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ABSTRACT. This work contains the numerical studies of singular initial and boundary value problems of ordinary
differential equations. The importance of these problems arose from the recent attentions Mathematicians have
drawn to them due to their occurrence naturally and repeatedly in physical models. The numerical solutions to these
problems are obtained by a class of block hybrid methods. The behaviour of basis functions differs and as such
has an influence on numerically derived methods. Previous studies eulogize the use of a single basis function. This
study establishes the advantage of using multiple basis functions as the derived methods combine multiple properties
of basis function as this approach improves the stability of the resulting methods. This work combines two basis
functions namely: a newly Constructed orthogonal polynomial and shifted Chebyshev orthogonal polynomial for
the development of some continuous hybrid schemes in collocation and interpolation technique. To make the
continuous schemes self-starting, some block methods of discrete hybrid form were derived. The schemes were
analyzed using appropriate existing definitions to investigate their stability, consistency, and convergence. The
investigation shows that the developed schemes are consistent, zero stable, and hence convergent. Comparison with
the exact solutions and existing methods show that the proposed methods are effective numerical methods for the
solutions of singular initial and boundary value problems.

2010 AMS Classification: 65-02, 65L05

Keywords: Stability, consistence and convergence, singular boundary value problems, orthogonal polynomial, hybrid
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1. INTRODUCTION

Singular problems arose in the formulation or modelling of real-life situation. These problems usually pose difficult
to solve using known analytical means and as such effective numerical solutions are required. Mathematicians develop
mathematical models to help them understand the physical phenomena in real life problems. These models often lead
to equations involving some derivatives of an unknown function of single or several variables which are called differ-
ential equations. Differential equations have various application in many fields such as engineering, science and social
sciences. Recent occurrence of these type of problems have drawn the attention of researchers to their approximations.
Numerous methods have also been developed in recent times and however, improvements on these methods for the
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solutions of the problems are required. This study uses the collocation and interpolation approach to estimate the solu-
tion of a class of these problems. The approximation was sought in the combination of two basis functions.

Many applied Mathematicians and Physicists focused their attention on the studies of second order singular problems
in Ordinary Differential Equations (ODEs). Such kind of equations have been discussed by various researchers among
these are; Qu and Agwarwal [14] who employed collocation method for solving a class of singular non-linear two-point
BVP. Wazwaz [18, 19] presented series and exact solution of Lane-Emden and Emden-Fowler type of problems based
on Adomian decomposition and modified Adomian decomposition methods. Koch et al. [8] evaluated the approximate
solution of the singular IVP by implicit Euler method and finally used an acceleration technique known as the iterated
defect correction to improve the approxiamtions. Hassan and Zhu [4, 5] solved such a singular IVP by Taylor series
and modified Adomian decomposition method. Changqing and Jianhua [2] developed a numerical method for Lane-
Emden equations using chebyshev polynomials and collocation method. A reliable algorithm based on chebyshev
polynomial and collocation method in order to obtain approximate solution for the Lane-Emden equation was thereby
presented. Kumar and Singh [9] applied modified Adomian decomposition method and computer implementation for
solving singular BVP arising from various physical problems. AbdulKaled e? al. [1] constructed a numerical approach
for solving a class of singular boundary value problems arising from physiology. Hassan et al. [3,4] derived an im-
plicit method for solving first and second order singular IVPs, which give more accurate results than those obtained by
implicit Euler and second order implicit Runge-Kutta methods. Iryna er al. [6] applied residual power series method
in order to obtain efficient analytical numerical scheme for a class of non-linear system of [VPs with infinitely many
singularities; the method provide analytical solution in terms of rapid convergence series with easily computable com-
ponents. Shiraleshette et al. [17] employed a new method, named Haar wavelet collocation method, numerical solution
of singular initial value problems or integral equations, ordinary and partial differential equations were obtained by
the method. Roul [15] presented a numerical of singular two-point BVP using Adomian decomposition homotopy
perturbation approach. Najafi and Yaghouba [11] constructed a non-standard finite difference schemes for numerical
solution of non-linear Lane-Emden type equations, the use of the method and its approximate play as important role for
the formulation of stable numerical methods. Roul [16] presented a fast converging iterative approach for the solution
of doubly singular BVP with derivative dependent source foundation. A special class of the form of (1.1) is called the
Lane-Emden equation and this problem was investigated and solved using a class of Runge-kutta method by Ogunniran
etal [13].

