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Abstract

In topological spaces, the study of interior and closure of a set are renowned concepts where
the interior is defined as the union of open sets and the closure is defined as the intersection of
closed sets. In literature, it is also a significant study while a set is defined as the intersection
of open sets, and the union of closed sets. These respective ideas are known as the kernel of a
set and its complementary function. Utilizing these ideas, some authors have introduced
various kinds of results in topological spaces. Some mathematicians have extended these
concepts via Levine’s semi-open sets to semi-kernel and its complementary function. The
study of these notions is also a remarkable part of the field of topological spaces as the
collection of semi-open sets does not form a topology again. In this paper, we have taken the
semi-kernel and its complementary function into account to introduce new types of frontier
points. After that we have studied and presented several characterizations of these new types
of frontiers and established relationships among them. Finally, we have shown that semi-
homeomorphic images of these new types of frontiers are invariant.
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1. Introduction

The semi-open set in a topological space was first
introduced by Levine [1] and its notion has opened a
new branch in the research field by the name of
generalized open set. A good number of
mathematicians have studied this set extensively [2-
11]. The study of A-sets and v -sets in topological
spaces was introduced by Maki [12]. These two types
of sets are not defined in the traditional way using
interior (denoted as ‘In¢’) and closure (denoted as ‘CI°)
operators in topological spaces. Though the set A is
not an open set and the set v is not a closed set, they
are dual to each other. These two sets have been
utilized in the study of separation axioms (see [7,10]).
Dontchev and Maki [13], and Maheshwari and Prasad
[14] imposed these notions in the field of semi-open

sets by the name of A -setand v -set. These sets help

us to study generalized separation axioms in detail (see
[3,4,8,9,11,13,15]).

In this paper, our main work is to study some new types
of boundaries or frontiers with the help of A, -sets and
Vv -Sets that are not conventional type frontiers (see

[16-22]) because they are not defined in terms of ‘Int’
and ‘Cl’ operators. Throughout this paper, the

notations 7 and S are used to denote the topological
spaces (X,z) and (Y,o)respectively. In a
topological space 7 , the family of all closed (resp.
semi-open) sets is identified by the notations C(7)

(resp. SO(7)).

In a topological space 7 , a subset P of X isa A,
(resp. v, )-set [23] if P = P" (resp. P**), where
P = ~{N:N2>P,NeSO(7)} and P” =

AM:Mc P, X\ M eSO(7)}. In[13,14], P™
is called the semi-kernel of P .

The aim of this paper is to solve the question: What
happens if the frontier points are defined by semi-open

sets related to the operators ()™ and ()" ?

2. Frontier Points Via Semi-kernels

We begin this section with the following example:
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Example 2.1. Let X ={p,q,r} and 7 = {J,{p}.{q.r}, X}. Then C(7) = {,{p}.{q.r}, X}. For {p},
{p} c CI(Int({p})); for {q}, {q} & Cl(Int({q})); for {r}, {r} £ CI(Int({r})); for {p,q}, {p.q} &
Cl(Int({p,a})); for {p,r}, {p,r} & Cl(Int({p,r})); for {a,r}, {q,r} < CI(Int({q,r})) and for X, X
< ClI(Int(X)). Thus SO(7) ={Z,{p}.{q,r}, X}. Consider P = {q}. Then P™ ={q,r} and (X \ P)™
= X . Therefore P n (X \ P)" # &.
In this regards, we define:
Definition 2.2. Let 7 be a topological space. Define the frontier operator Bd ™ : o(X) — ¢o(X) by Bd " (P)
= P N (XN P)*, Pegp(X), where o(X) is the power set of X .
Theorem 2.3. Let P and Q be two subsets of a topological space 7 . Then

1. Bd™ (D) = & = Bd™(X);

2. Bd™(P)=Bd™(X\ P);

3. Bd™(P) =P\ P”;

4, for PeSO(7), Bd™(P) = P\ P™;

5. for semi-closed and semi-open set P, Bd" (P) = &;

6. for Per, Bd™(P) = P\ P”;

7. for A;-set P, Bd™(P) = P\ P*;

8. for v -set P, Bd™(P) = P\ P;

