transformations allow us to navigate from one to another
coordinate frame [2-6].

Recent studies on robot kinematics are dealing with
the establishment of different coordinate systems to
represent the positions and orientations of rigid bodies.
Also, Robot kinematics is concerned with the
transformations between these coordinate systems [7-
10].

To obtain frame M from frame F, it is needed to first
apply a rotation determined by R and then a translation
(with respect to F) given as t. This transformation called
coordinates transformation is denoted as T:F>M, and it is
determined as xA'=R:x+t. In this notation, R is an nxn
orthogonal matrix called a rotation matrix, and t is an n-
dimensional vector called a translation. This
transformation is denoted by T=(R,t) and defined as a
matrix-vector pair [11,12].

The derivative of a motion represents the velocity of a
point from the fixed frame F to the moving frame M.
Linear velocity is the instantaneous rate of change in the
linear position of a point relative to some frame. The
angular velocity is w, which describes the rotational
motion of M with respect to F. The relationship between
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the angular velocity vector w and time-varying rotation
matrix R(t) is defined by [Q]=[RR"T] [6,11,12].

The rotation matrix, which is used to represent relative
orientations between coordinate frames, is an orthogonal
matrix in Euclidean or Lorentzian space. In Euclidean and
Lorentzian spaces, if A is an orthogonal matrix, detA=1
denotes rotation and detA=-1 denotes reflection [11-14].

The generalized quaternions H(a,) are four-
dimensional algebra that is associative but not
commutative. This algebra is a pair of sub-algebras of
Clifford algebra of three-dimensional generalized space
E”3 (a,B), where E”3 (o,B) is a real vector space R"3
equipped with the metric <u,v>_G=au_1 v_1+fu_2
v_2+aBu_3 v_3, o,BER. For 3-dimensional non-
degenerate vector space, E*3 (a,B) with an orthonormal
basis {e_1,e 2,e 3}, the Clifford algebra CI(E”3
(a,B))=Cl_(p,q), p+q=2 has the basis {1,e_1=i,e_2=j,e 1
e 2=k}, where e_1722=-0, e 2"2=-f and e 1 e 2=-e 2
e_1. General information about generalized space and
their algebraic properties can be found from [15-21].

Beggs (1965) gave a derivation for a screw matrix by
using two different coordinate systems [3]. By defining the
pitch for a finite screw as the ratio of one-half the
translation to the tangent of one-half the rotation, Parkin
has shown that the finite screw cylindroid can be
represented by the linear combinations of two bases
screws in 1992 [22]. In 1994, Huang and Roth showed the
finite displacement of a rigid body can be represented
completely by six independent parameters [23]. Knossow,
Ronfard, and Horaud showed that the tangent operator
can be used to explain the human body kinematic chain
and robotics motion in 2008 [24]. In 2017 Durmaz, Aktas
and Gundogan computed the derivative and the tangent
operator of motion in Lorentzian space [25]. In 2021 Ata
and Savci obtained the generalized Cayley formula,
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Rodrigues equation, and Euler parameters of a
generalized orthogonal matrix in  3-dimensional
generalized space E”*3 (o,3)[16].

Due to the definition of the generalized space E*3
(a,B), itis Euclidean space E*3 (1,1) if a=B=1, and it is semi-
Euclidean space E”3 (1,-1) if a=1 and B=-1. Therefore, this
space E”3 (a,B) allows us to define more general algebraic
structures and study them. In this study, for all situations
of aand B except zero, derivatives of spherical and spatial
motion and tangent operators have been obtained for
one- and multi-parameter motions in generalized space.
We get ordinary differential equations using these
derivatives. The rotation matrix is obtained from the
solution of these equations. In addition, Lie product of
tangent operators and some properties provided by Lie
product is defined.

Preliminaries

In this section, we provide some fundamental
properties of the generalized space, the transformation and
the rotation.

