
Proceedings of International Mathematical Sciences

ISSN:2717-6355, URL:https://dergipark.org.tr/tr/pub/pims

Volume II Issue 1 (2020), Pages 60-78.

STRONG COUPLED FIXED POINTS OF CHATTERJEA TYPE

(ψ,ϕ)-WEAKLY CYCLIC COUPLED MAPPINGS IN S-METRIC

SPACES

G. V. R. BABU*, P. DURGA SAILAJA**, AND G. SRICHANDANA***
*DEPARTMENT OF MATHEMATICS, ANDHRA UNIVERSITY

**DEPARTMENT OF MATHEMATICS, LENDI INSTITUTE OF ENGINEERING AND

TECHNOLOGY, PHONE: +919491602190
***DEPARTMENT OF MATHEMATICS, ANDHRA UNIVERSITY

Abstract. In this paper, we introduce Chatterjea type (ψ,ϕ)-weakly cyclic
coupled mapping in S-metric spaces and prove the existence and uniqueness of

strong coupled fixed point of such mappings. We give an illustrative example

to support of our result.

1. Introduction

In 1972, Chatterjea [8] introduced a contraction map which is not necessarily
continuous and is known as Chatterjea contraction map or simply Chatterjea map
and proved that every Chatterjea map has a unique fixed point in complete metric
spaces. For more works on Chatterjea type mappings, we refer [7], [9], [10], [21],
[31]. In 1997, Alber and Guerre-Delabriere [2] introduced the concept of weakly con-
tractive mapping as a generalization of contractive map and proved the existence of
fixed points for such mappings in Hilbert spaces. Rhoades [33] extended this study
to metric space setting. In 2003, Kirk, Srinivasan and Veeramani [23] introduced
cyclic contractions in metric spaces and proved the existence and uniqueness of
cyclic contractions in complete metric spaces. After this, many authors introduced
various types of cyclic contractions and cyclic weakly contractions and proved fixed
point results, some of which are in [3], [5], [19], [20], [22], [24], [26], [27], [29], [30],
[34]. Meanwhile, in 2006, Gnana Bhaskar and Lakshmikantham [14] introduced
and developed coupled fixed point theory for mixed monotone operators. Later,
coupled fixed point results were developed by [14], [18], [25], [28], [32], [37]. In
2013, Chandok and Postolache [7] introduced Chatterjea type cyclic weakly con-
tractive maps and obtained fixed point results in complete metric spaces and in
2017, Choudhury, Maity and Konar [10], introduced Chatterjea type coupling and
obtained the existence of strong unique coupled fixed points for such maps.
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Inspired by these works, in section 3 of this paper, we introduce Chatterjea type
(ψ,ϕ)-weakly cyclic coupled mapping and prove the existence and uniqueness of
strong coupled fixed point of such map in complete S-metric spaces. Also, we
present an illustrative example in support of our result.

2. Preliminaries

We use the following propositions in proving our results.

Proposition 2.1. Let {an} and {bn} be two sequences of real numbers. Then
lim sup
n→∞

max{an, bn} = max{lim sup
n→∞

an, lim sup
n→∞

bn}.

Proposition 2.2. (i) Let {cn}, {dn}, {en} and {fn} be real sequences then
max{cn + dn, en + fn} ≤ max{cn, en}+ max{dn, fn}.
(ii) Let {an}, {bn} be two real sequences, {bn} be bounded. Then
lim inf
n→∞

(an + bn) ≤ lim inf
n→∞

an + lim sup
n→∞

bn.

Proposition 2.3. Let {an}, {bn}, {cn}, {dn}, {en} and {fn} be nonnegative
sequences satisfying max{an, bn} ≤ max{cn + dn, en + fn} with lim sup

n→∞
cn = 0 and

lim sup
n→∞

en = 0 then lim inf
n→∞

max{an, bn} ≤ lim inf
n→∞

max{dn, fn}.

Definition 2.1. [23] Let X be a nonempty set and T : X → X be an operator. If

Xi, i = 1, 2, ...m are nonempty subsets of X with X =
m⋃
i=1

Xi satisfying T (X1) ⊂

X2, ..., T (Xm−1) ⊂ Xm, T (Xm) ⊂ X1 is called a cyclic representation of X with
respect to T .

Definition 2.2. [14] Let X be a nonempty set. Let F : X×X → X be a mapping.
An element (x, y) ∈ X ×X is said to be a coupled fixed point of F if F (x, y) = x
and F (y, x) = y.

Throughout this paper, we denote the set of all reals by R, the set of all natural
numbers by N, and
Ψ = {ψ : [0,∞)→ [0,∞) /(i) ψ is continuous (ii) ψ is nondecreasing

(iii) ψ(t) = 0 if and only if t = 0}.