9. Bd™(Bd™(P)) = Bd"™(P);

10. Bd™(PuwQ) < Bd™(P) u Bd™(Q).
Proof. 1. Follows from the fact that @™ = &.
3. Bd™(P) =P N (XN P)* =P (XX P”) ([23])= P\ P™.
4, Bd™(P) = P* n(X\P)* =P (X P”)=P\ P".
5. Follows from the fact that for semi-open and semi-closed set P, P> = P™ = P,
6. Follows from 7 < SO(7).
7, 8. Follows from Definitions of A -setand v -set.
9. It will be followed by the Example 2.4.
10. Bd™(PLQ) = (PUQ)* n[X N (PLUQ)™ = (PUQ)* N[(X\P) N (X\ Q)" = (PuQ)™
N IXNP)Y* A (XNQ)*]=(P™ u Q™) n[(XNP)* n (XNQ)"]=[((X\P)* n(X\Q)™)
NPETUI(XNP)* n (XNQ)*) Q¥ (X N\ P)* nP*]JU(X\Q)* nQ™] = Bd™(P)
v Bd™(Q).
Example 2.4. Let X ={p,q,r} and 7 = {Z,{p}.{q,r}, X}. Then SO(7) = {J,{p}.{q,r}, X}. Consider
P ={q}. Then Bd™(P) = {q,r} and Bd"™ (Bd"™ (P)) = &. Thus Bd" (Bd" (P)) = Bd™ (P).
Note that Bd " (P) is not a semi-open set, in general.
For the converse of the relation (5) of Theorem 2.3, we have the following result:

Theorem 2.5. Let P be a subset of a topological space 7 . Then for Bd™(P) = &, P = P = P™.
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Proof. Given that P™ n (X \ P)"™ = &. Then P < X\ (X \ P)™. This implies that P"* < P** and
hence P ¢ P™ < P < P[23].
Lemma 2.6. Let P and Q be two subsets of a topological space 7 . Then

Bd™(P)u Bd™(Q) = Bd™(P\. Q) v Bd™(Q\ P) uBd™(PnQ).
Proof. For the proof of this theorem, we consider following relations:
e Bd™(PnQ) = Bd™[X\(PnQ)] = Bd*[(X\P) u (XN\Q)] c Bd™*(X\P) v
Bd™ (X \ Q) =Bd™(P)u Bd™(Q).
e Bd™(P\ Q) =Bd*[PN(X\ Q)] cBd™(P)uBd™(X\ Q) =Bd™(P)u Bd™(Q).
e Bd™(QN\P)=Bd™*[QNn(X\ P)] < Bd™(Q)uBd™(X\ P) =Bd™(Q)uw Bd™(P).
Therefore from the above three relations, we have
Bd™(PnQ) uBd™(P\.Q) uBd™(Q\ P) cBd™(P)u Bd™(Q).
On the other hand, Bd"™(P) uw Bd™(Q) = Bd™*[(P\Q)uU(PnQ)] v Bd™[(Q\P)U(PNQ)]
Bd™(P\. Q) uBd™*(PnQ) uBd™(Q\ P).
Hence Bd™(P) u Bd™(Q) = Bd™(P\. Q) v Bd™(Q\ P) u Bd™(PnQ).
Theorem 2.7. Let P and Q be two subsets of a topological space 7 . Then following properties hold:

1. Bd™(P)u Bd™(Q) =Bd™(PnQ) uBd™(P\. Q) uBd™(PuUQ);

2. Bd™(P)uBd™(Q) =Bd™(PuQ) uBd™*(Q\P)uBd™*(PnQ);

3. Bd™(P)uBd™(Q) =Bd™(P\ Q) uBd*(Q\P)uBd*(PuQ);

4. Bd"(P)u Bd™ (PAQ) = Bd™(P\.Q) U Bd™ (PNQ) U Bd™(Q\ P):

5. Bd™(Q) U Bd™(PAQ) = Bd™(P\.Q) U Bd™(PnQ) U Bd™(Q\ P),
where A stands for symmetric difference.
Proof. 1. Putting X\ Q in place of Q in Lemma 2.6, we have Bd”™(P)u Bd™(X\ Q) =
Bd™[PN\.(X\ Q)] u Bd™[(X N\ Q)N P]luBd*[PN(X\ Q)]. This implies that Bd™(P)wu
Bd™(Q) = Bd™(PnQ) u Bd™[X\ (PuQ)]uwBd™(P\Q) = Bd*(PnQ) uBd™(PuUQ) U
Bd™(P\.Q).
2. Putting X \_P inplace of P in Lemma 2.6, we have Bd™ (X \ P) u Bd™(Q) = Bd™[(X \. P)\ Q]
U BA®[QN (X N\ P)]uBd*[(X\P)nQ]. This implies that Bd™(P)uBd™(Q) =
Bd™[X\ (PuQ)] v Bd™(PnQ) u Bd™(Q\ P) = Bd™(PuQ) uBd™(PnQ) U
Bd™(Q\ P).
3. Putting X \_P in place of P and X \ Q in place of Q in Lemma 2.6, we have Bd"™ (X \ P) u
Bd™(X\Q) = Bd*[(X\P)N(XN\QJuwBd*[(XNQ)\(X\P)uBd*[(X\P)n
(X\.Q)]. This implies that Bd™(P)uBd™(Q) = Bd™(Q\P)uBd*(P\Q)u
Bd™[X N\ (PuQ)] = Bd™=(Q\ P) u Bd™(P\ Q) u Bd™(PuUQ).
4. From Lemma 2.6, we have Bd"(P)u Bd™(PAQ) = Bd™[P\ (PAQ)] v Bd"™[PN(PAQ)] u
Bd™[(PAQ)\ P] = Bd™(PnQ) u Bd™(P\ Q) u Bd™ (Q\ P).
5. Similar to (4).
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It is noticeable that for a subset P of a topological space 7 , P” n (X \_P)"* = . But their union is neither
empty nor the whole space, in general.

Example 2.8. Let X = {p,q,r} and 7 = {J,{p}.{p,q}, X}. Then closed sets are J,{r},{q,r} and X.
Now for {p}, {p} < CI(Int({p})); for {a}, {q} £ CI(Int({a})); for {r}, {r} £ CI(Int({r})); for {p,q},

{p.a} c Cl(Int{p,a})); for {p,r}, {p,r}<Cl(Int({p,r}); for {q,r}, {a,r}< Cl(Int({q,r})).
Therefore SO(7) = {J,{p}.{p,a}.{p,r}, X} and the semi-closed sets are &, {q}, {r}, {q,r} and X . Let

P ={p.q}. Then P ={q} and (X \ P)" ={r}. Therefore P> U (X \\ P)™ # X .
In view of the Example 2.8, we define a new frontier operator as:
Definition2.9. Let 7 beatopological space. Define the frontier operator Bd ™ : o(X) — @(X) by Bd ™ (P)
=P U (XN P)”, Pegp(X).
Theorem 2.10. Let P be a subset of a topological space 7 . Then following results hold:
1. Bd" () = Bd"(X) = X;
2. Bd”(P)=Bd"(X\ P);
3. Bd"(P)=P" U (X\ P™);
4. for PeSO(7), Bd”(P) = P n (X \_P);
5. for semi-closedset P, Bd™(P) = P U (X \ P™);
6. for A;-set P, Bd™(P) = P U (X \ P);
7. for v -set P, Bd”(P) = P U (X \ P™);
8. for semi-closed and semi-openset P, Bd"(P) = X ;
9. X\ Bd™(P) = Bd™(P).
Proof. 1, 2. Obvious from Definition.
3. Obvious from the fact (X \ P)™ = X \ P™.
4, Bd"(P) = P U (X N\ P)" =P U (X\_P),since X \_P is semi-closed.
5. Bd™(P) = P U (X P)"* =P U (X\ P™),since P = P [23].
7.Bd™(P) = P* U (XN P)* =P U (XX P").
9. XN\ Bd”(P) = XN\ [P U(XN\P) ] = (XN P*)N[XN (XN P)"] =P\ P" =Bd™(P).
Example 2.11. Let X ={p,q,r} and 7 = {J,{p}.{q,r}, X}. Then the semi-closed sets are &, {p}, {q,r}
and X . Consider P = {p,q}. Then Bd"(P) = {p} and Bd”(Bd™" (P)) = X . Thus Bd" (Bd" (P)) #
Bd " (P).

Note that Bd s (P) is not a semi-closed set, in general.
Definition 2.12. Let 7 be a topological space. We define the frontier operator Bd, : @(X)— o(X) by
Bd, (P) = P\ P", Pep(X).
Theorem 2.13. Let P be a subset of a topological space 7 . Then
1. P=P>~u Bd, (P);
2. P*nBd, (P)=a;
3. for Bd, (P) =0, P =P,
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4. for a semi-closed set P, Bd, (P) = &.