Definition 1: Let u = (uy, Uy, U3), v = (V4,V,,v3) be
two vectors in R3 and a,8 € R. Then the generalized
metric tensor product is defined by

<u,v >c= auy vy + fuyv, + afusgvs.

a 0 O
This can be written as < u, v >;= u’ [0 B 0 l V.
0 0 ap
The vector space R® equipped with the generalized
scalar product, is called as 3 —dimensional generalized
space and is denoted by E3(a,f) = (R3,<,>;). The
generalized cross product in E3(a, ) is defined by

UGV = B(UpV3 — UsV2)i — a(Uy V3 — UsVy)j + (Ug Uy — UV )k,
whereiAgj=k,jAsk=pi,andk A; i = —aj [18].

If <u,v>; is a generalized semi-Euclidean inner
product, then E3(a,f3) is a 3 —dimensional generalized
semi-Euclidean space E23 If <wu,v >;isan Euclideaninner
product, then E3(a, B) space is known as E3 Euclidean
space.

Definition 2: Let E3(a,B) be a generalized semi-
Euclidean space with a generalized semi-Euclidean inner
product. A vector w € E3(a, ) is called
generalized spacelike vector, if < v,v >;>00r v =0,
generalized timelike vector, if < v,v >; <0,
generalized null vector, if < v,v >;=0and v # 0.

lv]| = \/l av, + Bv, + afvs| represents the norm of
avector v € E3(a, B) [13,14,18].

Definition 3: The set of the 3 X 3 invertible matrices,
denoted GL(a, 8)(3), is an algebraic group under the
operation of matrix multiplication in generalized space

E3(a,B) [17].

[ 0 PBs3 PBs; l
Definition 4: Amatrix C = |as; 0 —as;|calleda
-5, 8 0
generalized skew-symmetric matrix if CTe = —eC, where

a 0 O
£=|:0 B Olanda,ﬁeR—{O}[B].
0 0 ap

Definition 5: A matrix R is called a generalized
orthogonal matrix if RTeR = |R|& where
a 0 O
£ = [0 B 0
0 0 ap
The set of all generalized orthogonal matrices with the
operation of matrix multiplication is called the rotation
group in E3(a, B) [14].

A rotation about the origin can be given with the
equation of x’ = R -; x, where R is 3 X 3 G-orthogonal
matrix and x € E3(a, ). Generalized Cayley formula is
definedasR=(—-C)t-(I+C)=I+C)-(I-0C)1,
where C is a G-skew symmetric matrix. By using G-Cayley
formula, any G-orthogonal matrix can be obtained by a G-
skew symmetric matrix C, where

anda, B € R — {0}.

0 —Bcs  Pe;
C=|ac; 0 —ac;
_C2 Cl 0

the matrix C obtained the vector ¢ = (cy,c3,¢3) and
satisfying the equation C ¢ y = ¢ A; y [16].

The rotations in the three-dimensional space are
represented by 3 X 3 rotation matrices, i.e. by means of 9
parameters. Since constrained by the orthogonality
conditions RTeR = |R|e  these parameters are not
independent. Only three independent parameters are
needed to obtain a minimal representation of rotations in
space.

If frame M is obtained from frame F by first applying a
rotation specified by R followed by a translation given (with
respect to F) by t, then the coordinates are given by

xX'=R-gx+t (1)

Since the displacement is not a linear transformation it
not be represented by 3 X 3 matrix transformation.

Definition 6: A transformation of the form given in eq.
(1) is called a rigid motion if R is generalized orthogonal
matrix.

Since the set of displacements of an 3-dimensional
generalized space E3(a, ) is an algebraic group. If T;: F -
M; and T,:M; - M, are displacements, then T =
T, T,: F = M, is also a displacement [26].

A combination of those two displacements with the
matrices identity;

[R1 ty _[Rz

tz =[R1'R2 Rl't2+t1]
0 1 0 1 0

1
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where 0 denotes the row vector (0,0,0), shows that the
rigid motions can be represented by the set of matrices of
the form;

c-Hw=[; | Reso@m®) @)

Transformation matrices of the form eq. (2) are called
homogeneous transformation in E3(a,) space and
denote by [g] = [R, t]. The displacement is not a linear
transformation, but the homogeneous transformation
[g] = [R, t] is a linear transformation. The homogeneous
representation eq. (2) is a special case of homogeneous
coordinates, which have been extensively used in the field
of computer graphics. The most general homogeneous
transformation takes the form;

| Translation
G-H®4) =

R3x3 | tzx1] _ [Rotation
fixz | S1><1] B [perspective | scale factor

From the definition of the metric tensor, all possible
selections of @ and 8 can be covered by two conditions
given above. From now on we take these two cases into
consideration.