Remark. For any a, b ∈ [0,∞), we have ψ(max{a, b}) = max{ψ(a), ψ(b)} for any
ψ ∈ Ψ.

Definition 2.3. [7] Let (X, d) be a metric space, m be a natural number, A1, A2,

..., Am be nonempty subsets of X and Y =
m⋃
i=1

Ai. An operator T : Y → Y is

called a Chatterjea type cyclic weakly contraction if
m⋃
i=1

Ai is a cyclic representation of Y with respect to T and if there exist ψ ∈ Ψ

and a function ϕ : [0,∞)2 → [0,∞) with ϕ is lower semi continuous, ϕ(t, t) > 0
for t ∈ (0,∞) and ϕ(0, 0) = 0 such that
ψ(d(Tx, Ty)) ≤ ψ( 1

2 [d(x, Ty) + d(y, Tx)])− ϕ(d(x, Ty), d(y, Tx)),
for any x ∈ Ai, y ∈ Ai+1, i = 1, 2, ...,m, where Am+1 = A1.
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Theorem 2.4. [7] Let (X, d) be a complete metric space, m ∈ N , A1, A2,..., Am

be nonempty closed subsets of X and Y =
m⋃
i=1

Ai. Suppose that T is a Chatterjea

type cyclic weakly contraction. Then T has a fixed point z ∈
m⋂
i=1

Ai.

Choudhury, Maity and Konar [10] extended the above notion of cyclic mapping
to the case of mappings defined on X ×X in the following definition.

Definition 2.4. [10] Let A and B be two nonempty subsets of X. A mapping
F : X ×X → X is said to be cyclic with respect to A and B if F (A,B) ⊂ B and
F (B,A) ⊂ A. Such a function F is also said to be a coupling with respect to A
and B.

Definition 2.5. [10] Let X be a nonempty set. Let F : X × X → X be a
mapping. An element (x, x) ∈ X ×X is said to be a strong coupled fixed point of
F if F (x, x) = x.

Definition 2.6. [10] Let A and B be two nonempty subsets of a metric space
(X, d). A coupling F : X × X → X is called a Chatterjea type coupling with
respect to A and B if F is cyclic with respect to A and B satisfying, the inequality

d(F (x, y), F (u, v)) ≤ k[d(x, F (u, v)) + d(u, F (x, y))], (2.1)

where x, v ∈ A and y, u ∈ B, for some k ∈ (0, 12 ).

Theorem 2.5. [10] Let A and B be two nonempty closed subsets of a complete
metric space (X, d). Let F : X×X → X be a Chatterjea type coupling with respect
to A and B. Then A ∩ B 6= ∅ and F has a unique strong coupled fixed point in
A ∩B.

In 2012, Sedghi, Shobe and Aliouche [35] introduced a new concept on met-
ric spaces, namely S-metric spaces and studied some properties of these spaces.
Subsequently, many authors developed coupled fixed point theorems and cyclic
contractions on S-metric spaces. Some of them include [1], [12], [15], [16], [17], [25],
[31], [37].

Definition 2.7. [35] Let X be a nonempty set. An S-metric on X is a function
S : X3 → [0,∞) that satisfies the following conditions: for each x, y, z, a ∈ X

(S1) S(x, y, z) ≥ 0,
(S2) S(x, y, z) = 0 if and only if x = y = z and
(S3) S(x, y, z) ≤ S(x, x, a) + S(y, y, a) + S(z, z, a).

The pair (X,S) is called an S-metric space.

Example 2.1. [35] Let (X, d) be a metric space. Define S : X3 → [0,∞) by
S(x, y, z) = d(x, y) + d(x, z) + d(y, z) for all x, y, z ∈ X. Then S is an S-metric on
X and S is called the S-metric induced by the metric d.

Example 2.2. [13] Let X = R and let S(x, y, z) = |y + z − 2x| + |y − z| for all
x, y, z ∈ X. Then (X,S) is an S-metric space.

Example 2.3. [36] Let R be the real line. Then S(x, y, z) = |x− z|+ |y − z| for
all x, y, z ∈ R is an S-metric on R. This S-metric is called the usual S-metric.

Lemma 2.6. [35] In an S-metric space, we have S(x, x, y) = S(y, y, x).
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Lemma 2.7. [13] Let (X,S) be an S-metric space. Then
S(x, x, z) ≤ 2S(x, x, y) + S(y, y, z).

Definition 2.8. [35] Let (X,S) be an S-metric space.