Proof. 1, 2. Obvious from Definition.
3. Follows from 1.

4. For semi-closed set P, P = P™ and hence Bd, (P) = P\ P" = .

Theorem 2.14. Let P be a subset of a topological space 7. Then Bd, (P) = & ifand only if P isa v -set.
Proof. Suppose Bd, (P) = &. Then P\ P = & implies P < P™ . Furthermore, P < P.

Conversely, suppose that P isa v -set. Then P = P™ and hence Bd, (P) = &.

Definition 2.15. Let 7 be a topological space. We define the frontier operator Bd, : @(X) — o(X) by
Bd, (P) = P \(P, Pep(X).
Theorem 2.16. Let P be a subset of a topological space 7 . Then
1. PuUBd, (P)=P";
2. PnBd, (P)=g;
3. Bd, (P)=gifandonlyif P = P"™;
4. for semi-openset P, Bd, (P) = &.
Proof. 1, 2. Obvious from Definition.
3. Assume Bd, (P) = &. Then P™ < P, and from Definition of (), P < P™. Thus P™ = P.
Converse is trivial.
4. Since P is semi-open, so P™ = P . Hence the result.
Theorem 2.17. Let P be a subset of a topological space 7 . Then Bd, (P) = & ifand only if P isa A, -set.
Theorem 2.18. Let P be a subset of a topological space 7 . Then
1. Bd, (P)nBd, (P)=4;
2. Bd, (P)uv Bd, (P) = Bd™(P);
3. Bd, (P)=Bd™(P)\Bd, (P);
4. Bd, (P) =Bd™(P)\ Bd, (P).
Proof. 1. Bd, (P) m Bd, (P) = (P\ P") n(P™\P) =&.
2. Bd, (P)uBd, (P)=(P*\P)u((P\P"*)=P*\P"*=Bd"(P).
3, 4. Follows from (1) and (2) because {Bd,, (P), Bd, (P)} is a partition of Bd"™ (P).

We conclude this paper with the following definition and result.

Definition 2.19. [24] Let 7 and S be two topological spaces. A mapping f : 7 — S is called semi-
homeomorphism if f is a bijection and images and pre-images of semi-open sets are semi-open.

Theorem 2.20. Let 7 and S be two topological spaces and f : 7 — S be a semi-homeomorphism. Then for
a subset P of X,

L f(P) =[PP
2. f(P™)=[f(P)]".
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Proof. We give the proof of (1) only. We shall first show that f(P"™) < [f(P)]™.

If not, there exists y e f(P") but y ¢[f(P)]™ . Thisimpliesthat y ¢ ~{V € SO(S): f (P) cV}. Thenthere
exists U e SO(S) suchthat f(P) cU but y ¢U . Therefore f *(U) e SO(7), P = f(f(P)) c f (V)
and f *(y) e f *(U) (because if f*(y)e f*(U),then f(f*(U)) =U implies y U, a contradiction).
Thus f*(y) ¢ P" and hence y ¢ f (P"*), a contradiction. Therefore f(P™) c[f(P)]*.

We shall now show that [f (P)]™ < f(P™).

If not, there exists y e[ f (P)]™ but y & f(P"™).Then f(y)gP™ = ~{V € SO(7):P cV}. This implies
that there exists U € SO(7) such that P cU but f*(y)gU. Thus f(P)c f(U) but ye f(U).
Moreover, f(U)e SO(S). So y¢[f(P)]™, a contradiction. Thus [f(P)]™ < f(P"™). Hence the result

follows.

Conclusions
The mathematical findings are:

e The frontier operator Bd™ : (X) — p(X)

is (J-preserving and sub-additive but not X -
preserving and not idempotent.

e The frontier operator Bd ™ : o(X) — p(X)

is X -preserving but not (J-preserving and
not idempotent.
e For any set Pc X, its images under the

frontier operators Bd
Bd, 1 o(X)— p(X) are
Moreover, {Bd, (P),Bd, (P)} forms a
partition of Bd "™ (P).

e Semi-homeomorphic image of A, (resp.v,) -

1
Ns

disjoint.

set is again A, (resp.v,) -set.

e For a semi-homeomorphism f:7 — S,
f[Bd™(P)] = Bd™[f(P)]; f[Bd™(P)]
= BA“[f(P)]; f[Bd, (P)] = Bd, [f(P)]
and f[Bd, (P)] = Bd, [f(P)].