The general form of second order singular differential equations is denoted as:

77 P(x) ’
Vi) + —=Y @)+ f(x,y) =g(x,y); a<x<b. 1.1
0(x)
In order to solve equation (1.1), any of the conditions stated below need to be imposed.
y@) =a,y (@)= (1.2)
y@) = a1,y (b) = pi. 1.3)

Equation (1.1) together with (1.2) are called Initial Value Problem (IVP) while equation and (1.3) are called Boundary
Value Problem (BVP).

Equation (1.1) is singular at Q(x) = 0 and f(x,y), g(x,y) are non-linear continuous functions. It is well known that
some of these problems have proved to be either difficult to solve or cannot be solved analytically due to its singularity
as the approximate solutions lost their accuracy in the neighbourhood of the singular points; hence the need to derive
numerical methods for the solution of such problems becomes necessary.

1.1. Orthogonal Polynomials. Orthogonal polynomials have found widespread use in all areas of science and en-
gineering. Typically, they are used as trial functions to expand other more complicated functions in which, many at
times, arise from initial or boundary value problems.

Consider the equation:

1 W n(DGu ()X = By

0, m#n
Tmn = l.m=n °

with
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where the weight function w(x) is continuous and positive on [a, b] such that the moments:

b
,uzf wx)x"dx, n=0,1,2,---

exist and £, is a non-zero constant. Then the integral

b
< sy >= f W) (Db ()lx

denotes an inner product of the polynomials ¢,, and ¢,,.
For orthogonality,

b
< P, Op >= f W(X)P(x)P(x)dx =0, m # n.

The orthogonal polynomial valid in the interval [0, 1] and with respect to weight function w(x) = x* are given as:

$o(x) =1
$1(x) =4x-3
¢r(x) = 15x* = 20x + 6
$3(x) = 56x° — 105x% + 600x — 10
d4(x) = 210x* — 504x> + 420x% — 140x + 15
¢s(x) = 729x° — 2310x* + 2520x° — 1260x% + 280x — 21
d6(x) = 30032° — 10296x° + 13860x* — 9240x> + 3150x% — 504x + 28
d7(x) = 11440x7 — 45045x5 + 72072x7 + 60060x* + 27720x> — 6930 + 840x — 36.

1.2. Shifted Chebyshev Polynomials. The shifted polynomial of the first kind are orthogonal on the support interval
[0,1] with weight function:
1

X—X

w(x) = >

and normalized by the requirement that 7,(1) = 1. 7,(1) = 1 satisfies the three-term recurrence relation:
T, (x)=22x-DT,(x)-T,_,(x); forn>1
with starting values:

To(x) = 1
Ti(x)=2x—1.

2. METHODOLOGY

2.1. Introduction. Let the approximate solution be given as a combination of two basis functions in the form:

V4 k
Y@) = a0+ Y BT~ Y0, Xn <X < Ko, @1
r=0 r=p+1

where x € [x,, Xpem], m = 1,2, @’s and b’s are real coefficients to be determined, p = u+v -3,k =u+v— 1. uis the
number of collocation points, v is the number of interpolation points, ¢,(x) is the constructed polynomial with weight
function w(x) = x? over an interval [0, 1] and T} (x) is a shifted Chebyshev polynomial, & = x,.1 — X, is a constant step
size of the partition of interval [a, b] which is given by

a=xg<x;<-+<Xp_1 <XxX,=b.

