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ABSTRACT. In this paper, we extend the Ostrowski inequality to the integral with respect to arc-length by providing
upper bounds for the quantity

F@em - [ )
;

under the assumptions that + is a smooth path parametrized by z (t), t € [a,b] with the length £(v), u = z(a),
v = z(z) withz € (a,b) and w = z (b) while f is holomorphic in G, an open domain and v C G. An application for
circular paths is also given.
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1. INTRODUCTION
In 1938, A. Ostrowski [8], proved the following inequality concerning the distance between

the integral mean ;- fab f (t) dt and the value f (z), z € [a, b].

Theorem 1.1 (Ostrowski, 1938 [8]). Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) such that f" : (a,b) — R is bounded on (a,b), i.e., ||f'||, := sup |f'(t)| < co. Then,
te(a,b)

2
1 o — atb
< 1 + <b—2> 1]l (b —a)

a

b
(L1) +ﬂmbfm/f@Mt

forall z € [a,b] and the constant + is the best possible.
In [6], S. S. Dragomir and S. Wang, by the use of the Montgomery integral identity [7, p. 565],

1
b—a

b 1 b
(12) fa@) -y [ Fd= s [p@n s @ ce o,

where p : [a,b]” — R is given by

t—a if te]a,q],

p(z,t):=
t—b if te(ab]
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gave a simple proof of Ostrowski’s inequality and applied it for special means (identric mean,
logarithmic mean, etc.) and to the problem of estimating the error bound in approximating the

Riemann integral f: f (t) dt by one arbitrary Riemann sum (see [6, Section 3]). For extensions
of Ostrowski’s inequality in terms of the p-norms of the derivative, see [1], [2] and [3]. For a
recent survey on Ostrowski’s inequality, see [4].

In order to extend this result for the complex integral, we need some preparations as follows.
Suppose 7 is a smooth path parametrized by z (t), t € [a,b] and f is a complex function which
is continuous on 7. Put z (a) = u and z (b) = w with u, w € C. We define the integral of f on

Yu,w = 7Y aAS
b
/f(z) dz = f(z)dz ::/ F(z(t) 2 (t)dt.

We observe that the actual choice of parametrization of v does not matter. This definition im-
mediately extends to paths that are piecewise smooth. Suppose v is parametrized by z (t),
t € [a, b], which is differentiable on the intervals [a, ] and [c, b], then assuming that f is contin-
uous on v we define

(2)dz := (z)dz + f(2)dz,

Yu,w Yu,v Vv, w
where v := z(¢). This can be extended for a finite number of intervals. We also define the
integral with respect to arc-length

b
f(2)|dz] == / F ()12 (1) di

and the length of the curve ~ is then

() = / e = / 1 @l

Let f and g be holomorphic in G, an open domain and suppose v C G is a piecewise smooth
path from z (a) = u to z (b) = w. Then, we have the integration by parts formula

(1.3) f(2) g (2)dz = [ (w) g (w) — f(u)g(u) - f(2)g(2)dz.

Yu,w Yu,w
We recall also the triangle inequality for the complex integral, namely

/f<z>dz S/If(Z)IIdZ\ <l 0

where [|f||, ., = sup.¢, [f (2)].
We also define the p-norm with p > 1 by

191, = ( [uer |dz|)1/p,

T / 1F (2)][dz]
Yy

If p, ¢ > 1 with % + % = 1, then by Holder’s inequality, we have

11l < OS] -
In the recent paper [5], we obtained the following result for functions of complex variable:

(1.4)

For p = 1, we have
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Theorem 1.2. Let f be holomorphic in G, an open domain and suppose v C G is a smooth path from
z(a)=utoz(b) =w. Ifv=z(z)withx € (a,b) , then Yy 1w = Yu,o U Yo,w,

(15) V@Mwwa@Mz

e [ 2l
v

u,v

|z — ul |dz| +/
¥

<Ir

SM

o
v

v, w

’
|z — w| |dz|] If H'yu,m;w

u,v v, w

and

(16) V@ﬂw—w—Lf@Mz

< max [z —ul[|f']
2EYu,v

/
Yu,v;l + Zg{?fi |Z - ’LU| ||f ||’Yv,w§1

< — - ! .
=max {zrél’)?;xv |Z U| 72217%)«(11; ‘Z w|} ”f ||’y”’w;1

: 1 1 _
pr,q>1wzth;+a—1,then

17) V@ﬂwmﬁf@mZ

1/q 1/q
< (/ IZ—UIqle> 1M + (/ |Z—’LU|qu|> If'
v Yo, w
1/q
< (/ IZ*U|q|dZ\+/ IZWIquZ|> [ -
Yu,v Yo, w

