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1. Introduction

Throughout this article, N and C represent the sets of natural and complex numbers, respectively. In
1729, Leonard Euler studied the classical gamma function by extending the factorial function from the
domain of natural numbers, to the region in the right half of the complex plane given as follows [1-2]:

1
I'(o) = f ttexp(—t)dt, (Re (¢)>0) (1.1
0

A year later, He established classical beta function, B(¢, £) for a pair of complex numbers ¢ and €
with positive real parts through the integrand which is given by [3-4].

1
B(c¢,&) = f to1(1 —-t)é ta, (Re (¢) > 0,Re (§) > 0) (1.2)
0

Carl Friedrich Gauss [5] generalized the geometric series in the following classical Gauss
hypergeometric function:
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F(o,€;0;z) =

(0')712(6)712 = Z( ), B(E+mp,0-&)z™ (Iz| <1,Re (8) >Re () >0) (1.3)

(O, B(E, 3—E) ny!’

nz

and it can reduced to the Kumar confluent hyper geometric function defined by Ernst Eduard Kumar in

[6].

D(&;0;2) =

o (&), 22 2" iB(S +n,3—E)z™

Lt (O, a! ma! BE 0-2) ni (Re@>Re(®)>0) (14)

2

Here (o), represent classical pochhammer symbol defined as [7-8].

_(e(c+D)(+2)(@+3)(c+n,—1), NM;=0,0+0)
@n; = { 1 , (n, = 0)

Other properties of Gauss hypergeometric and confluent hypergeometric such integral representation,
transformation formulas, summation formulas and contiguity relations can be found in [9].

Chaudhry and Zubair [10-11] extended classical gamma function in (1.1) by using exponential kernel as
follows [12-14]:

1

I5(0) = f tlexp (—t — %) dt, (Re (¢) > 0,Re (J) > 0)
0

Chaudhry etal,, [15-17] introduced the following extension of beta function as an extension of classical
beta function in (1.2):

1

By(0, ) = f 11 — )¢ Lexp <_
0

o~

t(ld—_t)> dt, (Re(3J)>0,Re(s)>0,Re(€)>0) (1.5

Chaudhry et al.,, [18] proposed the following extended of Gauss hypergeometic and confluent hyper
geometric functions by using extended beta function in (1.3) and (1.4) as

= Bs(€ +1ny,8— &) z™
F5(0,8;6;2)=Z(a)n2 e 52—5) — (32012 <LRe@®>Re(®)>0) (16)
) 2"
n;

and

By (€ + 1y, 0 — £) 2™
q>5(e;a;z)=z Jé(e 62_5) )ﬁ, (3> 0; Re (3) > Re (€) > 0) (1.7)
) 2"

n;

Lee et al., [19-20] presented and investigated the following extension of beta function as an extension
of (1.5):

1

Bo,) = [ - 0 exp (-

0

o~

ta(ld— t)a) dt, (Re (3) > 0,Re (¢) > 0,Re (€) > 0,Re (3) >0)  (1.8)
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They also [19] extended Gauss and confluent hyper geometric functions in (1.6) and (1.7) as follows:

BY(E +ny 0 —E)z™
B(E, 8—E) ny,!’

F(0, & 8;2) = Z(”)”z (3=0; |zl <1,Re (@) >Re (€) >0)  (1.9)

and

 BY(E +1,,0—E) 2™
B(E, 0-€) ny!’

®3(E;8;2) = (3= 0; Re () >Re (£) >0) (1.10)

n;

Luo etal., [21] presented the following extension of beta function as a generalization of beta function in
(1.10):

1

R}
BE.J : — f o—1 1— E-1 (_ )
5" (0, ) t 'l —-t)*texp —t5(1 — dt

J (1.11)

(Re (3) > 0,Re (¢) > 0,Re (€) > 0,Re (8) >0,Re (3) > 0)

The classical Mittag-Leffler function was first studied by G.M. Mittag-Leffler [22-24] as an extension of
exponential function as shown below:

o o2
Ew(Z) = nzzom, ((IJ,Z € C,Re ((IJ) > 0) (112)

Wiman [25-26] extended classical Mittag-Leffler function in (1.12) by introducing two parameters
Mittag-Leffler function as follows:

Eypw(2) = z #n:_w) , (w, @,z € CRe (w) > 0,Re(w) > 0) (1.13)

n,=0

Prabhakar [27] investigated three parameters Mittag-Leffler function as a generalization of (1.13) as
follows:

(n)nz an

E" = )y " Z
ww(2) A I'(wn, + @) n,

ny=

, (w,@,n,z € C,Re (w) > 0,Re (@) >0,Re (n) >0) (1.14)

Shukla and Prajapati [28] investigated four parameters Mittag-Leffler function as an extension of (1.14)
as follows:

Mg, 2™

EM@) = )y —2 €CR R R €(0,1)UN

w‘w(z) Or(wnz e (w,@,n,z € C,Re (w) >0,Re (w) >0,Re (n) >0,q € (0,1)UN) (1.15)
Nna=

where (1), represents generalized pochhammer symbol defined by [29]

r
m qn, = (nr-l(_nC;nZ)

Related literature is also available in [30-34].
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2. Main Result

The generalized Euler-type integrals involving the four parameters Mittag-Leffler function are
presented in the following theorems and corollaries:

Theorem 2.1. If w,@, n, o, & J€C, Re(w)>0,Re(w) >0, Re(n) >0, Re(¢) >0, Re(E) >0,
Re(3) > 0and q € N, then
1

o~

N)
f t(y_l(l - t)g_lexp (— m) Eg’%(zt“’)dt =
0

() z"2
R, + oy my 25 H e ® @D
n2:0 2 2

Proof.

Let represent left-hand side of (2.1) by 4, we have

1

- —_— S ’
Ay = —[ t 1(1 - t)g 1exp (— m) Eggn(th)dt
0

Applying (1.15), we obtain

1

A = f to71(1 - t)¢ texp (—

0

o~

) ) (n)nzq ﬁtwnz dt
t9(1 —t)? . ['(wn, + @) ny,!
n=

Interchanging the order of summation and integration, gives

o~

1
(n)nzq z™ R

A, = —~72d T | gotong-1l] _p)E-1 (_—) dt
1  T(wn; + @) 1y! f A= e\~ 55
np= 0

Considering (1.11), we have

) z"
Mnzq —Bg’l(a + wny, €)

A= )y — 24
! I['wn, + @) ny!
n,=0

Lemma 2.2. The following result holds [35]:

v(b — a))

b
j(t —a)* Y (b — t)*7 (tv + h)?dt = B(o,E)(b — a)* ¢ (av + h)?,F, (‘y' —giot & (av +h)

2.2)
(Re(e) > 0,Re(E) > 0; |larg((bv + h)(av + h)™ )| < )

Theorem 2.3. If w, @w, 1, ¢, £, I €C, Re(w) >0, Re(w) >0, Re(n) >0, Re(¢) >0, Re(E) >0,
Re(JI) >0, |larg((bv + h)(av + h)~1)| < wand q € N, then
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b

f(t —a)* (b —t) 1 (tv + h)%exp (—

a

o~

~
(t—a)’(b— t)l)

Ega(z(b —t)f)de

SR (=)™ (Mnyg 2™ (2.3)
= +h9*g E 2_Z_p(o—dny,E—ny + :
(av + h) . T(an, 3] (o — 0ny ng + kny)
n ng
e _ v(b —a)
X (b — @) té-0m—Intkn,—1, (cv —0ny,—g;0+ & —0n—Ing +kny; —m)

Proof.

Let donate left-hand side of (2.3) by 4,, we obtain

b

o~

A, = f (t — @)~ 1(b — DE 1 (tv + h)Pexp (— = a);’(b - t)l) M (2(b — 0)°)dt

Using (1.11), we obtain

o~

b 0 n
— o— - S (n)nzq (Z(b — t)g) ’
AZ = f(t—a) 1(b—t)5 1(tv+h)gveXP (_—ta(l—t)l> {n =Or(wn2 +ZD') ) dt

Considering the definition of exponential function

(=3)™
a)md(b — t)Min,!

b o
A, = j(t — @)L (b — )E (v + h)? nZo =

Mnyg (200 =)™

X I'wn, + @) n,!

dt

Nny=

Interchanging the order of integration and summations, yields

oo ) b
_ea\n n
A, = Z Z (=3)™ (n)nzq z 2f(t_a)o—nla—l(b_t)E—n11+n2€—1(tv+h)gdt
ny! T(wn, + @) ny,!
n1=0n,=0 a
Applying (2.2) and simplifying, we get

o)

VDY g 7
= g 2 - - _
A, = (av+h) Z Z . Tlan, + @) ! B(or —0nq, € — Ing + kny)

ny ny

X (b _ a)cr+8—6n1—ln1+Kn2—12F1 (0, — an1’ —g;0+E&— on — ing + KNy s —

v(b—a)
(av + h))
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Corollary 2.4. Substituting 3 = 0, the following result can be obtained

o~

b
f (t — @)*1(b — )1 (tv + h)Pexp (— = a);’(b — t)1> EM (2(b — £)?)dt

= (av + h)? Z —(n)nzq ﬁB(c;v,«S + kny) (b — @) FE+Kn2—1
= I['(wn, + @) ny,!

v(b — a))

X2F1(0’,—gy;0’+£+l€n2;—m

Corollary 2.5. Putting a = 0 and b = 1, the following formula can be obtained

o~

1
f(t —a)” (b — )¢ (tv + h)%exp (— ﬁ) Eqa(z(1 —t)f)de
0

(1) z" v
= h? OW%E B(O’ — 6n1,8 — lnl + an)zFl (0’, —g, +E+ an;—ﬁ)
Nny=

Theorem 2.6. If w, @, n, ¢, & J€C, Re(w) >0, Re(w) >0, Re(n) >0,Re() >0, Re(E) >0,
Re(3) > 0; @, B = 0andq € N, then

1

o—1 _ \E—0-1 _ a _R7Y (_ 3 ) n.q w
ft (1-10) {1-vt*(1 - 0)F} "exp B0 Eg e (zt®)dt
0

o oo p O/)Tll (n)nzq ZM2 5a
=ZZ nq F(wnz+w)n_2!BS (o0 +any + wny, € — o + fny)

(2.4)

ny nz

Proof.