Differentiating (2.1) twice gives:
p k

Y=Y adl+ Y b @,

r=0 r=p+1
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2.2. Development of Two-step Method with Four Off-step Points. A transformation
2x —2x, —mh
f= =" 2.2)

mh ’

where m is the step number, will be used throughout the formulation of this method. To derive this, four points are
introduced and m = 3. These off-step points are carefully selected to guarantee zero stability conditions. The four

off-steps are Xy 60 X 75 Xy 8 and X4l using (2.1) with u = 7,v = 2 gives a polynomial of degree u + v — 1 as follows:
6 8
y(x) = Z ar¢r(x) + Z brTr*9 2.3)
r=0 r=7
where x € [x,, x,:2]. The second derivative is given by:
6 8
Y@= adl )+ bT. (2.4)
r=0 r=7
Substituting (2.4) into (1.1) gives:
6 8
fey )= Y ad () + Y bT,".
r=0 r=7
Now, interpolating equation (2.3) at x,, 16 X1 and collocating (2.4) at all points in selected interval
X X1 Xy €5 Xy 75 Xy 85 X9 and x,,.» gives the system of equations:
Ax=b, (2.5
where
r] L 13 219 13 4117 _ 25727 378843 2844233
5 5 125 15 3125 15625 78125 390625
98 17 1081 11332 1247689 5426047
L =7/5 2/5 125 2 3125 15625 78125 7390625
0 0 30h% —546h72 6384h2 —61200h72 524070h72 —1988928 2 15252768 h~2
0 0 30h% 2102 840h™2 —-2520h72 6300 12 —1984 12 3920472
-2 714 -2 11952 45198 956736 15064112
A=10 0 30h Y 336h 2512 12512 T 312512 T 1562512
-2 378 168 2664 17172 5853248 10017328
0 0 30h 5 5K 2512 125K 312512 T 1562512
-2 42 336 144 13518 1634752 96542672
0 0 30h 5 T5r 2512 12512 312512 15625 12
-2 -2 168 1368 17172 46851264 248344112
0 0 30h 294 h 5k 25K 125K T 31252 T 1562512
| 0 0 30n% 1260  336h72 720 h2 1350 12 —48704 h™2 138928 h2
rap 1 [ yn+_% ]
ap Yn+1
ap fn
as n+l
h
x=| as |, and b = f,Hg
as fn+%
e f;ﬁ—%
Z7 f;ﬁ—%
-8 | foe2 |
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Solving the resulting system in (2.5), the values of the unknowns parameters a,, r = 0(1)6 and b,,r = 7, 8 are obtained

and given as below:

1383902809 72 _ 10515988529 12 19260609929 7.2
ao = 4yn+ 4 yn+7 + 736988805 120000 " fn 1734082560000/ Jn+1 T Sagsiestaooo0 /! Jn+2
+ 731253193?3 2 6654120813 2 127239583357 32 ¢ TS03029699 p2
2080899072000"% Jn+& ¥ T213857792000"% Jn+1 T 1387266048000 Jn+8 ~ 3450069440001 Jn+2
60495623 12 5 _ 732859577 12 2781777359 1.2
a = 4yn+ 4yn+7 + T5924720125000 fn g5008060000 7 Jn+1 + sgo1Tassd000 1 S
1016503967 02 f 1498918009 2 ¢ 578340089 f 1540718621 2 ¢
173408256000 Jn+€ ~ 22759833600"% Jn+1 T 2161798144 Jn+? T 39016857600F Jn+?
_ 4043 32 _ 122978557 1.2 47068585 1.2
A = 16342) 1e7h Jn 8174960640h Jur1 + 36008425611 Sur2
4598525 12 ¢ 287495805 12 1024755425 77" "7 96738005y ¢
367140608 /Y Tn+& ~ 5722472448 Jne 1 ¥ 6530068512 /% Jn+d T 1634992128 7% Jn+d

4286551 12 20955931 7,2 39417311 3,2
as = 400573071329}’ Jn— 1589575680h f"+1 * 317915136 W fasa

119513675 1,2 37775 1,2 13915225 1.2 52103575 1,2 .
+1907490816h fn+* 1112702976h f;H% 115605504h f;H* 2861236224h fn+§

993743 2, 28840687 12 4110899 2
a4 = 118351134720h fﬂ 4226826240h f"+1 + 960h Jni2

56339825 12 1795 18 2 3271925 42
+ 1690730496h fn+* 2958778368h f;ﬁ'* 3381460992h fVH—* 12()766464h f;l+*

_ 26975 32, _ 19325 12 312275 2
as = 75074508hf” lll76704hf”+l+ 7264hf”+2

419975 1.2 _ 1 2 2675 1,2
59609088h fn+* 32514048h fn+§ 156473856h fn+f 67060224h f"**