Motivated by the above results, in this paper, we extend the Ostrowski inequality to the
complex integral, by providing upper bounds for the quantity

Yv,wiP

u,v

]ﬂwuw—Afwuz

under the assumptions that y is a smooth path parametrized by z (¢) , ¢t € [a, ], with the length
L(y),u=z(a),v = z(z) withz € (a,b) and w = z (b) while f is holomorphic in G, an open
domain and v C G. An application for circular paths is also given.

2. OSTROWSKI TYPE RESULTS

We have the following result for functions of complex variable:
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Theorem 2.3. Let f be holomorphic in G, an open domain and suppose v C G is a smooth path from
z(a)=utoz(b) =w. Ifv=2z(z)withx € (a,b), then Yy w = Yu,o U Yo,w and

<L (Vuw) ||f/||"{u,'v;1 + £ (Yo,w) Hf/H% wil

28) ‘f(v)f(v) [ re

% [€ (Vuyw) + 1€ (Vu,0) = € (Yo,0) ] Hfllly w$

p p 1/p 1119 g /a
[ () + 02 Qa7 (11,0 + I ||%_u,;1)
D, q>1and%+é:1,

IA

30 Oue) (15 it + 170 = 10

Proof. Using the integration by parts formula, we have

/% 2)|dz] = /f ()] dt
-/ f(Z(t))d</a # (o)las)
o [[onas  [LED (i) a
o) [ @las— [5G0 ( [ las) 2 wa
a1 o0 ([ las) 2

and

IIRCIEE [ reaE o
-/ f<z<t>>d</tb|z'<s>|ds>
zt))/tbz'<s>dsb+/ (/ ds>
o [ 1 <s>|ds+z/z 7' (=) ( [ <s>|ds) (1) di
(o + [ 7E0) < [ ds> (1) di
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If we add these two equalities, we get

/ﬁuw f(z)‘dz'*‘J/ f(2) |de]

=f () £ (Yuw) + f () £ (Yo,w) / I (= )(/at|z’(s)|ds)z’(t)dt

b
+/ £ (2 () (/t |z’(s)|ds> () dt

which gives the following equality of interest

2.9) f@»ewmw»f/’ £ (2)1dz]

= If’(Z(t)) t;’(S)dS 2 () dt — bf’(Z(t)) blZ’(S)IdS 2 (t) dt.
[reo ([ o) oa-[reo|]

By taking the modulus in (2.9) and using the properties of modulus, we get

(2.10) ‘f (V) £ (Yu,w) / f(2)]dz|

: w>(l|z<@nu)z%wd4
w></bz%@(m>z%wdt

g/’u o o ([ 0lds)a

[ Hz|</v%ww>ﬁ:3u>

for z € [a,b] . We have
t T
/ |2 (s)]ds < / |2’ (s)| ds for t € [a, ]

b b
/ |2 (s)] ds §/ |2’ ()| ds for t € [z,b],
t T

‘/ 2 (s |dg/ @) 0]t
/|z |dg/|f )12 (1) dt

=f(%,u)/ ! (Z)\IdZIJrE(%,w)/ [/ (2)] ldz]

and

then
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and by (2.10), we get the first inequality in (2.8). The second part follows by Holder’s inequali-

ties
max {m, ¢} (n+ d)
mn + cd <

(mP 4 )P (9 +d) 9 forp, g > 1, cHL=1,

where m, n, ¢, d > 0. (]

Corollary 2.1. With the assumption of Theorem 2.3 and if there exists m € ~y such that £ (vy,m) =
C (Ymw), then

2.11) jwmuw—/ (2)]dz]| <

~

( I i

and if s € ysuch that [ |f'(2)||dz] = [, [f'(2)]|dz], then

1
< Sl -

2.12) ﬂ@uw—/f@wa

We have also the following result for p-norms:

Theorem 2.4. With the assumption of Theorem 2.3, we have for p, ¢ > 1 with % + % =1 that

2.13) ‘ﬂ@ﬂﬂ—/f@ﬂd
Y
1
< [ O 1 i+ € o) 1

s 1€ (ugw) + 1€ (Yugw) = € (o))
X1 i 1 0]

<t 09 (v, 09 (7 a g
_q_"_l [ (’y s )+ (’y ’ )] ||f H'Yu,w;p7

1/
s (W1 + I = 15, o]
[514—1/4( o W) + 4 1+1/a ('Yuw)] .