Acknowledgment

The first author is thankful to University Grants
Commission (UGC), New Delhi-110002, India for
granting UGC-NET Junior Research Fellowship
(1173/(CSIR-UGC NET DEC. 2017)) during the
tenure of which this work was done.

The authors are thankful to the referees for their
valuable comments and suggestions for improving
the paper.

Conflicts of interest

The authors state that they did not have a conflict
of interests.

References

[1] Levine N., Semi-open sets and semi-continuity in
topological spaces, Amer. Math. Monthly, 70
(1963) 36-41.

[2] Ahmad B., Khan M., Noiri T., A note on semi-
frontier, Indian J. Pure Appl. Math., 22 (1) (1991)
61-62.

[3] Caldas M., Semi-T1 -spaces, Pro. Math., 8 (1994)
2
115-121.

[4] Caldas M., A separation axiom between semi-T,

and semi- T, , Mem. Fac. Sci. Kochi Univ. (Math.),
18 (1997) 37-42.

[5] Crossley S.G., Hildebrand S.K., Semi-closure,
Texas J. Sci., 22 (1971) 99-112.

[6] Das P., Note on some applications of semi-open
sets, Progr. Math., 7 (1973) 33-44.

[7] Davis A.S., Indexed symtems of neighbourhoods
for general topological spaces, Amer. Math.
Monthly, 68 (1961) 886-894.

[8] Maio G.D., On semi topological operators and
semi separation axioms, Rend. Circ. Mat.
Palermo (2) Suppl. Second Topology Conference
(4 Taormina 1984), 12 (1986) 219-230.

[9] Jankovic D.D., Reilly I.L., On semi separation
properties, Indian J. Pure Appl. Math., 16 (9)
(1985) 957-964.

344



Hoque, Modak/Cumhuriyet Sci. J., 42(2) (2021) 339-345

[10]Maheshwari S.N., Prasad R., Some new
separation axioms, Ann. Soc. Sci. Bruxelles, 89
(1975) 395-402.

[11]Sundaram P., Maki H., Balachandran K., Semi-
generalized continuous maps and semi-T,

2
spaces, Bull. Fukuoka Univ. Ed. Part IlI, 40
(1991) 33-40.

[12] Maki H., Generalized A -sets and the associated
closure operator, The Special Issue in
Commemoration of Prof. Kazusada Ikeda'’s
Retirement, (1986) 139-146.

[13] Dontvhev J., Maki H., On sg-closed sets and semi-
A-closed sets, Questions Answers Gen.
Topology, 15 (2) (1997) 259-266.

[14]Maheshwari S.N., Prasad R., On R, -spaces,
Port. Math., 34 (1975) 213-217.

[15] Bhattacharya P., Lahiri B.K., Semi-generalized
closed set in topology, Indian J. Math., 29 (1987)
375-382.

[16] Gabai H., The exterior operator and boundary
operator, Amer. Math. Monthly, 71 (9) (1964)
1029-1031.

[17] Khodabocus M.I., Sookia N.U.H., Theory of
generalized exterior and generalized frontier

345

operators in generalized topological spaces:
Definitions, Essential Properties and, Consistent,
Independent Axioms, Research Series in Pure
Mathematics Topology. Exterior and Frontier
Operators, Series., 7 (2018-2019) 1-59.

[18] Kleiner 1.Z., Closure and boundary operators in
topological spaces, Ukr. Math. J., 29 (1977) 295-
296.

[19] Modak S., Some points on generalized open sets,
Casp. J. Math. Sci., 6 (2) (2017) 99-106.

[20] Modak S., Hoque J., Sk Selim., Homeomorphic
image of some kernels, Cankaya Uni. J. Sci. Eng.,
17 (1) (2020) 052-062.

[21] Nour T.M., A note on some applications of semi-
open sets, Int. J. Math. & Math. Sci., 21 (1998)
205-207.

[22]Sk  Selim., Modak S., Islam Md.M.,
Characterizations of Hayashi-Samuel spaces via
boundary points, Commun. Adv. Math. Sci., 11 (3)
(2019) 219-226.

[23] Cueva M.C., Dontchev J., G. A, -sets and G. v -
sets, arXiv:math/9810080v1, (1998).
[24] Sabah A., Khan M., Ko¢inac L. D. R., Covering

properties defined by semi-open sets, J. Nonlinear
Sci. Appl., 9 (2016) 4388-4398.