(i) A sequence {xn} ⊆ X is said to converge to a point x ∈ X if S(xn, xn, x)→
0 as n → ∞. That is, for each ε > 0, there exists n0 ∈ N such that for all
n ≥ n0, S(xn, xn, x) < ε and we denote it by lim

n→∞
xn = x.

(ii) A sequence {xn} ⊆ X is called Cauchy sequence if for each ε > 0, there
exists n0 ∈ N such that S(xn, xn, xm) < ε for all n,m ≥ n0.

(iii) An S-metric space (X,S) is said to be complete if each Cauchy sequence
in X is convergent.

Lemma 2.8. [35] Let (X,S) be an S-metric space. If the sequence {xn} in X
converges to x, then x is unique.

Lemma 2.9. [35] Let (X,S) be an S-metric space. If there exist sequences {xn}
and {yn} in X such that lim

n→∞
xn = x and lim

n→∞
yn = y, then lim

n→∞
S(xn, xn, yn) =

S(x, x, y).

Lemma 2.10. [6] Let (X,S) be an S-metric space. Let {xn} and {yn} be two se-
quences inX, {xn} converges to x inX. Then lim

n→∞
S(xn, xn, yn) = lim

n→∞
S(x, x, yn).

Lemma 2.11. ([4], [11]) Let (X,S) be an S-metric space and {xn} a
sequence in X such that

lim
n→∞

S(xn, xn, xn+1) = 0.

If {xn} is not a Cauchy sequence, then there exist an ε > 0 and two sequences
{mk} and {nk} of positive integers with mk > nk > k such that
S(xmk

, xmk
, xnk

) ≥ ε with S(xmk−1, xmk−1, xnk
) < ε.

Also, we have the following:
(i) lim

k→∞
S(xmk

, xmk
, xnk

) = ε (ii) lim
k→∞

S(xmk−1, xmk−1, xnk
) = ε

(iii) lim
k→∞

S(xmk
, xmk

, xnk−1) = ε (iv) lim
k→∞

S(xmk−1, xmk−1, xnk−1) = ε.

We denote
Φ = {ϕ : [0,∞)2 → [0,∞) such that (i) ϕ is continuous in each of its

variables, and (ii) ϕ(t1, t2) = 0 if and only if t1 = 0 and t2 = 0}.

3. Chatterjea Type (ψ,ϕ)- Weakly cyclic Coupled Mapping

In the following, we define Chatterjea type (ψ,ϕ)-weakly cyclic coupled mapping.

Definition 3.1. Let (X,S) be an S-metric space. Let A and B be two nonempty
subsets of X. Let F : X ×X → X be a mapping. If (i) F is cyclic with respect to
A and B and (ii) there exist ψ ∈ Ψ, ϕ ∈ Φ such that

ψ(S(F (x, y), F (u, v), F (w, z))) ≤ ψ(
1

4
[max{S(x, x, F (w, z)), S(x, x, F (u, v))}

+ max{S(w,w, F (x, y)), S(u, u, F (x, y))}])
−ϕ(max{S(x, x, F (w, z)), S(x, x, F (u, v))},

max{S(w,w, F (x, y)), S(u, u, F (x, y))})
(3.1)
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for any x, u, z ∈ A and y, v, w ∈ B, then we say that F is a Chatterjea type (ψ,ϕ)-
weakly cyclic coupled mapping with respect to A and B.

Example 3.1. Let X = [0, 1]. We define S : X3 → [0,∞) by

S(x, y, z) =

{
0 if x = y = z
x+ y + z otherwise.

Then (X,S) is an S-metric space.
Let A = [0, 12 ] and B = [0, 1]. We define F : X ×X → X by
F (x, y) = xy

16 . Then F (A,B) ⊂ B and F (B,A) ⊂ A so that F is cyclic with respect

to A and B. We define ψ : [0,∞) → [0,∞) by ψ(t) = t
2 and ϕ : [0,∞)2 → [0,∞)

by ϕ(t1, t2) = 1
16 (t1 + t2). We now verify the inequality (3.1). Let x, u, z ∈ A and

y, v, w ∈ B. We now consider
ψ(S(F (x, y), F (u, v), F (w, z))) = ψ(S(xy16 ,

uv
16 ,

wz
16 ))

= 1
2S(xy16 ,

uv
16 ,

wz
16 )

= xy
32 + uv

32 + wz
32

≤ 1
32 [x+ u+ w]

≤ 1
32 [S(x, x, F (w, z)) + S(x, x, F (u, v)) +

+ S(w,w, F (x, y)) + S(u, u, F (x, y))]
≤ 2

32 [max{S(x, x, F (w, z)), S(x, x, F (u, v))}
+ max{S(w,w, F (x, y)), S(u, u, F (x, y))}]

= 1
16 [t1 + t2]

= 1
8 [t1 + t2]− 1

16 [t1 + t2]

= ψ( 1
4 [t1 + t2])− ϕ(t1, t2),

where t1 = max{S(x, x, F (w, z)), S(x, x, F (u, v))} and
t2 = max{S(w,w, F (x, y)), S(u, u, F (x, y))}.