The Derivative of a Motion and G-Tangent
Operators in Generalized Space

We will use G-tangent operator instead of tangent
operator in generalized space for appropriate notation. The
continuous motion of a rigid body is the parametrized set
of linear transformations, [g(s)]:R - GL(a,B)(3). In
particular, spherical motion define by [g(s)]:R —
SO0 (a, B)(3) and spatial motion define by [g(s)]: R —» G —
H(4) in generalized space E3(a, ).

Generally, since elements s;; of [g(s)]:R—
GL(a, B)(3) are continuous functions of a real parameter,
derivative of this matrix function is the matrix of derivatives
of its elements and defined by [g(s)]. The tangent
direction of the motion at [g(s,)] defined by [g(sy)].

The matrix function [g(s)]:R - GL(a,B)(3)
generates a continuous set of points

B(s)=1[g(s)]-b

is called the trajectory of b. The direction of the tangent to
the trajectory B(s) at s = s, is the derivative

B(sp) = [g(so)] b =1[d-g7*(so)] - B(sp)

From the equation above we can see that [g-g~!]
calculates the derivative of B(s) by using the the trajectory
B(s). Also, from the following equation, we can see that
[g - g™] also computes the derivative of [g(s)].
[g&)] =1g-97'1 [g(®)]

Definition 7: [§-g~!] matrix is called G-tangent
operator on GL(a, 8)(3). We now determine the motion

[A(s)] that has a constant matrix [w] as its tangent
operator. As the matrix [w] calculates the derivative [A (s)]
at every point [A(s)] we obtain the matrix differential
equation

[A(©)] = W] - [4)]

If the initial condition is [A(0)] = [4,], then it has the
solution

[A(9)] = [Ao] - e = [A,](I + s[w] +% %-p ).

The last equation has the initial condition [A(0)] = [I],
becomes simplified as

[R(t)] = eV,

Notice that in this case, the tangent operator [w] is the
derivative of [A(s)] at [A(0)] = [I]. Thus, the set of
tangent operators on GL(a,B)(3) is identical to the
tangent directions at the identity [I].

If the set of tangent directions at the identity [4(0)] =
11is [4(0)] then,

M@%—-Sw=mywm
[4(0)] = [w] - [A(0)] = [w].

Lie product is defined for the tangent operators [g] and
[w] as [g] A [w] is also tangent operator

[glAlw]l =[g-w—-w-g] (3)

where g - w denotes the matrix product in generalized
space.

The Tangent Operators of SO(a, 8)(3)

The condition defining the tangent operators of
SO(a, B)(3) is obtained from the relation [RTeR] = [¢]
which must be satisfied by all rotation matrices in E3(a, ).
Differentiating both sides, we obtain

[RT eR] + [RTeR] = [0]
which can be written as

[RTeR] = —[RTeR]"

the last equation shows that [RTeR] = [0] is a skew-
symmetric matrix that is called G-angular velocity matrix of
the rotation [A(s)] in E3(a, B). If we can calculate that
[R] = [Re710], let [¢710] = [@] , then [R] = [R] - [@].
Note that [@] is a G-skew-symmetric matrix.

