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Introduction 

Gamma and beta functions are very useful special 
functions in many sciences such as mathematics, physics, 
chemistry, biology, medicine and engineering. These functions 
have been the focus of attention of researchers due to their 
popularity. When the literature is examined, it is seen that the 
generalized gamma and beta functions are mostly obtained by 
using appropriate kernel functions in the integral 
representations of the original functions. For instance, 
generalized gamma and beta functions are defined by using 
exponential, confluent hypergeometric and Mittag-Leffler 
functions etc. as kernel functions in their integral 
representations. Gamma and beta functions can also be 
written using the Pochhammer symbol. Series representations 
of hypergeometric functions are also associated with the 
Pochammer symbol. Many researchers have defined various 
generalizations for hypergeometric functions by making use of 
these relations. Historically, these generalizations began in 
1994 and 1997 when Chaudhry et al., [1,2] selected 
exponential functions as the kernel of integral representations 
of original gamma and beta functions. Many researchers 
defined new generalizations of these functions inspired by the 
work of Chaudhry et al., (see for example [1-24] and reference 
therein). 

All the studies mentioned above motivated us to describe 
a new generalization of gamma and beta functions. For this, 
we used the Wright function, which has a more general form 
than many special functions. We also defined the generalized 
Gauss and confluent hypergeometric functions with the help 
of generalized beta function. Then we presented some 
properties of these new functions. As examples, we obtained 
the solution of fractional differential equations involving the 

new generalized beta, Gauss hypergeometric and confluent 
hypergeometric functions. 

 

Preliminaries 
 
In this section, we gave some preliminary information that 

is needed throughout this paper. Then we mentioned the 
generalized gamma, beta, Gauss hypergeometric, and 
confluent hypergeometric functions defined by Chaudhry et 
al.. Firstly we gave the Mellin, inverse Mellin, Laplace, inverse 
Laplace integral transformations and the Caputo fractional 
derivative operator below.The Mellin and inverse Mellin 
transforms [25] for 𝑠 ∈ ℂ respectively are defined by 

 

𝔐{𝑓(𝑝)} = 𝐹(𝑠) = ∫
∞

0

𝑝𝑠−1𝑓(𝑝)𝑑𝑝, 

and  

𝔐−1{𝐹(𝑠)} =
1

2𝜋𝑖
∫

𝑐+𝑖∞

𝑐−𝑖∞

𝑝−𝑠𝐹(𝑠)𝑑𝑠,      (𝑐 > 0). 

 
The Laplace and inverse Laplace transforms [25] for 

𝑅𝑒(𝑠) > 0 respectively are given by 
 

𝔏{𝑓(𝑝)} = 𝐹(𝑠) = ∫
∞

0

𝑒𝑥𝑝(−𝑠𝑝)𝑓(𝑝)𝑑𝑝, 

and  

𝔏−1{𝐹(𝑠)} =
1

2𝜋𝑖
∫

𝑐+𝑖∞

𝑐−𝑖∞

𝑒𝑥𝑝 (𝑠𝑝)𝐹(𝑠)𝑑𝑠,      (𝑐 > 0). 

The Caputo fractional derivative operator [26] of order 
𝜀 ∈ ℂ for 𝑚 ∈ 𝑁, 𝑚 − 1 < 𝑅𝑒(𝜀) < 𝑚 is given by 
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 𝑐𝐷𝑝
𝜀[𝑓(𝑝)] =

1

𝛤(𝑚−𝜀)
∫ (𝑝 − 𝑡)𝑚−𝜀−1𝑝

0
𝑓(𝑚)(𝑡)𝑑𝑡,     (𝑅𝑒(𝜀) > 0; 𝑝 > 0).  

 
Also, Laplace transform of Caputo fractional derivative for 𝑚 ∈ 𝑁, 𝑚 − 1 < 𝑅𝑒(𝜀) ≤ 𝑚 as follows [26]: 
 

𝔏{ 𝑐𝐷𝑝
𝜀[𝑓(𝑝)]} = 𝑠𝜀𝐹(𝑠) − ∑ 𝑠𝜀−𝑘−1𝑓(𝑘)(0)

𝑚−1

𝑘=0

. (1) 

 
We presented the generalized gamma, beta, Gauss hypergeometric, and confluent hypergeometric functions 

defined by Chaudhry et al. chronologically below. 
 
In 1994, Chaudhry and Zubair [1] gave the extended gamma function for 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑝) > 0 as follows: 
 

𝛤𝑝(𝑥) = ∫
∞

0

𝑡𝑥−1  𝑒𝑥𝑝 (−𝑡 −
𝑝

𝑡
) 𝑑𝑡. 

 
In 1997, Chaudhry et al. [2] gave the extended beta function for 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0, 𝑅𝑒(𝑝) > 0 as follows: 
 

𝐵(𝑥, 𝑦; 𝑝) = ∫
1

0

𝑡𝑥−1(1 − 𝑡)𝑦−1𝑒𝑥𝑝 (−
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡. 

 
In 2004, Chaudhry et al. [3] gave the extended Gauss and confluent hypergeometric functions respectively as: 
 

𝐹𝑝(𝑎, 𝑏; 𝑐; 𝑧) = ∑

∞

𝑛=0

(𝑎)𝑛

𝐵(𝑏 + 𝑛, 𝑐 − 𝑏; 𝑝)

𝐵(𝑏, 𝑐 − 𝑏)

𝑧𝑛

𝑛!
, 

 
(𝑝 ≥ 0; |𝑧| < 1; 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0), 

and 

𝛷𝑝(𝑏; 𝑐; 𝑧) = ∑

∞

𝑛=0

𝐵(𝑏 + 𝑛, 𝑐 − 𝑏; 𝑝)

𝐵(𝑏, 𝑐 − 𝑏)

𝑧𝑛

𝑛!
, 

 
(𝑝 ≥ 0; 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0). 

