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A Note on Embedding the 4— arcs of Fano Plane with
Quadric and Cubic Veroneseans to Projective Spaces
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Abstract

The 3—spaces generate intersect pairwise in at least a line (each pair of 4—sets share two points). But since
the union of two such 4-sets is a 6-set, this union generates the whole space, so they pairwise intersect in a
line. Dually, the lines that we consider have empty intersection. Other examples of such sets are spreads
of lines, or spreads of any kind.

In this work, we present SCID properties spaces generated by 4-arcs of Fano plane.

Keywords: Projective spaces; Fano plane; Arcs

AMS Subject Classification (2020): Primary: Ams Subject classification: 20N25

*Corresponding author

1. Introduction and Preliminaries

Projective geometry provides a geometric way to study vector spaces. Indeed, a projective space over a skew
field K is nothing else than the lattice of proper non-trivial subspaces of a vector space over K. This is the origin of
projective geometry.

The smallest example of a projective plane is the Fano projective plane over the field GF(2) = {0,1}. Itis
denoted by PG(2,2). It is known that it has seven points and seven lines, and every line has exactly three points.
Hence the Fano plane consists of the points (1,0, 0), (0,1,0), (0,0,1), (1,1,0), (1,0,1), (0,1,1) and (1,1, 1).

Let PG(n, q) be the projective space of dimension n over the Galois field GF'(¢). A k—cap in PG(n, q) isasetof k
points, no three of which are collinear. A k—cap in PG(n, q) is called complete if it is not contained in a (k + 1)—cap
of PG(n,q). If n = 2, then a k—cap is usually called a k—arc.

The main questions on caps in PG(n, ¢),which are also of interest in Coding Theory, concern the size of very
large caps, especially near ma(n, ¢), the size of the largest complete cap, and near mj5(n, ¢), the size of the second
largest complete cap.

Veronesean varieties have a long and rich history, and were originally studied as classical real or complex
varieties. But they can be defined over arbitrary fields. Over finite fields they have proved to be very useful tools
in finite geometry. Given the importance of these objects in classical algebraic geometry and finite geometry; it is
a wortwhile job to do. The simplest Veronesean varieties are the quadric Veronesans V,, of index n. In order to
use their properties as tools in proofs, one has to recognize these varieties and so characterization theorems are
very important [6]-[8]. In the literature one can find four different kinds of characterizations of the finite quadric
Veroneseans. The Veronesean map defined from projective plane PG(2, g) to projective space PG(5, ¢) maps the
set of points of each line to a set of coplanar points such that image of this map generates the projective space.
The quadric Veronesean V, has been studied in great detail, and characterized in different ways. Veronesean of
PG(n, q) will be denoted by V2" or simply V,.. For n = 1, the Veronesean V? is a conic of PG(2, q). For n = 2, the
Veronesean is a surface V3 of order 4 in PG(5,q). For n = 3, the Veronesean is a variety V§ of dimension 3 and
order 8 of PG(9, ¢). The classification of lax generalized Veronesean embeddings of projective spaces which relate
strongly to the quadric Veronesean of these projective spaces have been studied in [1]-[4].
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Definition 1.1. The Veronese embedding of degree d € N is the map

VP Pl

L0, T1y ooy Tn) = | (@0 .., 2im) n

Definition 1.2. Let P be a projective space, and let —1 < k < n. A set E of n-dimensional subspaces of P with the
property that any two elements of E intersect precisely in a k-dimensional subspace is called an (n; k) —SCID (set of
subspaces with constant intersection dimension).

Definition 1.3. Let E be any SCID. Let E;; E2 € E. Then each k-dimensional subspace of E; N Ej; is called an
intersection k-space of E. (for k = 0, 1 these are called intersection points, intersection lines, respectively).

For example, a (2,0)-SCID is a set of planes intersecting mutually in exactly one point.
Definition 1.4. An t-arc in a projective plane P is a collection of ¢ distinct points, no three of which are collinear.

These definitions have been taken from [7]-[8].

2. Embedding The 4-Arcs of Fano Plane with Quadric
Veronesean to PG(5,2)

Veronesean embedding is an embedding
0 : PG(n,q) — PG(n(n+3)/2,q)

such that # maps the set of points of each line of PG(n, ¢) to a set of coplanar points of PG(n(n + 3)/2, ¢) and such
that the image of 6 generates PG(n(n + 3)/2, g). 0 is called Veronesean map V,, and the quadric Veronesean is the
image of the Veronesean map. The quadric Veronesean V, is one of the most important substructures in PG(5, q). It
is the image of the plane P(2, ¢) under the mapping

0: PG(2,q) — PG(5,q)

(z0, 1, 20) — (22,23, 23, 2021, ToTa, T122)

Since the Fano plane consists of the points (1,0, 0), (0, 1,0), (0,0,1), (1,1,0), (1,0,1), (0,1,1) and (1,1, 1).