For a given matrix [@] we obtain a one parameter group of
rotations from the matrix differential equation

[R(s)] = [R()] - [@]

the equation has solution
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[R(s)] = e*1*]

so [R(s)] =esl?l =yx O(S[(p') note, we assume 1he norm  of k=(c,c0) i =kl =
[R(O)] = [1]. " Jac? + pc + a,803 We can obtain the unit vector in
Let k = (cq, ¢y, ¢3) € E3(a, B) be vector corresponding to  directionof ¢ ast = — = (ty, t5, t3). Thus, we get? [T]
G-skew-symmetric matrix in E3(a, 8), then
0 =Bty Pt,
0 —Bcz Be [T] = |ats 0 —atll
[@] = |acs 0 -—aqg -t, 4 0.
_C2 Cl 0.
o ((@ITD™
[R(S)] = e(d)s)[T] = ZTI:OST
2 3 4 5 6
=1+ (@s)[T] + (¢s)[T] ((¢)[TD + (¢)[TD + (¢s)[TD + (¢9)ITD T (4)
1 2! 3! 4! 51 6!
2[12 3[3 4[4 5[5 6[T6
=4 @r] | @92[1?] | (@sP[T7] | @91 | @9°[TF] | @9)°[re] |
1 2! 3! 4! 5! 6!

Let t = (ty,t,, t3) € E3(a, B) be unit vector corresponding to G-skew-symmetric matrix in E3(a, ), then

0 =Btz P,
[T] = |ats 0 —at,
_tz tl O.

We get [T?] and [T3] as

—ﬁt% - aﬁt§ Btit; aftyts
[T?] = atit, —at? — aft? aft,ts
at,ts Btats —atf — pt3
and
0 Bts(at? + Bt; + afti) —pty(ati + pti + apts)
[T3] = |—ats(at? + ft3 + afit?) 0 at,(at? + Btz + aft?)
ty(at? + Bt2 + afft?)  —t,(at? + Bt + aft?) 0

case 1: Let a > 0 and 8 > 0. Since norm of unit vector t = (t;,t,, t3) is ||t]] = 1, we have

[T°] = —[T]

[T =[TI-[T*]=—[T]-[T] = -[T?]

[T]=[T]-[T*]=-[T*] =[T] (5)
[Tl =[T]-[T*]=[T]-[T]=[T?].

if we use eq. (5) in eq. (4), we obtain

2[72 3 4[p2 5 672
[R(s)] =1+ ((1)51)‘[7] + (¢5)2'[T 1 (4’5; [r] _ (¢5)4'[T ] + (4’5; [T] + (¢S)6'[T ] +

4 6
+(¢s) ~I)IT] + ((¢S) (@s)* @_...)[TZ]

_ (¢s) _ (¢)°
=1+ -5 4! 6!

3!

w CDMgs)?m o (D™M¢s)*"
=1+ Qrmo Gy T+ A= Xm0 —5,5 Il

[R(s)] = I + sin(¢s)[ T] + (1 — cos(¢ps))[ T?] (6).
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case 2: Leta > 0 and § < 0. We should consider two subcases such that the unit vector t is a spacelike or timelike vector.
If t is a spacelike, then we have the same result in case 1. If t is a timelike, then norm of the unit timelike vector is ||t|| =
—1. Thus, we get

[T°]=[T]

[T*]=[T]-[T*]=[T]-[T]=[T?]

[T°]=[T]-[T*]=[T*] =TI (7)
[Te]=[T]-[T°]=[T]-[T]=[T?]

if we use eq. (7) in eq. (4), we have

(PIT] | (@s)2[T?] | (¢s)°[T] | (9s)*[T?]  (¢s)°[T]  (¢s)°[T?]

BRI =l ==+t~ t—5 g T
3 5 4 6
BPCE NG CE O T C NG O LS
(¢ )2n+1 o (¢S)2n 5
=I+ (Z an+ P 1+ (2, "Gy ~ DI
[R(s)] = I + sin h( ps)[ T] + (cos h(ps) — 1)[ T?] (8).

Example 1: Let G-skew symmetric matrix C given as;
0 0 pt

C=10 0 O
-t 0 O

We can obtain G-orthogonal matrix R from the matrix C using by G-Cayley formula as

1— Bt? 0 2Pt
R=(I-0)'I+0C)= 0 1 t? 0
U=O7+0) =175 + 2
-2t 0 1-pt
_ 1-pt? . 2Bt
Let cosf = pC and sinf = e 2 then
[ cos@ 0 ﬁsinQ]
0 1 0
R =| sinf |
—— 0 cos6
N |

we see that R is a G-orthogonal matrix that it is the & —degree rotation about y —axis in E3(a, B) space. If we calculate
[6] = [R"eR]