 
Here, value expressed by (𝜆)𝑛 is the Pochhammer symbol [28] and is given as follows:  
 

(𝜆)0 ≡ 1  𝑎𝑛𝑑  (𝜆)𝑛 =
𝛤(𝜆 + 𝑛)

𝛤(𝜆)
,     (𝑅𝑒(𝜆) > −𝑛;  𝑛 ∈ 𝑁; 𝜆 ≠ 0, −1, −2, … ). 

 
The integral representations of the above series are as follows, respectively:  
 

𝐹𝑝(𝑎, 𝑏; 𝑐; 𝑧) =
1

𝐵(𝑏, 𝑐 − 𝑏)
∫

1

0

𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1(1 − 𝑧𝑡)−𝑎   𝑒𝑥𝑝 (−
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡, 

 
(𝑝 > 0; 𝑝 = 0 𝑎𝑛𝑑 | 𝑎𝑟𝑔(1 − 𝑧)|< 𝜋; 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0), 

and 

𝛷𝑝(𝑏; 𝑐; 𝑧) =
1

𝐵(𝑏, 𝑐 − 𝑏)
∫

1

0

𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1  𝑒𝑥𝑝 (𝑧𝑡 −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡, 

 
(𝑝 > 0; 𝑝 = 0 𝑎𝑛𝑑 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0). 

 
In this paper, we use Wright function to define new generalizations of gamma and beta functions, which defined in 

[28] as: 

 0𝛹1(𝛼, 𝛽; 𝑧) = ∑

∞

𝑛=0

1

𝛤(𝛼𝑛 + 𝛽)

𝑧𝑛

𝑛!
, 

where 𝛼, 𝛽 ∈ ℂ and 𝑅𝑒(𝛼) > −1. 
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New Generalized Gamma and Beta Functions 
 

In this section, we introduced new generalized gamma and beta functions and presented some of their properties.  
 
Definition 1. The new generalized gamma and beta functions for 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0, 𝑅𝑒(𝛼) > −1, 𝑅𝑒(𝑝) > 0, 
respectively are defined by 

 𝛹𝛤𝑝
(𝛼,𝛽)

(𝑥) = ∫
∞

0

𝑡𝑥−1
0𝛹1 (𝛼, 𝛽; −𝑡 −

𝑝

𝑡
) 𝑑𝑡, (2) 

and 

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦) = ∫
1

0

𝑡𝑥−1(1 − 𝑡)𝑦−1 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡. (3) 

 
We call the new generalizations of gamma and beta functions as Ψ-gamma and Ψ-beta functions, respectively. 
 
Theorem 1. Let 𝑅𝑒(𝑠) > 0, 𝑅𝑒(𝑥 + 𝑠) > 0, 𝑅𝑒(𝑦 + 𝑠) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝛼) > −1. Then, 
 

𝔐{ 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦)} = 𝐵(𝑥 + 𝑠, 𝑦 + 𝑠) 𝛹𝛤(𝛼,𝛽)(𝑠). 

 
Proof. Multiplying the equation (3) by 𝑝𝑠−1 and integrating from 𝑝 = 0 to 𝑝 = ∞, we have 
 

𝔐{ 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦)} = ∫
∞

0

𝑝𝑠−1 ∫
1

0

𝑡𝑥−1(1 − 𝑡)𝑦−1 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡𝑑𝑝. 

 
By interchanging the integrals, we get  

𝔐{ 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦)} = ∫
1

0

𝑡𝑥−1(1 − 𝑡)𝑦−1 ∫
∞

0

𝑝𝑠−1 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑝𝑑𝑡. 

By substituting 𝑣 =
𝑝

𝑡(1−𝑡)
, we obtain  

𝔐 { 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦)} = ∫
1

0

𝑡𝑥+𝑠−1(1 − 𝑡)𝑦+𝑠−1𝑑𝑡 ∫
∞

0

𝑣𝑠−1
0𝛹1(𝛼, 𝛽; −𝑣)𝑑𝑣 

                                                                             = 𝐵(𝑥 + 𝑠, 𝑦 + 𝑠) 𝛹𝛤(𝛼,𝛽)(𝑠). 

Corollary 1. The inverse Mellin transform of the above equation is obtained as: 
 

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦) =
1

2𝜋𝑖
∫

𝑐+𝑖∞

𝑐−𝑖∞

𝐵(𝑥 + 𝑠, 𝑦 + 𝑠)𝛹𝛤(𝛼,𝛽)(𝑠)𝑝−𝑠𝑑𝑠,     (𝑐 > 0). 

 
Theorem 2. Let 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝑠) > 0, 𝑅𝑒(𝛼) > −1. Then, 
 

𝔏{ 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦)} =
1

𝑠
  𝛹𝐵1

𝑠
[
(1,1)1,1

(𝛽, 𝛼)1,1
|𝑥, 𝑦]. 

 
Proof. Applying the Laplace transform to the Ψ-beta function, we have  
 

𝔏{ 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦)} = ∫
∞

0

𝑒𝑥𝑝(−𝑠𝑝) 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦)𝑑𝑝 

 

                                  = ∫
1

0

𝑡𝑥−1(1 − 𝑡)𝑦−1 ∫
∞

0

𝑒𝑥𝑝(−𝑠𝑝) 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑝𝑑𝑡 

 

                                  = ∫
1

0

𝑡𝑥−1(1 − 𝑡)𝑦−1 ∫
∞

0

𝑒𝑥𝑝(−𝑠𝑝) ∑

∞

𝑛=0

1

𝛤(𝛼𝑛 + 𝛽)

(−
𝑝

𝑡(1 − 𝑡)
)

𝑛

𝑛!
𝑑𝑝𝑑𝑡 
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                                  =
1

𝑠
∫

1

0

𝑡𝑥−1(1 − 𝑡)𝑦−1 ∑

∞

𝑛=0

(−

1
𝑠

𝑡(1 − 𝑡)
)

𝑛

𝛤(𝛼𝑛 + 𝛽)
𝑑𝑡 

 

                                  =
1 

𝑠
 𝛹𝐵1

𝑠
[
(1,1)1,1

(𝛽, 𝛼)1,1
|𝑥, 𝑦]. 