— 1325 2¢ _ _ 575 2 3275 2 112375 12 476375 12
a6 = 2219083776h f” 96864768h f""'l + 14902272h f”+2 + 581188608h fn+f 387459072h fn+*

266375 7,2 742375 12
~ 339026688 fn+— FT7829 12 1 fn+—

_ __625 12 625 12 325 12 3125 12 3125 12
by = 8257536h Jurr + 8257536h Jar2 + 8257536h fn+7 4128768h fn+— 4128768h fn+ — B h? fwg

_ __ 625 20 _ _ 625 32 625 15625 1.2

bs = —1roos28383 1 fo — TH0dOTOR N St + 88080384h Jov2 + s5panisaht f;ﬁ——
15625 12 15625 12 15625 12
~ 134140672 " fn+— 6160768 fn+— 396361738 /1 fn+—

The values of a,.s, r = 0(1)6 and b).s, r = 7, 8 are substituted back into equation (2.3) to give implicit continuous hybrid

method of the form:

y(x) = a(’ymﬁ +Ct’7yn+7 +h [ﬂOﬁl +ﬁ1ﬁl+1 +ﬁ(‘fn+(‘ +B fn+7 +ﬁ f;¢+3 +B fn +ﬂ2ﬁl+2]

xxn

Writing the a, and B, as continuous function of ¢ using (2.2) for m = 2 implies that ¢t =
obtained as:

ag(t) =-5t+2
ay() =5i- 1
Bo(t) = ? [336826588 £ — ghent + 32%38 0= 25+ ot - m’% 360! — 3173(])000]
Bi(0) = hz[ Sl G - RO - B0+ 550 - B0+ 57— 5+ Taeo00
By(t) =P |52 - 330 + e Y ]
Br() =1 [T+ YR 0 + 0 L0+ IR oo B0+ 3551+ o)
Bytr) = 12 [ B _ 32,7_ 137s . ‘21875 - Felt+ R f3 Tebs’” + oot * |
By = 2 [~ 1 A 4 B0 B 4 §f§f3 + 356+ 3033001 ~ T3]
,32(0 = h? [562858 — gl — 510+ %’5 — 3+ 15~ Tosoom0! + 3500007 +

Evaluating (2.6) together with (2.7) at the interpolating points X, X,+1, X,, +85 X 25 Xns2 implying that ¢ =

and 1 respectively yields the following discrete methods:

2.6)

' The parameters are

Q2.7)

~1.0.32.4

5°5
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_ 121 524119 105837 101161 1050157 831203
Yn+6Y,1 = Tyupe = W [35155000./n + 30000 Sr+1 — 120000142 = 72000 Jn+ & T 43000 S+
_20631 Yy S8086T £ )
16000 /n+8 T 108000 /n+2
51563 1693

B _ o 221 400 19
Ynrt + Yne 2 = 2Vnss = W (513550000 + Tag0000/n+1 3530000 /n+2 + 15120000+ ¢ + 882000+ 1
1247 1163

* 1008000 /n+¢ ~ 2268000 n+%] . ]
T o4l 31 203 28363
Yntd = 2Vps1 Yoy = W Ustrsgoo00.fn = Taeopm0/n+1 + 350000 /n+2 + T 13000 n+& + 882000/ n+1

4 4187 53 0]
1008000/ n+£ ~ 2268000/ n+2
5 1o _ ¢ 4103 20033
840000/7+2 T 504000/ n+¢ T 294000/ n+1

7

Y+ 3yn+§ +2yn+ = [105840000 n 140000f"+1
+ 112000 fo+ & + To6000 e 2]

15833

_ — =11 _
Yns2 = 4Y,41 + 3V = W Usagstom.f» = amogo0f+1 + 320000742 + 233000 n+& ¥ 147000 Jn+1
+12037 ¢ T 6057 o)
168000/n+& * 378000 /n+2 1-

Differentiating equation (2.7) where % = % gives rise to:

’ =5
a (f) =5
o (1) = 2
o [625 7 625 6, 4255 125 4, 1313 2, 479
By = h| 75561 — 10061 + 6048t sess! + aonl ~ sl + 42336000]
B(1) = [[ €37, 6256 255 _ 123y S35 1352 61T
15625 7 3125 64 P05 5 Caas 4 s1os 4 1252 3553
,86(t) Toos ! ~ o6 Ut 1l Yl ~ Sl T T Zan
15625 7 3125 64 1235 _ WIS 18IS 125y 190
ﬁ (l‘) [ At e vit A Yt r=Tit 352800]
ﬁ’ (1) = [15625 a_ 21875t6 1375 S 2087t4 4375 N 125 _sm ]
=n|"en 576 334 T4k 16128
_ 156257 31256 875 S_ 123 6915 125 3209
:3 (0= h[ 52!l Tl Tl 6l tesl — 302400]
Wy lp s ]

€237 _ 6236255, 6234
ﬂz(t) = h[336t L T - L

Evaluating the derivative of (2.6) together with (2.8) at all points in selected intervals i.e

xn,xn+1’xn+g’xn+7s-xn+ ’ n+7 and Xn+2

10080000

implying that t = —1,0, %, %, 2,

= 5V,01 = Tragas| 25437313, — 1781543484 .1 + 330902082,

+5395701990,..¢ — 7456339080 f1 + 5463257625, 5 — 20916522201, 5]
hy ., + syn+g = 5V 1 = T [479f — 2823828 .1 — 64806 f,H2

—10495170f,. ¢ + 1553640f,,1 — 1320375, s + 449260,

= ]27008000[ 289fu + 342468fn+1 + 64386 fn+2

hy;Hg + 5yn+g - 5yn+§ =
—8125530fn+g - 6309000fn+% + 1822905]%_; - 495740fn+%]

’ 2
hyn+% + 5Vpes = SVnel = Toroos006 1253 fn = 270396 fy41 — 6136242
+3680250f,, s+ 10743480fn+% - 1874565fn+§ + 483140fn+§]
= Trracons [~ 43fu + 6636 £y + 28182f,1

hy g T 5yn+ 5yn+% -
+546210f s+ 8526120fn+% + 3890355fn+% - 296660fn+%]

B,y + 5t = SVnst = vt 99 — 44388 £t — 4620602
+509430f o +2864520f,,1 +4364685f, 5 + 142390011
Ry + SV sy,H, = 127008000[ 1313, + 600516/, + 78380820
—1298010f o+ 31660920f 1+ 13757625f,. i85+ 36347780)‘“%]

hy;, + 5y, 46

Combining equations (2.7) and (2.9) w111 produce a block of the form:
AY,, = BR, + h* (CR, + DR;),

‘5—‘ and 1 respectively yields the following discrete derivative methods:

2.8)

2.9)

(2.10)
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where

>
Il
O O O 0O 0O O O O o O O = O

S O ©O O o o o o o =

S ©O ©O O o o o o o o o o

L L L W e W b e W N =

SO O O O T O ©o o o o

S O O O O O o o o o o o

SO O O O O o o o o o

SO O O O O O o o o o o o

S O O O O o o o o © S O O O O O O O o o = o O

S © ©O O o o o ©o o o o o

S O O O o o o o o o S ©O O O O o o o o ~= o o o

S O O O O O o o o o o o

S O O O O o o o o o SO ©O O O O o T o = O ©o o o

S O O O O O o o o o o o

SO O O O O o o o o o SO O O O O T O O o o o o o

S O O O O o o o o o o o

S O O O O o o o o © S O O O T O O O o o o o o

S ©O ©O O o o o ©o o o o o

S O O O o o o o o o SO ©O O T O ©O o o o o o <o o

S O O O O O o o o o o o

S O O O O o o o o o SO ©O T O O O o o o o o o o

S O O O O O o o o o o o

SO O O O O O o o o o SO T O O O O o O o o o o o

S O O O O o o o o o o o

, Yy =

S O O O O O O o o o o o o

, Ry

S O O O O o o o o o

524119 h*
15120000

_ =221k
31752000
31K
317520000
__31r?
105840000
11K
52920000

—25437313 h*
127008000

4192
42336000

2892
127008000

25312
127003000
—43 1
42336000

59 h?
18144000

—1313 1%
127008000

[ Va1 |

5

5

Yn-2

, Ry

[ fn—l ]