[1 — pt? 0 2t ] [ 4Pt 0 2B — 2p%t? ]

1+ Bt 1+ B2 1+ ﬁt2)2 1+ ﬁt2)2

[0] = [RTeR] = | 1 0 [ ]| 0 |
| Zﬁt 1—-pt2 |[lo 0 apl| 2+2ﬁt2 0 4ﬁt |
Il + pt? 1+ pt? | | T+ g2 (1 + pt?)? C(a+ ﬁtZ)ZJ

we get the tangent operator of R(t);

[ 0 _2af ]
I 1+ pt2)?|
=] 0 0 [
I 2ap 0 I
|+ geo? ]
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Example 2: Let « > 0 and < 0. The G-skew symmetric matrix C corresponding to the vector ¢ = (0,3,0);
0 0 38

C=10 0 O
3 0 O

The norm of ¢ = (0,3,0) is ||c|| = 34/—p. The unit vector in direction of cist = 3\;__[; = (O,ﬁ, 0). So G-skew symmetric

matrix T corresponding to the vector s;
R
0 0 0
-—— 0 0
V=B
We can obtain the rotation matrix R from eq. (7)

R

I + sinh(3,/=Bt)[S] + (cosh(3,/—At) — 1)[S?]
cosh(3,/—Bt) 0 /—Bsinh(3,/—pt)
0 1 0

% 0 cosh(3\/—_,8t)

The Tangent Operators of G — H(4)
In this chapter, we study the operations of rotation and translation and introduce the notion of homogeneous

transformations.
The tangent operators of G — H (4) must satisfy the relation

.. 11 _[R t|][RTY -R'-t
lg-97] 0 0“0 1 |
=[RR‘1 —R-R‘l-t+£]
0 0
or
N v

g-971=[0 t]=1av]

where [2] = [RR™] is the 3 X 3 G-angular velocity matrix of the moving body and v = —[R] - t + £ is its 3-dimensional
G-linear velocity vector.

Let us consider a special case of the equation [¢(s) * g72(s)] = [B(s)] when the [B(s)] is a constant matrix. Thus, the
one parameter subgroup of G — H(4) can be obtained from ordinary differential equation

[g(s)] = [B] - [g(s)] (9)

where [B] = [4, s]. Let us consider a special case of the eq. (9) when the [B] is a constant matrix. Assuming that a fixed
frame and a moving frame coincide at the moment t = 0, so [g(0)] = [I]. We may conclude that:

[9(s)] = e*IPL.
We can decompose G-linear velocity vector v into components. Let ¢ be a point on the G-screw axis, then v+ = ¢ A w and

kw = v — v! perpendicular and G-angular velocity vector w, respectively.
We consider the case vt = 0, then v = pw. Since [2] - w = 0, we have

o1=[5
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therefore,

won-n=[¢3" #p|-F 7

where [R(s)] is the rotation matrix.
Vector Associated with Tangent Operators

The tangent operator of SO(a, 8)(3) is 3 X 3 G-skew symmetric matrix has only three independent elements of nine
elements, likewise, the tangent operator of G — H(4) is 4 X 4 has only six independent elements of sixteen elements.
Definition 8: The components of a tangent operator of [R] = [¥, v] are assembled into the 6 —dimensional vector R =
(¥, v), called a screw.

Lie product defined in eq. (3) provides a product operation for the vectors associated with each of these tangent operators.
For SO(a, B)(3), ¥ and ¢ are corresponding vectors of the G-skew symmetric matrices [¥'] and [®], then we find that
vectors corresponding vectors the G-skew symmetric matrices obtained from the Lie product

[WIA[®]=[¥ - ®—] ¥]

isY X; ¢.
For homogeneous transformation G — H(4), Lie product of the tangent operators [R] = [¥,r] and [S] = [®, s] is defined
by

[RIA[S] =[R-S—S-R]

= [V, 7r][®,s] — [®,s][¥,7]
=¥ d—-—0 Y, [¥W] s—[P] 1]
(

=WAQYAs—PAT),

where [R] and [S] as follow respectively;