 
Corollary 2. The inverse Laplace transform of the above equation is obtained as: 
 

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦) =
1

2𝜋𝑖
∫

𝑐+𝑖∞

𝑐−𝑖∞

𝑒𝑥𝑝(𝑠𝑝)
1

𝑠
  𝛹𝐵1

𝑠
[
(1,1)1,1

(𝛽, 𝛼)1,1
|𝑥, 𝑦] 𝑑𝑠,     (𝑐 > 0). 

 

Remark 1. Note that,  𝛹𝐵1

𝑠

[
(1,1)1,1

(𝛽, 𝛼)1,1
|𝑥, 𝑦] is special case of the generalized beta  function defined by Ata and Kıymaz 

[4]. 
 
Theorem 3. Let 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝛼) > −1. Then, 
 

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦) = 2 ∫

𝜋
2

0

𝑐𝑜𝑠2𝑥−1(𝜃)𝑠𝑖𝑛2𝑦−1(𝜃) 0𝛹1(𝛼, 𝛽; −𝑝𝑠𝑒𝑐2(𝜃)𝑐𝑠𝑐2(𝜃))𝑑𝜃, 

 

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦) = ∫
∞

0

𝑢𝑥−1

(1 + 𝑢)𝑥+𝑦
  0𝛹1 (𝛼, 𝛽; −2𝑝 − 𝑝 (𝑢 +

1

𝑢
)) 𝑑𝑢.                         

 

Proof. The desired results are obtained by putting 𝑡 = 𝑐𝑜𝑠2(𝜃) and 𝑡 =
𝑢

1+𝑢
 in equation (3), respectively. 

 
Theorem 4. Let 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝑠) > 0, 𝑅𝑒(𝛼) > −1. Then, 
 

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦 + 1)+ 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥 + 1, 𝑦) = 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦). 

 
Proof. By making the necessary calculations, we get  
 

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦 + 1)+ 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥 + 1, 𝑦) 

              = ∫
1

0

𝑡𝑥−1(1 − 𝑡)𝑦 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡 + ∫

1

0

𝑡𝑥(1 − 𝑡)𝑦−1 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡 

                                 = ∫
1

0

(𝑡𝑥−1(1 − 𝑡)𝑦 + 𝑡𝑥(1 − 𝑡)𝑦−1) 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡 

 

                                 = ∫
1

0

𝑡𝑥−1(1 − 𝑡)𝑦−1 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡 

 

                                 = 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 𝑦). 

 
Theorem 5. Let 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝛼) > −1. Then, 
 

 𝛹𝛤𝑝
(𝛼,𝛽)

(𝑥)𝛹𝛤𝑝
(𝛼,𝛽)

(𝑦) = 4 ∫

𝜋
2

0

∫
∞

0

𝑟2(𝑥+𝑦)−1𝑐𝑜𝑠2𝑥−1(𝜃)𝑠𝑖𝑛2𝑦−1(𝜃) 

 

                                             ×   0𝛹1 (𝛼, 𝛽; −𝑟2𝑐𝑜𝑠2(𝜃) −
𝑝

𝑟2𝑐𝑜𝑠2(𝜃)
) 

 

                                                       ×   0𝛹1 (𝛼, 𝛽; −𝑟2𝑠𝑖𝑛2(𝜃) −
𝑝

𝑟2𝑠𝑖𝑛2(𝜃)
) 𝑑𝑟𝑑𝜃. 

Proof. By writing 𝑡 = 𝜂2 in (2), we have  
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 𝛹𝛤𝑝
(𝛼,𝛽)

(𝑥) = 2 ∫
∞

0

𝜂2𝑥−1 0𝛹1 (𝛼, 𝛽; −𝜂2 −
𝑝

𝜂2
) 𝑑𝜂. 

 
Therefore, 
 

 𝛹𝛤𝑝
(𝛼,𝛽)

(𝑥)𝛹𝛤𝑝
(𝛼,𝛽)

(𝑦) = 4 ∫
∞

0

∫
∞

0

𝜂2𝑥−1𝜉2𝑦−1 0𝛹1 (𝛼, 𝛽; −𝜂2 −
𝑝

𝜂2
)  0𝛹1 (𝛼, 𝛽; −𝜉2 −

𝑝

𝜉2
) 𝑑𝜂𝑑𝜉. 

 
Taking 𝜂 = 𝑟𝑐𝑜𝑠(𝜃) and 𝜉 = 𝑟𝑠𝑖𝑛(𝜃), the desired result is obtained. 
 
Theorem 6. Let 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) < 1, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝛼) > −1. Then, 
 

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 1 − 𝑦) = ∑

∞

𝑛=0

(𝑦)𝑛

𝑛!
 𝛹𝐵𝑝

(𝛼,𝛽)
(𝑥 + 𝑛, 1). 

 
Proof. Using equation (3), we have  
 

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 1 − 𝑦) = ∫
1

0

𝑡𝑥−1(1 − 𝑡)−𝑦 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡. 

 
The binomial series is as follows:  

(1 − 𝑡)−𝑦 = ∑

∞

𝑛=0

(𝑦)𝑛

𝑡𝑛

𝑛!
    (|𝑡| < 1). 