fn—6
fn—8
Ja-10

Ja-11
I
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r 105583742 —105015742 831203 12 2763112 58086712 0062 0 0 0 0 0
20000 72000 42000 16000 108000 120000
400172 51563 12 169342 124782 _116342 1992 00000 0
1260000 1512000 882000 1008000 2268000 2520000
241 12 6203 12 28363 12 4187 12 5332 312 00000 0
1260000 1512000 882000 1008000 2268000 2520000
572 41012 20033 12 4569 12 261712 109
140000 304000 2940007 112000 756000 oo 0 0 0 0 00
5o 263312 15833 72 1293712 16057 12 1109 0000 0 0
310000 252000 147000 163000 378000 720000
_ 178154348417 | 5395701990)7  -TAS6330080K’  S4632ST6ISKE 20916522201 330902082 0 0 0 0 0
D= 127008000 127008000 127008000 127008000 127008000 127008000
—2823828 12 —10495170 12 1553640 12 —1320375 12 449260 12 _406 0 000 0 0|
42336000 42336000 42336000 42336000 42336000 12336000
342468 2 —8125530 /2 —6309000 /2 1822905 2 —49574012 64386 00000 0
127008000 127008000 127008000 127008000 127008000 127008000
270396 2 3680250 /2 10743480 /2 1874565 12 483140 12 61362 00000 0
127008000 127008000 127008000 127008000 127008000 127008000
663612 546210 12 8526120 12 3890355 12 296660 B2 9 000 0 0 0
72336000 42336000 42336000 42336000 32336000 32336000
4438812 500430 12 2864520 12 4364685 12 1423900 462062 0 000 0 0 0
18144000 18144000 18144000 18144000 18144000 T8144000
60051612 ~1298010 /2 31660920 12 1375762512 _ 36347780 I8302K o 0 0 0 0 0
L 127008000 127008000 127008000 127008000 127008000 127008000 ]
I fn+2
6
Jure
fn+§
8
Jur
9
fn H
Ry =| fu
Ju-g
Ja-1
Ju-3
Ja-t
L fo

Multiplying equation (2.10) by A~! gives the hybrid block method below:

1Y,, = BR, + i*[CR, + DR;]

written as:
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‘= 2168277 L 35233 1579 674075 61205
Y+l = Yn = Yph = I 357606a fn + G035 Sor1 = Sog Sor2 — Sa103 n+& T 1568 Jn+1
_62633024'5 ned ¥ 43062248285 2]
1 127 5809 478 1500 43100
Yn+2 = Yn = 2y = W[ gz fo + 57 a1 — fn+2 - e T I a1
6025 1565() ]
784 Jn+d T 567 Jn+?
205039 ¢ 10098 1998 6369 310284
Yneg = ¥n = $hy, = P L3gao fo + 505 Jar1t = o fur2 = 55 nt¢ T 76125 Jnel
130869 1798
T 73500 Jn+i 125 n+5]
s =y = Lhy, = B[ ABGST ¢ | 5T383 _ 20l e 19392877 449281
YneI = Yn = 50 = M 113960000/7 + 30000 Jn+!1 ~ 720000 Jn+2 T 432000 Jn+& T 7200 Ju+l
— 500 et sa0n Jne2]
8.4 _ 127708928 675328 43648 1261184 1362944
Ynrs = Yn = 5hy, = W lszseeo5.fo + So575 Jas 13125f"+2 23625 Jn+ &t 18375 Jnel
9 51092 _81557%19g+1§ y léggzgzsg f! 693011 1684646
9., _ 125510921 15965 = 6930117 1
Yned = n shyn = I [3365000 n4 13000 Jas1 5 1}3%800f"+2 112000 Jn+& + “1og000 Jn+1
141477 71
222000 Jn+$ + 1200 S+ 2]
;o 1759 10511 516875 103625 211
Yier = Vi = hlsggoms fo + Toe fart = 433 far2 = 006 n+e T 1764 Jnsl 2.11)
347125 37375
8064 Jn+t t 2368 Jue ]
b pr 29441 12276 9117 29783 71856
Vs hliz7000./n + 575 f"+1 35001+ 700 Jnr& T 1225 S+l
_6&2(;)01 " so44 o]
P [ 259567 15778 ¢ 187621 1834021 52913
Vsl = hl 1306000/ + Tizs fr+1 ~ 2000 frs2 23200 Jn+ g T %500 Sus 2
SR e
, / [ 20364 110464 20512 200672 649472
Vst = In = Ml o625 fo + 575 Jor1 = Fg75 Jav2 = S5 n+& T 11025 Jn+l
617567054 n+d 21343137454 n+9]
f oy = R[A02 p  24343 146043 475497 ¢ 288441 o
y,,+§ = "L784000/7 T 1750 S+l T 56000 Jn+2 T 11200 Jn+d 4900 Jn+i
958149 11583
22400 Jn+t 700 Jn+2]
6359 f 1 884 641 32125 26000
Yneo = Yn = BISTs3 o & "5 fast = 355.0nv2 = 567 ne® gy Juel
21625 9500
Soq Surs T 567 Sur2 ]