Let represent left-hand side of (2.4) by A5, we have

1

_ Y . 3 ,
Az = J t 1(1 - t)g o 1{1 — Uta(l — t)ﬁ} exp (-m) Eggﬁ(zt“’)dt
0

Applying (1.15), we have

zM2

as= [ - oFe 1 - v - ) Texp (- %){ M_twnz}dt

['(wn, + @) n,!
0 n,=0

Using binomial theorem, we get
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1

oy (1 — £)fm 3
_ - E—o-
As —ft" 11 —t)o1t z (Vn, (exp (‘m)

nq!

0 n;=0

(n)nzq z™2

— 2L YNt
F(wnz + @) n,!

Interchanging the order of integration and summation, we have

o~

o oo 1
A, = Z Z v (Y)nl (n)”zq ﬁf t0+an1+wn2—1(1 _ t)£—0+/3n1—lexp (_ S )dt
3 n; T[(wn, + @) ny! J t9(1 — t)?

ny ny

Re-written this equation using (1.11), gives

[00] (00} vTL1 Z
As = ZZ Wy Mnyg —BER((r +an; + wny, € — o + fng)

n; ['(wn, + @) n,!
ny np

Corollary 2.7. Setting y = 0 in (2.4), we have

1
f o711 - t)g_"_lexp( o t)l) Eqga(zt®)dt = Z I (W)Zniqw) BER(G“ + wny, € —0)

0
Corollary 2.8. Setting 3 = y = 0in (2.4), we get

1
f t771 (1 - )T ES S (zt®)dt =
0

(Mnyq

———29_B(o + wn,, € —
I'(wn, + @) (o + amy o)
ny

3. Conclusion

In this work, we have proposed some generalized Euler type integrals involving four parameters Mittag-
Leffler function of the form Eg‘ffﬁ(z) (refer to, [28]). In some special cases of this new generalized Euler
type integrals includes:

Setting & = 3 in (2.1), (2.3) and (2.4), we obtained the following Euler-type integrals that are in [36]:

1

o _ 3 ® (Mn
Oft 1(1—t)£ 1exp (-m) Enq (Zt )dt l_,(n—_l_qZD_)EBw(O’-l'a)Tl 8)
b o~
f (t — @)1 (b — DE L (tv + h)Pexp (— e t)a) EM (2(b — £))dt

a

O )M My 2"
- h gz 22 gy _on,E—d
(av+ h) 2.2 . Tlan, + @) ] (0 — 0y ny + kn,)
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v(b—a
X (b — )7 t€-20mtKkny -1 (cr —0ny, —g; 0+ E—20n + kny; _—(cEv " h;)
and
1 o~
- E—o—1 -v ~ n.q
f t 1(1 —t) 7 {1 - Uta(l - t)ﬁ} exp (-m) Eu),m(th)dt

0

O Wy Mg 2™
= ZZ T, + w)n—z!Bs(cr +any + wny, € — o + fny)

ny ny

Finally, putting 8 = 3 = 1in (2.1), (2.3) and (2.4), we obtained the following Euler-type integrals that
are in [37]:

1

f to1(1 - t)* texp (—

0

o~

t(1—t)

(Mng 2"
I'(wn + @) n!
n=0

) Eg g (zt®)dt = Bs(o + wn, £)

o~

b
f (t — @)~ 1(b — DE L (tv + h)Pexp (—(t_a)"m) EN (2(b — 0)°)dt

[oe]

= (av + h)? Z Z D™ Wnsg ﬁB(a —ny, & —ng +kny)

n; T['(wn, + @) n,!

ng ny
v(b—a
X (b — @) t€-2mtkn-1p (cr —Ny,—gy 0+ E—-2n+kny; —ﬁ)
and
1 o~
f ta—l(l _ t)E—(f—l{l _ vtd(l _ t)ﬁ}_yexp (— t(l — t)) Eg’g’(th)dt

0

= Z Z r(l)/)nl naq —Bx (0 + any + wn,, € — o + Bny)

1 Non, + @) ny!
ng ny

Other form of special cases of this generalized Euler-type integral that are in the form of exponential,
Classical Mittag-Leffler, Wiman and Prabhakar functions that are in [36-37] also follows.
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