Proof. Using the weighted Holder integral inequality for p, ¢ > 1 with & + ¢ = 1, we have

[irconzon([ 12 wi)a
< </aw I (z(@)IF |2 (t)ldt> v (/aw </a ¥ (5)|d5)q|z’ (t)dt>1/q
= </a”” If (@) |2 (t)|dt> ((f |Zq+|1d5)q+1>l/q

(12 ()] ds) (/ e (t)|dt>1/p

(g+1)7
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and

/ P @) ¢ (/ 1 (s |ds> dt 1
(/ reonii) ([ ([ o) o)
(Lb|f’<z<t>>|p|z'<t>d> ((f |Zq+|1d8) )

z S 1/p
(f |(q+|1;i1/>q (/ I ()" 12 (¢ |dt>

for x € (a,b) . If we add these two inequalities, we get

B(x) < Ul dswq(/ 7 @)L |dt)1/p

q+11/q

RO )as) " 1
(g+ 1)1 (/ fG |dt>
1/p 1/p
= q—‘r-% [£1+1/q (’Yu,v) ([YUN |f/ (Z)Ip |d2’> +€1+1/(1 (7U,w) </yuyw |f/ (Z)|p |d2|> ] ,

which proves the first inequality in (2.13). We also have

1/p 1/p
R () ( [ wrer |dz|> L y,,) ( [ irer |dz>
Ve, v Yv,w

< max {€1+1/q (’Yu,v) ’el-&-l/q ('Yv,w)}

1/p 1/p

[(/ If’(2)|p|d2> +</ |f’<z>|”dz|> ]
1/p 1/p
_[max{em,n,m,w)}]“”q{(/ |f’(z)|p|d2|> +</ If'(z)pldz|> ]

1
=gr717g 1€ () + 1 (o) =€ (o) 17

1/p 1/p
[(/ |f'<z>|”|dz> +</ If’(Z)IdeI> ]
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and

1/p
If () Idz|>

1/p
Y () (/ f’(z)|pdz|> + O () (/
; 1/p 1/177
gmax{</ f’(z)|pdz|> (/ f’(z)lp|dzl> }

% _€1+1/q ('Yu,v)+€1+1/q (’Y'u,w):|
i 1/p
If () |dZ|H

= |max /
L Yu,v

x [V (y, ) + £+ (’Yv,w)}

1
= / Pldz| + / Pldz] — / P4
27 l/ 7 ()" 1dz] / 7 ()P 1d2] /f ()" I
X {€1+1/q ('Vu,v) + (/e (’Yv,w)} .

£ @], [

Yv,w

]1/17

By Holder’s discrete inequality, we have

1/p
O () (/ If' () le> + O () (/
o ¥

1
< [E(Hl ('Vu,v) + o+t ('Yv,w)] " [/
~

v, w

1/p
If () |d2|>

1 ()P ldz] + /

Yv,w

u,v

1/p
1 (=) IdZI]

1/p
= [ ) + 67 ()] </ el |d2'> |
Yu,w
which prove the last part of (2.13). O

We have:

Corollary 2.2. With the assumption of Theorem 2.4 and if there exists m & ~y such that £ (vy,m) =
£ (Ymw), then

(2.14) ]f(m)é(v) - / £ (2)|dz]

~

1 1+1/q / /
< 21“/‘17((1—1—1)6 (Vu,w) [Hf [— Vi Hym,w;p}

and if s € ysuch that [ |f' (2)["|dz| = [ | (2)[" |dz], then

(2.15) ‘f(SM(v) - [ 1G]

[ () + 0579 ()] 1 -
;

1
< _
T 2Yr(g+1)

Finally we have:
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Theorem 2.5. With the assumption of Theorem 2.3, we have