Therefore F is a Chatterjea type (ψ,ϕ)-weakly cyclic coupled mapping with
respect to A and B.

Lemma 3.1. Let (X,S) be an S-metric space. Suppose that {xn} and {yn} are
sequences in X such that lim

n→∞
S(xn, xn, xn+1) = 0 and lim

n→∞
S(yn, yn, yn+1) = 0.

If either {xn} or {yn} is not Cauchy, then there exist an ε > 0 and sequences of
positive integers {mk} and {nk} with mk > nk > k such that

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} ≥ ε. (3.2)

We choose mk as the smallest integer with mk > nk satisfying (3.2).
i.e., max{S(xmk

, xmk
, xnk

), S(ymk
, ymk

, ynk
)} ≥ ε with

max{S(xmk−1, xmk−1, xnk
), S(ymk−1, ymk−1, ynk

)} < ε.
Also, the following limits hold.

(i) lim
k→∞

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} = ε

(ii) lim
k→∞

max{S(xmk
, xmk

, xnk−1), S(ymk
, ymk

, ynk−1)} = ε and

(iii) lim
k→∞

max{S(xnk
, xnk

, xmk−1), S(ynk
, ynk

, ymk−1)} = ε.

Proof. (i) We consider
S(xmk

, xmk
, xnk

) ≤ 2S(xmk
, xmk

, xmk−1) + S(xmk−1, xmk−1, xnk
)

< 2S(xmk
, xmk

, xmk−1) + ε.
Similarly, we have
S(ymk

, ymk
, ynk

) ≤ 2S(ymk
, ymk

, ymk−1) + S(ymk−1, ymk−1, ynk
)

< 2S(ymk
, ymk

, ymk−1) + ε.
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Hence
max{S(xmk

, xmk
, xnk

), S(ymk
, ymk

, ynk
)} ≤ max{2S(xmk

, xmk
, xmk−1) + ε,

2S(ymk
, ymk

, ymk−1) + ε}.
Now, by applying Proposition 2.1, we have

lim sup
k→∞

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} ≤ ε. (3.3)

We have ε ≤ max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)}. Hence
ε ≤ lim inf

k→∞
max{S(xmk

, xmk
, xnk

), S(ymk
, ymk

, ynk
)}

≤ lim sup
k→∞

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} ≤ ε (from (3.3)).

Hence lim inf
k→∞

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} = ε

= lim sup
k→∞

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)}.

Therefore lim
k→∞

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} exists and

lim
k→∞

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} = ε.

Hence (i) holds.
(ii) We now consider
S(xmk

, xmk
, xnk

) = S(xnk
, xnk

, xmk
) ≤ 2S(xnk

, xnk
, xnk−1) + S(xmk

, xmk
, xnk−1).

Similarly, we have
S(ymk

, ymk
, ynk

) = S(ynk
, ynk

, ymk
) ≤ 2S(ynk

, ynk
, ynk−1) + S(ymk

, ymk
, ynk−1).

Then
max{S(xmk

, xmk
, xnk

), S(ymk
, ymk

, ynk
)} ≤ max{2S(xnk

, xnk
, xnk−1)

+ S(xmk
, xmk

, xnk−1),
2S(ynk

, ynk
, ynk−1)+S(ymk

, ymk
, ynk−1)}.

On taking limit infimum as k →∞ and using Proposition 2.3, we get
lim inf
k→∞

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)}
≤ lim inf

k→∞
max{S(xmk

, xmk
, xnk−1), S(ymk

, ymk
, ynk−1)}.

By using (i), we get ε ≤ lim inf
k→∞

max{S(xmk
, xmk

, xnk−1), S(ymk
, ymk

, ynk−1)}.
We now consider
S(xmk

, xmk
, xnk−1) = S(xnk−1, xnk−1, xmk

) ≤ 2S(xnk−1, xnk−1, xnk
)+S(xnk

, xnk
, xmk

).
Similarly, we have
S(ymk

, ymk
, ynk−1) = S(ynk−1, ynk−1, ymk

) ≤ 2S(ynk−1, ynk−1, ynk
)+S(ynk

, ynk
, ymk

).
Now,
max{S(xmk

, xmk
, xnk−1), S(ymk

, ymk
, ynk−1)}

≤ max{2S(xnk−1, xnk−1, xnk
) + S(xnk

, xnk
, xmk

),
2S(ynk−1, ynk−1, ynk

) + S(ynk
, ynk

, ymk
)}.