0 —ByYs Py, n 0 —Bds By s
_|ays 0 —ay; 1 d [s]= aps 0 —ap; s,
[l =, (21 0. T3 an 5] =, b1 0. s3|

0 0 0 0 0 0 0 0

Multi-Parameter Motion in Generalized Space

The matrix function [g(s)]: R = GL(«, B)(3) defines a motion of a body that is parameterized by a single variable, we
now consider the motions parameterized by n variables 8 = (6,,...,6,), denoted [F(8)]: R" - GL(«, 8)(3).
The partial derivative of [F(6)] = [f1(01,...,0%), [2(01,...,6), f5(64,...,0,)] with respect to a variable §; is the 3 X n
matrix

OF 1 _[0fi 0f; 0fs
_] 96, 00;’ ae]

. . . . . L d L
If the variables 6; are functions of a variable 1, that 8 = 6(1), then the chain rule the partial derivatives a—: to the derivative
L

[F] by the relation
[F] = [oo o+ [ o] 6
- 601 1 - agn n-
Multiplying on the right by [FT €], we obtain the tangent operator
dF 1 -
FTeF [FT ]0 [F ]0 .
[ € ] 36,1 1T 5| On

The matrices [FTSF] are partial tangent operators associated with each of the parameters 6;, individually.
Now, let’s obtain the tangent operator of two parameters motion.
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Example 3: Let G-skew symmetric matrix C given as

0 0 pt
C=10 0 =-as

—t s 0
We can obtain rotation matrix R from the matrix C using by G-Cayley formula as,

1 1+ as? - pt? 2fst 25t
R=(I+0O)(I+0O)t=r-—— 2ast 1— as? — ft? 0
1+ as? + pt?
as*+p —2t 0 1— as? — Bt?

The derivatives of the rotation matrix [R] with respect to t and s, repectively;

—4pt(1 + as?) 2Bs(1+ as? — pt?) 2B(1 + as? — Bt?)]
(1+ as? + pt?)? (1+ as? + pt?)? (1 + as? + Bt?)?
OF 12as(1+ as? — pt?) 4afs?t 4afst
Ot | (I+as2+pt2)?  (I+as?+pt5)? 1+ as?+ ft2)?
—2(1 + as? — pt?) —4fst —4pt
L (1 + as? + Bt?)? (1 + as? + Bt?)? (1+ as? + pt?)? |
and
4apfst? 2Pt(1 — as? + Bt?) —4afst
(1 + as? + pt?)? (1 + as? + Bt?)? (1 + as? + pt2)?
OF |2at(1— as® + pt*) —4as(1 + pt?) —2a(1 — as? + Bt?)
0s | (I+as2+pBt2)2  (1+as?+ ft2)? (1 + as? + Bt2)?
4ast 2(1 — as? + Bt?) —4as
L (1 + as? + Bt?)? (1+ as? + pt?)? (1 + as? + Bt?)?

If we calculate components of the tangent operator;

0 2afs 2ap
1+ as?2+pt? 14 as? + pt?
(@], = [RT OR] —2afs 0 0
Bl RRPT: |1+ as? + pt2
—2a
11+ as? + ft?
and
—2aft
0 —'B 0
14+ as? + pt?
OR 2aft —2a
[q)] =|RTe—| = —ﬁ 0 —ﬁ
N
ds 1+ as? + pt? 1+ as? + pt?
2q,
0 —'8 0
14+ as? + pt?

we get the tangent operator of the two parameters motion as;

+ [RT

[R7eF| = [RTSZ—IE]

Conclusion

4]

Jt

OR1 0
665 ds’

Since the solutions obtained for generalized space cover
both Lorentzian and Euclidean spaces, it is an undeniable fact
that the results obtained in generalized space are valid in both
spaces. Therefore, the data obtained as a result of the
situations examined within the scope of this study provide the
necessary conditions for both spaces. It is important in terms

of enabling researchers to perform calculations in generalized
space and then go to specific instead of making separate
calculations for two different spaces. The generalization of the
space studied in this study to n dimensions is also foreseen as
an advanced research topic.
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