- / ey

[ u) 11y e+ o) 11, 0]

i [E (7u,w) + |€ ('Yu,v) 4 (’7v,w)|]2
8 (VA 1V I

(2.16)

N = [y
—

<

z 1/ 1/p
<3 [P 0n) + 21 0] (12, e + U2, )
p,qg>1 and + = =1,

[ (Vo) 422 (Vo)) 11y io0 -

[ e >|(at|z'<s>|ds)dt

< max 17/ )l [ ( :z’<s>|ds) 1 (8) dt

tela,x]

Proof. We have

—5 s 17 GO ([ 1 o) ds)2 = 22 ) 17 e

2 tela,x]
b
|2" (s)|ds | dt
t

/|f )1 (1

and

which by addition produce

1
B(2) < 5 [ (ua) 15 e + 2 Goa) 1], e

and by utilising the inequality (2.10), we get the first part of (2.16).
The second part is obvious and we omit the details. O

Corollary 2.3. With the assumption of Theorem 2.3 and if there exists m € =y such that £ (Yy,m) =
£ (Ymw), then

1
< 2 (1 e #1512 )

‘f(m)f(v)—/f(Z) 22

v

—_

Z ”f ”’Yu w00 (’Yu,w) :
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3. EXAMPLES FOR CIRCULAR PATHS

Let [a,b] C [0, 27] and the circular path 7(,4), g centered in 0 and with radius R > 0
z (t) = Rexp (it) = R(cost +isint), t € [a,b].
If [a,b] = [0, 7], then we get a half circle, while for [a, b] = [0, 27], we get the full circle. We have
2" (t) = Riexp (it), t € [a, b]
and |2’ (t)| = R for ¢ € [a, ] giving that

b
R) :/a |2/ (t)|dt = R(b—a).

If x € [a,b] and v = Rexp (iz) , then by (2.8), we have

‘R(ba)f(Rexp iT) / f(Rexp (zt))dt‘

T b
SR(x—a)R/ |f’(Rexp(it))\dt+R(b—x)R/ ' (Rexp (it))| dt,

that is equivalent to
b
(3.17) ‘(b —a) f (Rexp (ix)) — / f (Rexp (it)) dt‘

<R —a) [ 1f Resp )] i+ RO—-a) [ 1 (Resp )

for z € [a,b] . In particular, if we take z = “° in (3.17), then we get

(3.18) ‘(b—a)f(Rexp( )) /fRexp(zt))dt’ % —a)/ab|f'(Rexp(it))|dt.

If m € [a, b] is such that
m b

|17 (Resp e = |17 (Rexp io)) at,

then from (3.17), we get
b
(3.19) ‘(b —a) f (Rexp (mi)) — / F (Rexp (it)) dt‘
b

S%R(b— a)/a |f’ (Rexp (it))] dt.

By making use of (2.13), we get
b
’R(b —a) f (Rexp (iz)) — R/ f (Rexp (it)) dt‘

1
Si
q+1

b 1/p
+ RV (h — gyt pU/p (/ |f’ (Rexp(z't))l”dt> ]

© 1/p
Ri+1/a (z - a)1+1/q R/P (/ |f’ (Rexp (it))|p dt)
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that is equivalent to

(3.20) ‘(b—a) F(Rexp (iz)) — / " f(Rexp (it))dt’
<@ (1 (e <z‘t>>”dt)1/p

b 1/p
+ (b— x)1+1/q (/ |f' (Rexp (it))[’ dt) ]

for z € [a,b] . If we take z = %12 in (3.20), then we get

(3.21) ‘(b —a)f (Rexp (a;—bz>> - /abf(ReXp (it))dt‘

a+b

1 141/ 2
<ginarRb-a {(/

b 1/p
+ <L+b |f' (Rexp (it))[" dt) ] .

1/p
|f" (Rexp (it))|? dt)

2

If ¢ € [a, b] is such that
c b
/ |f' (Rexp (it))[" dt :/ |f' (Rexp (it))|" dt,
then by (3.20), we get

(3.22) ‘(b —a) f (Rexp (ic)) — /ab f (Rexp (it)) dt’

b 1/p
St R (e - ) (5 o)) (/ f’(Rexp(it))|pdt> .