On taking limit supremum as k →∞ and using Proposition 2.1, we get
lim sup
k→∞

max{S(xmk
, xmk

, xnk−1), S(ymk
, ymk

, ynk−1)}

≤ lim sup
k→∞

max{S(xnk
, xnk

, xmk
), S(ynk

, ynk
, ymk

)}

= ε ( by (i)).
Therefore we have
ε ≤ lim inf

k→∞
max{S(xmk

, xmk
, xnk−1), S(ymk

, ymk
, ynk−1)}

≤ lim sup
k→∞

max{S(xmk
, xmk

, xnk−1), S(ymk
, ymk

, ynk−1)} ≤ ε.
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Thus, we have
lim inf
k→∞

max{S(xmk
, xmk

, xnk−1), S(ymk
, ymk

, ynk−1)} = ε

= lim sup
k→∞

max{S(xmk
, xmk

, xnk−1), S(ymk
, ymk

, ynk−1)}.

Hence lim
k→∞

max{S(xmk
, xmk

, xnk−1), S(ymk
, ymk

, ynk−1)} exists and

lim
k→∞

max{S(xmk
, xmk

, xnk−1), S(ymk
, ymk

, ynk−1)} = ε. Therefore (ii) holds.

(iii) We consider
S(xmk

, xmk
, xnk

) ≤ 2S(xmk
, xmk

, xmk−1) + S(xmk−1, xmk−1, xnk
)

and
S(ymk

, ymk
, ynk

) ≤ 2S(ymk
, ymk

, ymk−1) + S(ymk−1, ymk−1, ynk
).

Now
max{S(xmk

, xmk
, xnk

), S(ymk
, ymk

, ynk
)}

≤ max{2S(xmk
, xmk

, xmk−1) + S(xmk−1, xmk−1, xnk
),

2S(ymk
, ymk

, ymk−1) + S(ymk−1, ymk−1, ynk
)}.

On taking limit infimum as k →∞ and by Proposition 2.3, we get
ε ≤ lim inf

k→∞
max{S(xmk−1, xmk−1, xnk

), S(ymk−1, ymk−1, ynk
)}.

We have
S(xmk−1, xmk−1, xnk

) ≤ 2S(xmk−1, xmk−1, xmk
) + S(xmk

, xmk
, xnk

)
and
S(ymk−1, ymk−1, ynk

) ≤ 2S(ymk−1, ymk−1, ymk
) + S(ymk

, ymk
, ynk

).
Then
max{S(xmk−1, xmk−1, xnk

), S(ymk−1, ymk−1, ynk
)}

≤ max{2S(xmk−1, xmk−1, xmk
) + S(xmk

, xmk
, xnk

),
2S(ymk−1, ymk−1, ymk

) + S(ymk
, ymk

, ynk
)}.

On taking limit supremum as k →∞, we get
lim sup
k→∞

max{S(xmk−1, xmk−1, xnk
), S(ymk−1, ymk−1, ynk

)}

≤ lim sup
k→∞

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)}

= ε (by (i))
so that ε ≤ lim inf

k→∞
max{S(xmk−1, xmk−1, xnk

), S(ymk−1, ymk−1, ynk
)}

≤ lim sup
k→∞

max{S(xmk−1, xmk−1, xnk
), S(ymk−1, ymk−1, ynk

)} ≤ ε.

Thus lim inf
k→∞

max{S(xmk−1, xmk−1, xnk
), S(ymk−1, ymk−1, ynk

)} = ε

= lim sup
k→∞

max{S(xmk−1, xmk−1, xnk
), S(ymk−1, ymk−1, ynk

)}.

Hence lim
k→∞

max{S(xmk−1, xmk−1, xnk
), S(ymk−1, ymk−1, ynk

)} exists and

lim
k→∞

max{S(xmk−1, xmk−1, xnk
), S(ymk−1, ymk−1, ynk

)} = ε.

This proves (iii). �

Theorem 3.2. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F : X ×X → X be a Chatterjea type (ψ,ϕ)-
weakly cyclic coupled mapping with respect to A and B. Then A ∩ B 6= ∅ and F
has a unique strong coupled fixed point in A ∩B.