 
Considering binomial series and interchanging summation and integration, we get  
 

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑥, 1 − 𝑦) = ∑

∞

𝑛=0

(𝑦)𝑛

𝑛!
∫

1

0

𝑡𝑥+𝑛−1
0𝛹1 (𝛼, 𝛽; −

𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡 

 

  = ∑

∞

𝑛=0

(𝑦)𝑛

𝑛!
 𝛹𝐵𝑝

(𝛼,𝛽)
(𝑥 + 𝑛, 1). 

 
 

New Generalized Gauss and Confluent Hypergeometric Functions 
 

In this section, we introduced new generalized Gauss and confluent hypergeometric functions and presented some 
of their properties.  
 
Definition 2. The new generalized Gauss and confluent hypergeometric functions for 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0, 𝑅𝑒(𝑝) > 0, 
𝑅𝑒(𝛼) > −1, respectively are defined by 
 

 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧) = ∑

∞

𝑛=0

(𝑎)𝑛

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑏 + 𝑛, 𝑐 − 𝑏)

𝐵(𝑏, 𝑐 − 𝑏)

𝑧𝑛

𝑛!
,     (|𝑧| < 1), 

 
and 
 

 𝛹𝛷𝑝
(𝛼,𝛽)

(𝑏; 𝑐; 𝑧) = ∑

∞

𝑛=0

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑏 + 𝑛, 𝑐 − 𝑏)

𝐵(𝑏, 𝑐 − 𝑏)

𝑧𝑛

𝑛!
. 

 

We call  ΨFp
(α,β)

(a, b; c; z) as Ψ-Gauss hypergeometric function and  ΨΦp
(α,β)

(b; c; z) as Ψ-confluent hypergeometric 

function. 
 
Theorem 7. Let 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝛼) > −1. Then, 
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 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧) =
1

𝐵(𝑏, 𝑐 − 𝑏)
∫

1

0

𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) (1 − 𝑧𝑡)−𝑎𝑑𝑡, (4) 

  

 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧) =
1

𝐵(𝑏, 𝑐 − 𝑏)
∫

∞

0

𝑢𝑏−1(1 + 𝑢)𝑎−𝑐(1 + 𝑢(1 − 𝑧))−𝑎  0𝛹1 (𝛼, 𝛽; −2𝑝 − 𝑝 (𝑢 +
1

𝑢
)) 𝑑𝑢, (5) 

  

 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧) =
2

𝐵(𝑏, 𝑐 − 𝑏)
∫

𝜋
2

0

𝑠𝑖𝑛2𝑏−1(𝜃)𝑐𝑜𝑠2𝑐−2𝑏−1(𝜃)(1 − 𝑧𝑠𝑖𝑛2(𝜃))
−𝑎

 

 

                                       ×   0𝛹1 (𝛼, 𝛽; −
𝑝

𝑠𝑖𝑛2(𝜃)𝑐𝑜𝑠2(𝜃)
) 𝑑𝜃. 

(6) 

  
Proof. By making the necessary calculations for equation (4), we have 
 

 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧) = ∑

∞

𝑛=0

(𝑎)𝑛

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑏 + 𝑛, 𝑐 − 𝑏)

𝐵(𝑏, 𝑐 − 𝑏)

𝑧𝑛

𝑛!
 

 

                                   =
1

𝐵(𝑏, 𝑐 − 𝑏)
∑

∞

𝑛=0

(𝑎)𝑛 ∫
1

0

𝑡𝑏+𝑛−1(1 − 𝑡)𝑐−𝑏−1 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
)

𝑧𝑛

𝑛!
𝑑𝑡 

 

                                   =
1

𝐵(𝑏, 𝑐 − 𝑏)
∫

1

0

𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) ∑

∞

𝑛=0

(𝑎)𝑛

(𝑧𝑡)𝑛

𝑛!
𝑑𝑡 

 

                                   =
1

𝐵(𝑏, 𝑐 − 𝑏)
∫

1

0

𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) (1 − 𝑧𝑡)−𝑎𝑑𝑡. 

 

By putting 𝑢 =
𝑡

1−𝑡
 and 𝑡 = 𝑠𝑖𝑛2(𝜃) in the last equation, equations (5) and (6) are obtained.  

 
Theorem 8. Let Re(c) > 𝑅𝑒(b) > 0, Re(p) > 0, Re(α) > −1. Then, 
 

 𝛹𝛷𝑝
(𝛼,𝛽)

(𝑏; 𝑐; 𝑧) =
1

𝐵(𝑏, 𝑐 − 𝑏)
∫

1

0

𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1𝑒𝑥𝑝(𝑧𝑡) 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡, (7) 

  

 𝛹𝛷𝑝
(𝛼,𝛽)

(𝑏; 𝑐; 𝑧) =
1

𝐵(𝑏, 𝑐 − 𝑏)
∫

1

0

𝑢𝑐−𝑏−1(1 − 𝑢)𝑏−1𝑒𝑥𝑝(𝑧(1 − 𝑢)) 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑢(1 − 𝑢)
) 𝑑𝑢. 

 
Proof. Similarly, using equation (3) desired results are achieved.  
 
Note 1. The beta function and the Pochammer symbol provide the following equations: 
 

𝐵(𝑏, 𝑐 − 𝑏) =
𝑐

𝑏
𝐵(𝑏 + 1, 𝑐 − 𝑏), 

 
and 
 

(𝑎)𝑛+1 = 𝑎(𝑎 + 1)𝑛 . 
 
These equations are used to calculate the theorems given below. 
 