2.3. Analysis of the Methods. In this section, the proposed schemes are analyzed by determining the order and error
constant, consistency, zero stability and region of absolute stability of the schemes.

(a): (i) Order and Error Constant of the Main Method

Taylor series expansion of (2.11) gives order p = 9 and error constant as —m.

(i1) Order and Error Constant of the Block Method

Also, Taylor series expansion of terms of equation (2.11) yields

183907 142713 9233903 16719104 153248493
3969000000 2392578125’ 126562500000 193798828125 153125000000’
7001 32233 6369 449281 171968
62015625’ 52920000’ 95703125 6750000000 2583984375’

815427 11 Ir

12250000000 165375
(b): Consistency
Consistency of the Main Method
The first and second characteristics polynomial of the main method are given by:

p(2) =7* - 475 + 378
and
1109

11 0 59 2633 ¢ 15833 ; 12937
5 5 5 + 7.
420000

- + + +
529200007 ~ 210000°  25200° © 147000° " 168000°
The main method (2.11) is consistent since it satisfies the following:
(i) the order of the methodis p =9 > 1

16057 o
+ z5
378000

o(z) = -
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(ii) @p=1,07 = —4 and ag = 3. Thus Shoaj=1-4+3=0.

(iii)
p()=1-4+3=0
28 » 18
’ :2 .5 -3
p'(z) =2z 515+ 515
28 18
’ — 2 _ = _
p'(@) s+
sp()=p'(1)=0.
(iv)
56 - 18 -
p'(@)=2~ 5273 + 52?4
12
1/ 1 [ —
= p"(D) 75
11 59 2633 15833 12937 16057 1109 6
o(l) = - - + + + + 4 _ o
52920000 210000 252000 147000 168000 378000 420000 25
6 12
210(1) =2(=) = —
o(1) (25) 75

p’(1) =210(1).
Hence the main method is consistent. Similarly, the block method of (2.11) is consistent.
(c): Stability of the Method
(i) Zero-stability of the Main Method
By definition, the first characteristics polynomial of (2.11) is given as:

p2) = 2 — 425 + 325,
The zeros of these are: z =0, 1.
(d): Convergence
The block method (2.11) is convergent since it satisfies the necessary and sufficient condition of consistency

and zero-stability.
(e): Region of Absolute Stability

FiGure 1. Region of absolute stability of BHM, 4"

207 1

10 1

201 .

30T N

i 1 1 L 'l ] L

0 20 40 60 80 100 120 140
Re (z)

3. NuMERrIcAL REsuLTS AND Di1scUsSIONS

This section focuses on the performance of the proposed methods compared to that of existing methods in literature
when applied to some selected problems.

1BHMZA is the Two-step Block Hybrid Method with four off-step points.
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Example 1: Roul (2018).
(Y'Y =Bx*F2(xy’ +y(a+B-1); 0<x<1.
Fora=2,8=4
X2y +2xy = 4x*(xy’ + Sy)
with conditions y(0) = 1, y(1) = exp(1) and theoretical solution y(x) = exp(x4).