Proof. Let x0 ∈ A and y0 ∈ B be arbitrary. We define the sequences {xn} and
{yn} by

xn+1 = F (yn, xn), yn+1 = F (xn, yn), n = 0, 1, 2, ... . (3.4)
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If yn = xn+1 and xn = yn+1 for some n, then we have
ψ(S(xn, xn, yn)) = ψ(S(yn+1, yn+1, xn+1))

= ψ(S(F (xn, yn), F (xn, yn), F (yn, xn)))
≤ ψ( 1

4 [max{S(xn, xn, F (yn, xn)), S(xn, xn, F (xn, yn))}
+ max{S(yn, yn, F (xn, yn)), S(xn, xn, F (xn, yn))}])

− ϕ(max{S(xn, xn, F (yn, xn)), S(xn, xn, F (xn, yn))},
max{S(yn, yn, F (xn, yn)), S(xn, xn, F (xn, yn))}])

= ψ( 1
4 [max{S(xn, xn, xn+1), S(xn, xn, yn+1)}
+ max{S(yn, yn, yn+1), S(xn, xn, yn+1)}])

− ϕ(max{S(xn, xn, xn+1), S(xn, xn, yn+1)},
max{S(yn, yn, yn+1), S(xn, xn, yn+1)})

= ψ( 1
4 [max{S(xn, xn, yn), S(xn, xn, xn)}
+ max{S(yn, yn, xn), S(xn, xn, xn)}])

− ϕ(max{S(xn, xn, yn), S(xn, xn, xn)},
max{S(yn, yn, xn), S(xn, xn, xn)})

= ψ( 1
2S(xn, xn, yn))− ϕ(S(xn, xn, yn), S(xn, xn, yn))

(by using Lemma 2.6)
≤ ψ(S(xn, xn, yn))− ϕ(S(xn, xn, yn), S(xn, xn, yn))

which implies that ϕ(S(xn, xn, yn), S(xn, xn, yn)) = 0 and hence
S(xn, xn, yn) = 0. Thus xn = yn so that A∩B 6= ∅ and (xn, xn) is a strong coupled
fixed point of F and we are through.

If either yn 6= xn+1 or xn 6= yn+1 for all n, then we have the following.
If xn = yn+1 and yn 6= xn+1 for all n, then we have
ψ(S(yn+1, yn+1, xn+2)) = ψ(S(F (xn, yn), F (xn, yn), F (yn+1, xn+1)))

≤ ψ( 1
4 [max{S(xn, xn, F (yn+1, xn+1)),

S(xn, xn, F (xn, yn))}
+ max{S(yn+1, yn+1, F (xn, yn)),

S(xn, xn, F (xn, yn))}])
− ϕ(max{S(xn, xn, F (yn+1, xn+1)),

S(xn, xn, F (xn, yn))},
max{S(yn+1, yn+1, F (xn, yn)),
S(xn, xn, F (xn, yn))})

= ψ( 1
4 [max{S(xn, xn, xn+2), S(xn, xn, yn+1)}

+ max{S(yn+1, yn+1, yn+1), S(xn, xn, yn+1)}])
− ϕ(max{S(xn, xn, xn+2), S(xn, xn, yn+1)},

max{S(yn+1, yn+1, yn+1), S(xn, xn, yn+1)})
≤ ψ( 1

4 [max{2S(xn, xn, yn+1) + S(yn+1, yn+1, xn+2),
S(xn, xn, yn+1)}+ S(xn, xn, yn+1)])

− ϕ(max{S(xn, xn, xn+2), S(xn, xn, yn+1)},
S(xn, xn, yn+1))

= ψ( 1
4 [2S(xn, xn, yn+1) + S(yn+1, yn+1, xn+2)

+ S(xn, xn, yn+1)])
−ϕ(max{S(xn, xn, xn+2), S(xn, xn, yn+1)}, S(xn, xn, yn+1))

= ψ( 1
4S(yn+1, yn+1, xn+2))− ϕ(S(xn, xn, xn+2), 0)

≤ ψ(S(yn+1, yn+1, xn+2))− ϕ(S(xn, xn, xn+2), 0)
which implies that ϕ(S(xn, xn, xn+2), 0) = 0. Therefore S(xn, xn, xn+2) = 0.
Thus xn = xn+2. That is yn+1 = xn+2 which is a contradiction. Hence this case
does not arise.
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Similar as above, the case yn = xn+1 and xn 6= yn+1 for all n does not arise.
Hence, we assume that yn 6= xn+1 and xn 6= yn+1 for all n. Now by using (3.1),

we have

ψ(S(x1, x1, y2)) = ψ(S(y2, y2, x1))
= ψ(S(F (x1, y1), F (x1, y1), F (y0, x0)))
≤ ψ( 1

4 [max{S(x1, x1, F (y0, x0)), S(x1, x1, F (x1, y1))}
+ max{S(y0, y0, F (x1, y1)), S(x1, x1, F (x1, y1))}])