Theorem 9. Let 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝛼) > −1. Then, 
 
 

𝑑𝑛

𝑑𝑧𝑛
{ 𝛹𝐹𝑝

(𝛼,𝛽)
(𝑎, 𝑏; 𝑐; 𝑧)} =

(𝑎)𝑛(𝑏)𝑛

(𝑐)𝑛

 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎 + 𝑛, 𝑏 + 𝑛; 𝑐 + 𝑛; 𝑧). 
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Proof. Differentiating the  𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧) function, we have  

 

𝑑

𝑑𝑧
{ 𝛹𝐹𝑝

(𝛼,𝛽)
(𝑎, 𝑏; 𝑐; 𝑧)} =

𝑑

𝑑𝑧
{∑

∞

𝑛=0

(𝑎)𝑛

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑏 + 𝑛, 𝑐 − 𝑏)

𝐵(𝑏, 𝑐 − 𝑏)

𝑧𝑛

𝑛!
} 

 

                                               = ∑

∞

𝑛=1

(𝑎)𝑛

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑏 + 𝑛, 𝑐 − 𝑏)

𝐵(𝑏, 𝑐 − 𝑏)

𝑧𝑛−1

(𝑛 − 1)!
. 

 
By writing 𝑛 → 𝑛 + 1, we get 
 

𝑑

𝑑𝑧
{ 𝛹𝐹𝑝

(𝛼,𝛽)
(𝑎, 𝑏; 𝑐; 𝑧)} =

(𝑎)(𝑏)

(𝑐)
∑

∞

𝑛=0

(𝑎 + 1)𝑛

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑏 + 𝑛 + 1, 𝑐 − 𝑏)

𝐵(𝑏 + 1, 𝑐 − 𝑏)

𝑧𝑛

𝑛!
 

 

                       =
(𝑎)(𝑏)

(𝑐)
 𝛹𝐹𝑝

(𝛼,𝛽)
(𝑎 + 1, 𝑏 + 1; 𝑐 + 1; 𝑧). 

 
By the inductive method, the more general form is obtained as: 
 

𝑑𝑛

𝑑𝑧𝑛
{ 𝛹𝐹𝑝

(𝛼,𝛽)
(𝑎, 𝑏; 𝑐; 𝑧)} =

(𝑎)𝑛(𝑏)𝑛

(𝑐)𝑛

 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎 + 𝑛, 𝑏 + 𝑛; 𝑐 + 𝑛; 𝑧). 

 
Theorem 10. Let 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝛼) > −1. Then,  
 

𝑑𝑛

𝑑𝑧𝑛
{ 𝛹𝛷𝑝

(𝛼,𝛽)
(𝑏; 𝑐; 𝑧)} =

(𝑏)𝑛

(𝑐)𝑛

 𝛹𝛷𝑝
(𝛼,𝛽)

(𝑏 + 𝑛; 𝑐 + 𝑛; 𝑧). 

 
Proof. The desired result is obtained by performing similar operations as in the proof of Theorem 9. 
 
Theorem 11. Let 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝑠) > 0, 𝑅𝑒(𝛼) > −1. Then, 
 

𝔐{ 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧)} =
 𝛹𝛤(𝛼,𝛽)(𝑠)𝐵(𝑏 + 𝑠, 𝑐 + 𝑠 − 𝑏)

𝐵(𝑏, 𝑐 − 𝑏)
 2𝐹1(𝑎, 𝑏 + 𝑠; 𝑐 + 2𝑠; 𝑧). 

 
Proof. Multiplying the equation (4) by 𝑝𝑠−1 and integrating from 𝑝 = 0 to 𝑝 = ∞, we have 

𝔐{𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧)} = ∫
∞

0

𝑝𝑠−1 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧)𝑑𝑝 

 

                                              = ∫
∞

0

𝑝𝑠−1 ∑

∞

𝑛=0

 𝛹𝐵𝑝
(𝛼,𝛽)

(𝑏 + 𝑛, 𝑐 − 𝑏)

𝐵(𝑏, 𝑐 − 𝑏)
(𝑎)𝑛

𝑧𝑛

𝑛!
𝑑𝑝 

 

                                              =
1

𝐵(𝑏, 𝑐 − 𝑏)
∫

1

0

𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1(1 − 𝑧𝑡)−𝑎 ∫
∞

0

𝑝𝑠−1 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑝𝑑𝑡. 

 

Putting 𝑢 =
𝑝

𝑡(1−𝑡)
 for the second integral to the right of the last equation, we get 

 

∫
∞

0

𝑝𝑠−1 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑝 = 𝑡𝑠(1 − 𝑡)𝑠   𝛹𝛤(𝛼,𝛽)(𝑠), 

 
and then using this equation in the above equation, we obtain 
 

𝔐{ 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧)} =
 𝛹𝛤(𝛼,𝛽)(𝑠)𝐵(𝑏 + 𝑠, 𝑐 + 𝑠 − 𝑏)

𝐵(𝑏, 𝑐 − 𝑏)
  2𝐹1(𝑎, 𝑏 + 𝑠; 𝑐 + 2𝑠; 𝑧). 

 
Corollary 3. The inverse Mellin transform of the above equation is obtained as: 
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 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧) =
1

2𝜋𝑖
∫

𝑐+𝑖∞

𝑐−𝑖∞

 𝛹𝛤(𝛼,𝛽)(𝑠)𝐵(𝑏 + 𝑠, 𝑐 + 𝑠 − 𝑏)

𝐵(𝑏, 𝑐 − 𝑏)
 2𝐹1(𝑎, 𝑏 + 𝑠; 𝑐 + 2𝑠; 𝑧)𝑝−𝑠𝑑𝑠,     (𝑐 > 0). 

 
Theorem 12. Let 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝑠) > 0, 𝑅𝑒(𝛼) > −1. Then, 
 

𝔐{ 𝛹𝛷𝑝
(𝛼,𝛽)

(𝑏; 𝑐; 𝑧)} =
 𝛹𝛤(𝛼,𝛽)(𝑠)𝐵(𝑏 + 𝑠, 𝑐 + 𝑠 − 𝑏)

𝐵(𝑏, 𝑐 − 𝑏)
𝛷(𝑏 + 𝑠; 𝑐 + 2𝑠; 𝑧). 