“(g+1)

Further, if we use (2.16), then we have

‘R(b —a) f(Rexp (iz)) — R/abf(Rexp (it))dt‘

S%RQ (@ —a)® sup |f' (Rexp (it))| + (b — 2)* sup |’ (Rexp(it))ll
tela,x] te(x,b]
<R [(@ =) + (b~ 2] sup |7 (Rexp(in)],

t€la,b]

135
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that is equivalent to
b
(3.23) '(b —a) f (Rexp (xi)) — / f (Rexp (it)) dt’

<R
2 tela,x] te[z,b]

(@ —a)® sup |f'(Rexp(it))| + (b—z)* sup |f'(Rexp (it))]

1 ) a+b\? , ‘
<R|2-a)+ (- sup | (Rexp (it))
4 2 t€la,b]
for z € [a,b] . In particular, we have
a+b, b .
(3.24) (b—a)f| Rexp 5 ) ) - / f (Rexp (it)) dt

1
géR(b—a)2

tefa, 25 te[2Ft b]

sup |f' (Rexp (it))|+ sup |f’ (ReXp(it))]
giR(b—a)Q sup |f (Rexp (it))|.
tela,b]

We give now examples for some fundamental complex functions. Consider the function
f(2) = 2", z € Cwithn > 1. Then f' (z) = nz""1,

f(Rexp (iz)) = R" exp (nai) ,

|f (Rexp (it))| = nR™ ! |exp ((n — 1)it)] = nR"*, t € [a, b]

and

exp (nbi) — exp (nai)
ni ’

b b
/ f(Rexp (it))dt = R"/ exp (nti) dt = R"

Making use of the inequality (3.23), we get

, €Xp (nbi) —exp (nai) <R nR L

’ . 1 2 a+b 2
— n j— — j— —
‘(b a) R" exp (nxi) — R — 1 (b—a)" + (m 5 )

which is equivalent to

exp (nbi) — exp (nai)

(3.25) ‘(b —a)exp (nxi) —

nt

Sn[;(b—a)z—F(x—a;b)Z

for z € [a,b] . If we take in (3.25) z = %}, then we get

(3.26) ’(b 4y exp (n (a + b) Z) _ exp (nbi) — exp (nai) | _ 1

< Zn(b—a)2

2 ni

for n > 1. Consider the exponential function f (z) = exp(z), z € C. Then [’ (z) = exp (2),

|/ (Rexp (it))| = |exp (R (cost +isint))| = exp (Rcost), t € [a, b]
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and by the inequality (3.17), we get

b

(3.27) ’(b —a)exp (Rexp (iz)) — / exp (Rexp (it)) dt‘
T b
<R |(x —a) / exp (Rcost)dt + (b — z) / exp (R cost) dt] ,
while from the inequality (3.23), we get
b
(3.28) ‘(b —a)exp (Rexp (ix)) — / exp (Rexp (it)) dt‘

1
<Z
<5R

(z —a)® sup exp(Rcost) + (b—z)” sup exp (Rcost)
t€la,x] te[z,b]

2
<R l(b—a)2+ (1: a+b> sup exp (Rcost)
4 2 t€la,b]
for = € [a, b] . From the inequality (3.20), we get
b
(3.29) ‘(b —a)exp (Rexp (iz)) — / exp (Rexp (it)) dt‘
<LR (x —a)' /1 (/w exp (pRcost) dt) o
Tqtl a

b 1/p
+ (b— ) e </ exp (pRcost) dt)

for x € [a,b], where p, ¢ > 1 with % + % = 1. If in the inequality (3.27) we take 2 = %F%, then
we get

(3.30) ‘(b — a)exp (Rexp <“2+bz)> _ / " exp (Rexp (i) dt‘

1 b
§§R(b—a)/ exp (R cost) dt,
a

while from the inequality (2.15), we get

a+b. b .
(3.31) (b—a)exp | Rexp 5 1)) - exp (Rexp (it)) dt
1 2
<=(b—a)*R| sup exp(Rcost)+ sup exp(Rcost)
8 te[a, a,;—b] te[n,;—b,b]

1
<=R(b—a)® sup exp(Rcost).
4 t€la,b]
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From (3.29), we have

b
(3.32) ‘(b —a)exp (R exp <a ;_ bz)) — / exp (Rexp (it)) dt
1
< -
2N
atb 1/p

b
X / exp (pRcost) dt + / exp (pRcost) dt
a a+b

2

R(b—a)' T/

1/p
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