− ϕ(max{S(x1, x1, F (y0, x0)), S(x1, x1, F (x1, y1))},
max{S(y0, y0, F (x1, y1)), S(x1, x1, F (x1, y1))})

= ψ( 1
4 [max{S(x1, x1, x1), S(x1, x1, y2)}
+ max{S(y0, y0, y2), S(x1, x1, y2)}])

− ϕ(max{S(x1, x1, x1), S(x1, x1, y2)},
max{S(y0, y0, y2), S(x1, x1, y2)})

= ψ( 1
4 [S(x1, x1, y2) + max{S(y0, y0, y2), S(x1, x1, y2)}])
− ϕ(S(x1, x1, y2),max{S(y0, y0, y2), S(x1, x1, y2)})

≤ ψ( 1
4 [S(x1, x1, y2) + max{2S(y0, y0, x1) + S(x1, x1, y2),

S(x1, x1, y2)}])
− ϕ(S(x1, x1, y2),max{S(y0, y0, y2), S(x1, x1, y2)})

= ψ( 1
4 [2S(x1, x1, y2) + 2S(y0, y0, x1)])
− ϕ(S(x1, x1, y2),max{S(y0, y0, y2), S(x1, x1, y2)})

< ψ( 1
4 [2S(x1, x1, y2) + 2S(y0, y0, x1)]).

Since ψ is monotonically increasing, it follows that
S(x1, x1, y2) ≤ 1

2S(x1, x1, y2) + 1
2S(y0, y0, x1) so that

S(x1, x1, y2) ≤ S(y0, y0, x1). (3.5)

Similarly, we have
ψ(S(y1, y1, x2)) = ψ(S(F (x0, y0), F (x0, y0), F (y1, x1)))

≤ ψ( 1
4 [max{S(x0, x0, F (y1, x1)), S(x0, x0, F (x0, y0))}
+ max{S(y1, y1, F (x0, y0)), S(x0, x0, F (x0, y0))}])

− ϕ(max{S(x0, x0, F (y1, x1)), S(x0, x0, F (x0, y0))},
max{S(y1, y1, F (x0, y0)), S(x0, x0, F (x0, y0))})

= ψ( 1
4 [max{S(x0, x0, x2), S(x0, x0, y1)}
+ max{S(y1, y1, y1), S(x0, x0, y1)}])

− ϕ(max{S(x0, x0, x2), S(x0, x0, y1)},
max{S(y1, y1, y1), S(x0, x0, y1)})

≤ ψ( 1
4 [max{2S(x0, x0, y1) + S(y1, y1, x2), S(x0, x0, y1)}
+ S(x0, x0, y1)])

− ϕ(max{S(x0, x0, x2), S(x0, x0, y1)}, S(x0, x0, y1))
= ψ( 1

4 [2S(x0, x0, y1) + S(y1, y1, x2) + S(x0, x0, y1)])
− ϕ(max{S(x0, x0, x2), S(x0, x0, y1)}, S(x0, x0, y1))

< ψ( 3
4S(x0, x0, y1) + 1

4S(y1, y1, x2)), and hence it follows that

S(y1, y1, x2) ≤ 3
4S(x0, x0, y1) + 1

4S(y1, y1, x2) so that

S(y1, y1, x2) ≤ S(x0, x0, y1). (3.6)

Again, by using (3.1), we have
ψ(S(x2, x2, y3)) = ψ(S(y3, y3, x2))

= ψ(S(F (x2, y2), F (x2, y2), F (y1, x1)))
≤ ψ( 1

4 [max{S(x2, x2, F (y1, x1)), S(x2, x2, F (x2, y2))}
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+ max{S(y1, y1, F (x2, y2)), S(x2, x2, F (x2, y2))}])
− ϕ(max{S(x2, x2, F (y1, x1)), S(x2, x2, F (x2, y2))},

max{S(y1, y1, F (x2, y2)), S(x2, x2, F (x2, y2))})
= ψ( 1

4 [max{S(x2, x2, x2), S(x2, x2, y3)}
+ max{S(y1, y1, y3), S(x2, x2, y3)}])

− ϕ(max{S(x2, x2, x2), S(x2, x2, y3)},
max{S(y1, y1, y3), S(x2, x2, y3)})

≤ ψ( 1
4 [S(x2, x2, y3) + max{2S(y1, y1, x2) + S(x2, x2, y3),

S(x2, x2, y3)}])
− ϕ(S(x2, x2, y3),max{S(y1, y1, y3), S(x2, x2, y3)})