 
Proof. The desired result is obtained by performing similar operations as in the proof of Theorem 11. 
 
Corollary 4. The inverse Mellin transform of the above equation is obtained as: 
 

 𝛹𝛷𝑝
(𝛼,𝛽)

(𝑏; 𝑐; 𝑧) =
1

2𝜋𝑖
∫

𝑐+𝑖∞

𝑐−𝑖∞

 𝛹𝛤(𝛼,𝛽)(𝑠)𝐵(𝑏 + 𝑠, 𝑐 + 𝑠 − 𝑏)

𝐵(𝑏, 𝑐 − 𝑏)
𝛷(𝑏 + 𝑠; 𝑐 + 2𝑠; 𝑧)𝑝−𝑠𝑑𝑠,     (𝑐 > 0). 

 
Theorem 13. Let 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝑠) > 0, 𝑅𝑒(𝛼) > −1. Then, 
 

𝔏{ 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧)} =
1

𝑠
 𝛹𝐹1

𝑠
[
(1,1)1,1

(𝛽, 𝛼)1,1
| 𝑎, 𝑏; 𝑐; 𝑧]. 

 
Proof. Using Laplace transform and making necessary calculation, we have 
 

𝔏{𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧)} = ∫
∞

0

𝑒𝑥𝑝(−𝑠𝑝) 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧)𝑑𝑝 

 

                                            =
1

𝐵(𝑏, 𝑐 − 𝑏)
∫

1

0

𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1(1 − 𝑧𝑡)−𝑎 ∫
∞

0

𝑒𝑥𝑝(−𝑠𝑝) 0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑝𝑑𝑡 

 

                                            =
1

𝑠

1

𝐵(𝑏, 𝑐 − 𝑏)
∫

1

0

𝑡𝑏−1(1 − 𝑡)𝑐−𝑏−1(1 − 𝑧𝑡)−𝑎 ∑

∞

𝑛=0

(−

1
𝑠

𝑡(1 − 𝑡)
)

𝑛

𝛤(𝛼𝑛 + 𝛽)
𝑑𝑡 

 

                                            =
1

𝑠
  𝛹𝐹1

𝑠
[
(1,1)1,1

(𝛽, 𝛼)1,1
| 𝑎, 𝑏; 𝑐; 𝑧]. 

 
Corollary 5. The inverse Laplace transform of the above equation is obtained as: 
 

 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧) =
1

2𝜋𝑖
∫

𝑐+𝑖∞

𝑐−𝑖∞

𝑒𝑥𝑝(𝑠𝑝)
1

𝑠
  𝛹𝐹1

𝑠
[
(1,1)1,1

(𝛽, 𝛼)1,1
| 𝑎, 𝑏; 𝑐; 𝑧] 𝑑𝑠,     (𝑐 > 0). 

 

Remark 2. Note that,  𝛹𝐹1

𝑠

[
(1,1)1,1

(𝛽, 𝛼)1,1
| 𝑎, 𝑏; 𝑐; 𝑧] is special case of the generalized Gauss hypergeometric function defined 

by Ata and Kıymaz [4]. 
 
Theorem 14. Let 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝑠) > 0, 𝑅𝑒(𝛼) > −1. Then,  
 

𝔏{ 𝛹𝛷𝑝
(𝛼,𝛽)

(𝑏; 𝑐; 𝑧)} =
1

𝑠
  𝛹𝛷1

𝑠
[
(1,1)1,1

(𝛽, 𝛼)1,1
| 𝑏; 𝑐; 𝑧]. 

 
Proof. The desired result is obtained by performing similar operations as in the proof of Theorem 13. 
 
Corollary 6. The inverse Laplace transform of the above equation is obtained as: 
 

 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧) =
1

2𝜋𝑖
∫

𝑐+𝑖∞

𝑐−𝑖∞

𝑒𝑥𝑝(𝑠𝑝)
1

𝑠
  𝛹𝛷1

𝑠
[
(1,1)1,1

(𝛽, 𝛼)1,1
| 𝑏; 𝑐; 𝑧] 𝑑𝑠,     (𝑐 > 0). 
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Remark 3. Note that,  𝛹𝛷1

𝑠

[
(1,1)1,1

(𝛽, 𝛼)1,1
| 𝑏; 𝑐; 𝑧] is special case of the generalized confluent hypergeometric function 

defined by Ata and Kıymaz [4].  
 
Theorem 15. Let 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝛼) > −1. Then, 
 

 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧) = (1 − 𝑧)−𝑎   𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑐 − 𝑏; 𝑐;
𝑧

𝑧 − 1
). 

 
Proof. Using equation 
 

(1 − 𝑧(1 − 𝑡))−𝑎 = (1 − 𝑧)−𝑎 (1 +
𝑧𝑡

1 − 𝑧
)

−𝑎

 

 
and by writing 𝑡 → 1 − 𝑡 in (4), we have  
 

 𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧) =
(1 − 𝑧)−𝑎

𝐵(𝑏, 𝑐 − 𝑏)
∫

1

0

𝑡𝑐−𝑏−1(1 − 𝑡)𝑏−1 (1 −
𝑧𝑡

𝑧 − 1
)

−𝑎

  0𝛹1 (𝛼, 𝛽; −
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡 

 

                                                        = (1 − 𝑧)−𝑎   𝛹𝐹𝑝
(𝛼,𝛽)

(𝑎, 𝑐 − 𝑏; 𝑐;
𝑧

𝑧 − 1
). 