The 4-arcs of the projective plane PG(2,2) are {(1,1,1),(1,1,0),(1,0,1),(1,0,0)},

{(0,1,1),(1,1,0), (0,0,1),(1,0,0)}, {(0,1,1), (1,1,1), (0,0,1), (1,0,1)},

{(0,1,1),(1,1,1),(0,1,0),(1,1,0)}, {(0,1,1),(0,1,0), (1,0,0), (1,0,1)},

{(0,1,0), (1,1,0),(1,0,1), (0,0,1)}, {(0,1,0), (1,0,0), (1,1,1), (0,0,1)}.

Under the quadric Veronesean mapping the points of 4-arcs of Fano plane mapped to points in PG(5,2) and
these four points define a line in PG(5, 2). In fact the points of these lines are 3-dimensianoal subspaces of PG(5, 2).

Theorem 2.1. The quadric Veronesean of 4—arcs of Fano plane form (1, —1)-SCID in PG(5, 2).
Proof. The quadric Veronesean mapping of 4-arc {(1,1,1),(1,1,0),(1,0,1),(1,0,0)} is
{(17 ]‘7 ]‘7 1’ ]‘7 ]‘)7 (1’ 1707 1707 0)’ (1707 ]‘7 0’ 170)7 (1’ 0707 07 07 0)}'

Let the points (1,1,1,1,1,1), (1,1,0,1,0,0), (1,0,1,0,1,0), (1,0,0,0, 0, 0) generate a space [a, b, ¢, d, ¢, f] in PG(5, 2).
The equations a = 0,b = d, ¢ = e, f = 0 are obtained. So these four points in PG(5, 2) form 3-dimensional subspaces.
These are [0,0,1,0,1,0], [0,1,0,1,0,0], [0,1,1,1,1,0] in PG(5, 2). Since one of these 3-spaces is linear combination
of other two spaces, these spaces are regarded as points of a line. If this line is denoted by L4, it consists of points
(0,0,1,0,1,0), (0,1,0,1,0,0), (0,1,1,1,1,0).

The quadric Veronesean mapping of another 4-arc {(0, 1, 1), (1,1,0), (0,0,1),(1,0,0)} is

{(0,1,1,0,0,1),(1,1,0,1,0,0),(0,0,1,0,0,0),(1,0,0,0,0,0)}
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. The points (0,1,1,0,0,1), (1,1,0,1,0,0), (0,0,1,0,0,0), (1,0,0,0,0,0) generate a space [a,b, c,d, e, f] in PG(5,2).
We get the equations a = 0,¢ = 0,b = d = f. So these four points in PG(5,2) form 3-dimensional subspaces. We
have three 3-dimensional subspaces in the form [0, b, 0, b, e, b]. These are [0,0,0,0,1,0], [0,1,0,1,1,1],[0,1,0,1,0, 1]
in PG(5,2). Since one of these 3-spaces is linear combination of other two spaces, these spaces are regarded as
points of a line. If this line is denoted by Lo, it consists of the points (0, 0, 0,0, 1,0), (0,1,0,1,1,1),(0,1,0,1,0,1).
Similarly, if we compute the lines for other arcs, we have seven lines Ly, Ly, ...L7 for seven 4-arcs. These seven
lines form (1, —1)-SCID in PG(5, 2) since any two of them have no intersection point. O

3. Embedding of 4-Arcs of Fano Plane with Cubic Veronesean
to PG(9,2)

0:P*—P°

such that 0 maps (zo, 1, z2) — (v3, 23, 23, 2321, ¥d2a, ¥320, ¥3T2, T30, 2321, TOT122).
Fano plane has seven 4-arcs and under cubic Veronesean mapping the four points of 4-arc mapped to points in
P@G(9,2) and these four points generate a 5-space in PG(9, 2).

Theorem 3.1. The qubic Veronesean embedding of 4—arcs of Fano plane form (5,3)—SCID in PG(9, 2).
Proof. The cubic Veronesean mapping of 4-arc {(0, 1,0), (0,0,1),(1,0,0),(1,1,1)} is
{(0,1,0,0,0,0,0,0,0,0),(0,0,1,0,0,0,0,0,0,0), (1,0,0,0,0,0,0,0,0,0), (1,1,1,1,1,1,1,1,1,1)}

Let the points (0, 1,0,0,0,0,0,0,0,0), (0,0,1,0,0,0,0,0,0,0), (1,0,0,0,0,0,0,0,0,0), (1,1,1,1,1,1,1,1,1,1) gen-
erate a space [a, b, c,d, e, f, g, h, j, k] in PG(9,2). We get the equationsa = 0,b=0,c =0,d+e+ f+g+h+j+k =0.
We have 63 subspaces in the forma = 0,6 = 0,c =0,d+e+ f+ g+ h+ j+ k = 0. We can regard these 63 subpaces
as points of a 5-space in PG(9, 2). If this 5-space is denoted by S, its points are as the following:

1.(0,0,0,0,0,0,0,0,1,1)  22.(0,0,0,0,1,0,1,1,0,1) 43.(0,0,0,1,0,1,0,1,1,0)
2.(0,0,0,0,0,0,0,1,0,1)  23.(0,0,0,0,1,0,1,1,1,0) 44.(0,0,0,1,0,1,1,0,0,1)
3.(0,0,0,0,0,0,0,1,1,0) 24.(0,0,0,0,1,1,0,0,0,0) 45.(0,0,0,1,0,1,1,0,1,0)
4.(0,0,0,0,0,0,1,0,0,1)  25.(0,0,0,0,1,1,0,0,1,1) 46.(0,0,0,1,0,1,1,1,0,0)
5.(0,0,0,0,0,0,1,0,1,0)  26.(0,0,0,0,1,1,0,1,0,1) 47.(0,0,0,1,0,1,1,1,1,1)
6.(0,0,0,0,0,0,1,1,0,0) 27.(0,0,0,0,1,1,0,1,1,0) 48.(0,0,0,1,1,0,0,0,0,0)
7.(0,0,0,0,0,0,1,1,1,1)  28.(0,0,0,0,1,1,1,0,0,1) 49.(0,0,0,1,1,0,0,0,1,1)
8.(0,0,0,0,0,1,0,0,0,1) 29.(0,0,0,0,1,1,1,0,1,0) 50.(0,0,0,1,1,0,0,1,0,1)
9.(0,0,0,0,0,1,0,0,1,0) 30.(0,0,0,0,1,1,1,1,0,0) 51.(0,0,0,1,1,0,0,1,1,0)
10.(0,0,0,0,0,1,0,1,0,0) 31.(0,0,0,0,1,1,1,1,1,1) 52.(0,0,0,1,1,0,1,0,0,1)
11.(0,0,0,0,0,1,0,1,1,1) 32.(0,0,0,1,0,0,0,0,0,1) 53.(0,0,0,1,1,0,1,0,1,0)
12.(0,0,0,0,0,1,1,0,0,0) 33.(0,0,0,1,0,0,0,0,1,0) 54.(0,0,0,1,1,0,1,1,0,0)
13.(0,0,0,0,0,1,1,0,1,1) 34.(0,0,0,1,0,0,0,1,0,0) 55.(0,0,0,1,1,0,1,1,1,1)
14.(0,0,0,0,0,1,1,1,0,1) 35.(0,0,0,1,0,0,0,1,1,1) 56.(0,0,0,1,1,1,0,0,0,1)
15.(0,0,0,0,0,1,1,1,1,0) 36.(0,0,0,1,0,0,1,0,0,0) 57.(0,0,0,1,1,1,0,0,1,0)
16.(0,0,0,0,1,0,0,0,0,1) 37.(0,0,0,1,0,0,1,0,1,1) 58.(0,0,0,1,1,1,0,1,0,0)
17.(0,0,0,0,1,0,0,0,1,0) 38.(0,0,0,1,0,0,1,1,0,1) 59.(0,0,0,1,1,1,0,1,1,1)
18.(0,0,0,0,1,0,0,1,0,0) 39.(0,0,0,1,0,0,1,1,1,0) 60.(0,0,0,1,1,1,1,0,0,0)
19.(0,0,0,0,1,0,0,1,1,1) 40.(0,0,0,1,0,1,0,0,0,0) 61.(0,0,0,1,1,1,1,0,1,1)
20.(0,0,0,0,1,0,1,0,0,0) 41.(0,0,0,1,0,1,0,0,1,1) 62.(0,0,0,1,1,1,1,1,0,1)
21.(0,0,0,0,1,0,1,0,1,1) 42.(0,0,0,1,0,1,0,1,0,1) 63.(0,0,0,1,1,1,1,1,1,0)

The cubic Veronesean mapping of 4-arc {(0, 1,0), (0,1,1), (1,0,0), (1,0,1)

—
—-
7

{(0,1,0,0,0,0,0,0,0,0),(0,1,1,0,0,0,1,0,1,0), (1,0,0,0,0,0,0,0,0,0), (1,0,1,0,1,0,0,1,0,0) }

Let the points (0, 1,0,0,0,0,0,0,0,0), (0,1,1,0,0,0,1,0,1,0), (1,0,0,0,0,0,0,0,0,0), (1,0,1,0,1,0,0, 1,0, 0) form
aspace [a,b,c,d, e, f,g,h, j, k] in PG(9,2). The equations a = 0,b = 0,h = ¢+ ¢, j = ¢+ g are obtained. We have 63
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subspaces in the forma = 0,b =0, e+ g + h + j = 0. We can regard these 63 subpaces as points of a 5-space in

PG(9,2). If this 5-space is denoted by Ss, its points are as the following::
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One can easly see that the intersection of 5-spaces S7 and S is a 3-space in PG(9, 2), as follows
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.S are obtained for seven 4-arcs. Since

any two of them intersetc on a 3-space in PG(9, 2). These seven spaces form (5, 3)-SCID in PG(9, 2).
is consist of 7 points. That is,
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., 7 be (5,3)—SCID in PG(9,2). The set of the intersection of
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