Example 2: Jafari et al. (2012).
, 05,
Y+ Y = exp(y)(0.5 —exp(y)); x € [0, 1]

with conditions y(0) = log 2, y(1) = 0 and theoretical solution y(x) = log( 1+2x2)'

Example 3: An Oscillatory Problem (Ndukum et al., 2015).
y"’ = =100y + 99sinx

with conditions y(0) = 1,y’(0) = 11, x € [0, 1000].
The theoretical solution is y(x) = cos(10x) + sin(10x) + sin(x).

Example 4: Koch et al. (2000).
2 2
y'(t) = —;y'(l) —n’cos(nt) — ;nsin(nt),y(O) =2,y'(0)=0.
The theoretical solution for n = 3 is y(¢) = 1 + cos(nt).

Example 5: Koch et al. (2000).

2
Y = —7y'(t) =Y (0),1€ (0,11, y(0)=1,y(0) =0,

@) =

2

1+§

3.1. Table of Results for Numerical Comparison. Here, the tabular form of results obtained by the new methods in
comparison with existing methods and exact solutions are presented below.

TasLe 1. Error of methods for Example 1

n Kumar and Singh [10] Roul [16] BHM, 4

6 477839 x 1077 6.7832x 1077 4.9848 x 1077

8 6.7985 x 107° 1.6259 x 107 2.0020 x 107°
CPU Time 0.2500s

3.2. Discussion of Results. From Table 1, the proposed method BHM, 4 performed better in terms of accuracy than
the method of Kumar and Singh [10] and the method of Roul [16]. Table 2 revealed the new method performs better
than the method of Jafari et al. [7] and Kumar and Singh [9]. In the same vein, Tables 3, 4 and 5 showed that the
performances of the proposed method are better than those of Ndukum ez al. [12], and Koch et al. [8].

4. CONCLUSION

The hybrid block methods for solution of second order ordinary differential equations via the interpolation and
collocation approach has been presented. Different types of problems of initial and boundary value types have been
included to verify the applicability of the new methods. The methods are zero-stable, consistent and convergent. A
comparison was made between the proposed methods and some other well-known methods. The numerical results
obtained from these comparison indeed show the superiority of the new approach over some well-known method in the
literature. It was also observed that the new methods are more accurate.
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TaBLE 2. Error of methods for Example 2

X Jafari et al. [7] | Kumar and Singh [9] BHM, 4
0.1 1.27x 1077 2.50x 107 3.69x 107°
0.2 473x 1074 3.87x 1077 520x 107°
0.3 9.18x 1074 1.886 x 1073 6.08 x 107°
04| 1223x1073 5.65x 1073 6.51x 107°
0.5 9.72x 1074 1.29x 1072 6.59x 107°
0.6 3.47x 107! 2.48 x 1072 6.40x 107°
07| 3377x107° 4.1896 x 1072 6.00x 107°
08| 8.694x 1073 6.3701 x 1072 547x 107°
0.9 [ 9.151518 x 107! 9.862106 x 107! 485x 107°
1.0 | 2.78647 x 1072 1.08368 x 107! 417x107°

TasLe 3. Error of methods for Example 3
h Ndukum et al. [12] BHM> 4 CPU Time (BHM, 4)
1000 | 1.0000 23%x 1072 1.0657 x 1075 0.656s
2000 | 0.5000 43x107% 6.4005 x 10~ 0.750s
4000 | 0.2500 1.7x107° 3.9597 x 10~ 0.752s
8000 | 0.1250 1.1x107° 2.4654 x 1077 1.58s
16000 | 0.0625 6.3 x 10" 1.6370 x 10710 2.89s

TaBLE 4. Error of methods for Example 4

h Koch et al. [8] BHM> 4
120 8.5 6.3416 x 107!
1273 L1x107"T  9.9434x 107
27 27x107%  9.9965x 10~*
CPU Time 0.1917s

TaBLE 5. Error of methods for Example 5

h Kocheral [8]  BHM,g4
1272 7.1x107%2  3.6865x 107
2 1.8x107°  2.1320x10°*
278 47x107% 13090 x 107

CPU Time 0.0938s
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