 
Theorem 16. Let 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝛼) > −1. Then, 
 

 𝛹𝛷𝑝
(𝛼,𝛽)

(𝑏; 𝑐; 𝑧) = 𝑒𝑥𝑝(𝑧) 𝛹𝛷𝑝
(𝛼,𝛽)

(𝑐 − 𝑏; 𝑐; −𝑧). 

 
Proof. By writing 𝑡 → 1 − 𝑡 in equation (7), the desired result is achieved. 
 

Applications to Fractional Differential Equations 
 

In this section, we obtained the solution of fractional differential equations involving the newly generalized beta, 
Gauss hypergeometric and confluent hypergeometric functions. 
 
Example 1. Let 1 < 𝑅𝑒(𝜀) ≤ 2, 𝑅𝑒(𝑥) > 0, 𝑅𝑒(𝑦) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝛼) > −1. Assume that the fractional differential 
equation 
 

 𝑐𝐷𝑝
𝜀[𝑓(𝑝)] = 𝑝𝛽−1 𝛹𝐵

𝜀𝑝𝛼
(𝛼,𝛽)

(𝑥, 𝑦) 

 
and initial conditions 
 

𝑓(0) = 𝑓′(0) = 0 
 
are given. Considering equation (1) and applying Laplace transform to the fractional differential equation, we have 
 

𝔏{ 𝑐𝐷𝑝
𝜀[𝑓(𝑝)]} = 𝔏{𝑝𝛽−1 𝛹𝐵

𝜀𝑝𝛼
(𝛼,𝛽)

(𝑥, 𝑦)} 

 
and then 
 

𝑠𝜀𝐹(𝑠) − 𝑠𝜀−1𝑓(0) − 𝑠𝜀−2𝑓′(0) = 𝑠−𝛽  𝐵 𝜀
𝑠𝛼

(𝑥, 𝑦). 

 
By using initial conditions, we get 
 

𝐹(𝑠) = 𝑠−𝜀−𝛽  𝐵 𝜀
𝑠𝛼

(𝑥, 𝑦). 

 
Applying inverse Laplace transform to both sides of the last equation, we obtain the solution function as: 
 

𝑓(𝑝) = 𝑝𝛽+𝜀−1 𝛹𝐵
𝜀𝑝𝛼
(𝛼,𝛽+𝜀)

(𝑥, 𝑦). 



Ata, Kıymaz / Cumhuriyet Sci. J., 43(4) (2022) 684-695 

693 

 
Example 2. Let 1 < 𝑅𝑒(𝜀) ≤ 2, 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝛼) > −1. Assume that the fractional differential 
equation 
 

 𝑐𝐷𝑝
𝜀[𝑓(𝑝)] = 𝑝𝛽−1 𝛹𝐹

𝜀𝑝𝛼
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧) 

 
and initial conditions 
 

𝑓(0) = 𝑓′(0) = 0 
 
are given. Considering equation (1) and applying Laplace transform to the fractional differential equation, we have 
 

𝔏{ 𝑐𝐷𝑝
𝜀[𝑓(𝑝)]} = 𝔏{𝑝𝛽−1 𝛹𝐹

𝜀𝑝𝛼
(𝛼,𝛽)

(𝑎, 𝑏; 𝑐; 𝑧)} 

 
and then 
 

𝑠𝜀𝐹(𝑠) − 𝑠𝜀−1𝑓(0) − 𝑠𝜀−2𝑓′(0) = 𝑠−𝛽  𝐹 𝜀
𝑠𝛼

(𝑎, 𝑏; 𝑐; 𝑧). 

 
By using initial conditions, we get 
 

𝐹(𝑠) = 𝑠−𝜀−𝛽  𝐹 𝜀
𝑠𝛼

(𝑎, 𝑏; 𝑐; 𝑧). 

 
Applying inverse Laplace transform to both sides of the last equation, we obtain the solution function as: 
 

𝑓(𝑝) = 𝑝𝛽+𝜀−1 𝛹𝐹
𝜀𝑝𝛼
(𝛼,𝛽+𝜀)

(𝑎, 𝑏; 𝑐; 𝑧). 

 
Example 3. Let 1 < 𝑅𝑒(𝜀) ≤ 2, 𝑅𝑒(𝑐) > 𝑅𝑒(𝑏) > 0, 𝑅𝑒(𝑝) > 0, 𝑅𝑒(𝛼) > −1. Assume that the fractional differential 
equation 
 

 𝑐𝐷𝑝
𝜀[𝑓(𝑝)] = 𝑝𝛽−1 𝛹𝛷

𝜀𝑝𝛼
(𝛼,𝛽)

(𝑏; 𝑐; 𝑧) 

 
and initial conditions 

𝑓(0) = 𝑓′(0) = 0 
 
are given. Considering equation (1) and applying Laplace transform to the fractional differential equation, we have 
 

𝔏{ 𝑐𝐷𝑝
𝜀[𝑓(𝑝)]} = 𝔏{𝑝𝛽−1 𝛹𝛷

𝜀𝑝𝛼
(𝛼,𝛽)

(𝑏; 𝑐; 𝑧)} 

 
and then 
 

𝑠𝜀𝐹(𝑠) − 𝑠𝜀−1𝑓(0) − 𝑠𝜀−2𝑓′(0) = 𝑠−𝛽  𝛷 𝜀
𝑠𝛼

(𝑏; 𝑐; 𝑧). 

 
By using initial conditions, we get 
 

𝐹(𝑠) = 𝑠−𝜀−𝛽  𝛷 𝜀
𝑠𝛼

(𝑏; 𝑐; 𝑧). 

 
Applying inverse Laplace transform to both sides of the last equation, we obtain the solution function as: 
 

𝑓(𝑝) = 𝑝𝛽+𝜀−1 𝛹𝛷
𝜀𝑝𝛼
(𝛼,𝛽+𝜀)

(𝑏; 𝑐; 𝑧). 
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Conclusion 
 

In this paper, we defined Ψ-gamma and Ψ-beta 
functions involving Wright function in the kernels and 
then we defined Ψ-Gauss and Ψ-confluent 
hypergeometric functions with the help of Ψ-beta 
function. Furthermore, we gave some properties of these 
functions and we presented their applications to 
fractional differential equations. In fact, most of the 
generalized gamma, beta, and hypergeometric functions 
in the literature seem to be special cases of the new 
generalized functions introduced in this article, such that: 
Chaudhry et al. [1,2,3], 
 

 𝛹𝛤𝑝
(0,1)(𝑥) = 𝛤𝑝(𝑥), 

 

 𝛹𝐵𝑝
(0,1)

(𝑥, 𝑦) = 𝐵(𝑥, 𝑦; 𝑝), 

 

 𝛹𝐹𝑝
(0,1)(𝑎, 𝑏; 𝑐; 𝑧) = 𝐹𝑝(𝑎, 𝑏; 𝑐; 𝑧), 

 

 𝛹𝛷𝑝
(0,1)

(𝑏; 𝑐; 𝑧) = 𝛷𝑝(𝑏; 𝑐; 𝑧). 

 
Özergin et al. [5], 

 

 𝛹𝛤𝑝
(0,1)(𝑥) = 𝛤𝑝

(𝛼,𝛼)(𝑥), 

 

 𝛹𝐵𝑝
(0,1)(𝑥, 𝑦) = 𝐵𝑝

(𝛼,𝛼)(𝑥, 𝑦), 

 

 𝛹𝐹𝑝
(0,1)(𝑎, 𝑏; 𝑐; 𝑧) = 𝐹𝑝

(𝛼,𝛼)(𝑎, 𝑏; 𝑐; 𝑧), 

 

 𝛹𝛷𝑝
(0,1)(𝑏; 𝑐; 𝑧) = 𝛷𝑝

(𝛼,𝛼)(𝑏; 𝑐; 𝑧). 

 
Lee et al. [6], 

 

 𝛹𝐵𝑝
(0,1)(𝑥, 𝑦) = 𝐵(𝑥, 𝑦; 𝑝; 1), 

 

 𝛹𝐹𝑝
(0,1)

(𝑎, 𝑏; 𝑐; 𝑧) = 𝐹𝑝(𝑎, 𝑏; 𝑐; 𝑧; 1), 

 

 𝛹𝛷𝑝
(0,1)

(𝑏; 𝑐; 𝑧) = 𝛷𝑝(𝑏; 𝑐; 𝑧; 1). 

 
Parmar [7], 

 

 𝛹𝛤𝑝
(0,1)(𝑥) = 𝛤𝑝

(𝛼,𝛼;1)(𝑥), 

 

 𝛹𝐵𝑝
(0,1)

(𝑥, 𝑦) = 𝐵𝑝
(𝛼,𝛼;1)

(𝑥, 𝑦), 

 

 𝛹𝐹𝑝
(0,1)(𝑎, 𝑏; 𝑐; 𝑧) = 𝐹𝑝

(𝛼,𝛼;1)(𝑎, 𝑏; 𝑐; 𝑧), 

 

 𝛹𝛷𝑝
(0,1)(𝑏; 𝑐; 𝑧) = 𝛷𝑝

(𝛼,𝛼;1)(𝑏; 𝑐; 𝑧). 

 
Srivastava et al. [8], 
 

 𝛹𝐵𝑝
(0,1)

(𝑥, 𝑦) = 𝐵𝑝
(𝛼,𝛼;1,1)

(𝑥, 𝑦), 

 

 𝛹𝐹𝑝
(0,1)

(𝑎, 𝑏; 𝑐; 𝑧) = 𝐹𝑝
(𝛼,𝛼;1,1)

(𝑎, 𝑏; 𝑐; 𝑧). 

 
Shadab et al. [9], 

 

 𝛹𝐵𝑝
(0,1)(𝑥, 𝑦) = 𝐵1

𝑝(𝑥, 𝑦), 

 

 𝛹𝐹𝑝
(0,1)

(𝑎, 𝑏; 𝑐; 𝑧) = 𝐹𝑝,1(𝑎, 𝑏; 𝑐; 𝑧), 

 

 𝛹𝛷𝑝
(0,1)(𝑏; 𝑐; 𝑧) = 𝛷𝑝,1(𝑏; 𝑐; 𝑧). 

 
 
 
Rahman et al. [10], 
 

 𝛹𝐵𝑝
(0,1)

(𝑥, 𝑦) = 𝐵𝑝
1;1(𝑥, 𝑦), 

 

 𝛹𝐹𝑝
(0,1)(𝑎, 𝑏; 𝑐; 𝑧) = 𝐹𝑝

1;1(𝑎, 𝑏; 𝑐; 𝑧), 

 

 𝛹𝛷𝑝
(0,1)(𝑏; 𝑐; 𝑧) = 𝛷𝑝

1;1(𝑏; 𝑐; 𝑧). 

 
Classic functions [27], 
 

 𝛹𝛤0
(0,1)(𝑥) = 𝛤(𝑥), 

 

 𝛹𝐵0
(0,1)(𝑥, 𝑦) = 𝐵(𝑥, 𝑦), 

 

 𝛹𝐹0
(0,1)(𝑎, 𝑏; 𝑐; 𝑧) =   2𝐹1(𝑎, 𝑏; 𝑐; 𝑧), 

 

 𝛹𝛷0
(0,1)(𝑏; 𝑐; 𝑧) = 𝛷(𝑏; 𝑐; 𝑧). 
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