= ψ( 1
4 [S(x2, x2, y3) + 2S(y1, y1, x2) + S(x2, x2, y3)])
− ϕ(S(x2, x2, y3),max{S(y1, y1, y3), S(x2, x2, y3)})

< ψ( 1
2S(x2, x2, y3) + 1

2S(y1, y1, x2)),

and hence we have S(x2, x2, y3) ≤ 1
2S(x2, x2, y3) + 1

2S(y1, y1, x2)
so that
S(x2, x2, y3) ≤ S(y1, y1, x2).
Similarly, we have
ψ(S(y2, y2, x3)) = ψ(S(F (x1, y1), F (x1, y1), F (y2, x2)))

≤ ψ( 1
4 [max{S(x1, x1, F (y2, x2)), S(x1, x1, F (x1, y1))}
+ max{S(y2, y2, F (x1, y1)), S(x1, x1, F (x1, y1))}])

− ϕ(max{S(x1, x1, F (y2, x2)), S(x1, x1, F (x1, y1))},
max{S(y2, y2, F (x1, y1)), S(x1, x1, F (x1, y1))})

= ψ( 1
4 [max{S(x1, x1, x3), S(x1, x1, y2)}+ S(x1, x1, y2)])
− ϕ(max{S(x1, x1, x3), S(x1, x1, y2)}, S(x1, x1, y2))

≤ ψ( 1
4 [max{2S(x1, x1, y2) + S(y2, y2, x3), S(x1, x1, y2)}

+ S(x1, x1, y2)])
− ϕ(max{S(x1, x1, x3), S(x1, x1, y2)}, S(x1, x1, y2))

= ψ( 1
4 [2S(x1, x1, y2) + S(y2, y2, x3) + S(x1, x1, y2)])
− ϕ(max{S(x1, x1, x3), S(x1, x1, y2)}, S(x1, x1, y2))

< ψ( 3
4S(x1, x1, y2) + 1

4S(y2, y2, x3)), and hence

S(y2, y2, x3) ≤ 3
4S(x1, x1, y2) + 1

4S(y2, y2, x3) so that
S(y2, y2, x3) ≤ S(x1, x1, y2).
In general, we have
ψ(S(x2n+1, x2n+1, y2n+2)) = ψ(S(y2n+2, y2n+2, x2n+1))

= ψ(S(F (x2n+1, y2n+1), F (x2n+1, y2n+1), F (y2n, x2n)))
≤ ψ( 1

4 [max{S(x2n+1, x2n+1, F (y2n, x2n)),
S(x2n+1, x2n+1, F (x2n+1, y2n+1))}

+ max{S(y2n, y2n, F (x2n+1, y2n+1)),
S(x2n+1, x2n+1, F (x2n+1, y2n+1))}])

− ϕ(max{S(x2n+1, x2n+1, F (y2n, x2n)),
S(x2n+1, x2n+1, F (x2n+1, y2n+1))},
max{S(y2n, y2n, F (x2n+1, y2n+1)),
S(x2n+1, x2n+1, F (x2n+1, y2n+1))})

= ψ( 1
4 [max{S(x2n+1, x2n+1, x2n+1), S(x2n+1, x2n+1, y2n+2)}

+ max{S(y2n, y2n, y2n+2), S(x2n+1, x2n+1, y2n+2)}])
−ϕ(max{S(x2n+1, x2n+1, x2n+1), S(x2n+1, x2n+1, y2n+2)},

max{S(y2n, y2n, y2n+2), S(x2n+1, x2n+1, y2n+2)})
≤ ψ( 1

4 [S(x2n+1, x2n+1, y2n+2)+max{2S(y2n, y2n, x2n+1)
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+S(x2n+1, x2n+1, y2n+2), S(x2n+1, x2n+1, y2n+2)}])
− ϕ(S(x2n+1, x2n+1, y2n+2),max{S(y2n, y2n, y2n+2),

S(x2n+1, x2n+1, y2n+2)}).
That is

ψ(S(x2n+1, x2n+1, y2n+2)) ≤ ψ(
1

4
[2S(x2n+1, x2n+1, y2n+2) + 2S(y2n, y2n, x2n+1)])

−ϕ(S(x2n+1, x2n+1, y2n+2),max{S(y2n, y2n, y2n+2),

S(x2n+1, x2n+1, y2n+2)})
(3.7)

< ψ( 1
2S(x2n+1, x2n+1, y2n+2) + 1

2S(y2n, y2n, x2n+1)) and

hence S(x2n+1, x2n+1, y2n+2) ≤ 1
2S(x2n+1, x2n+1, y2n+2) + 1

2S(y2n, y2n, x2n+1) so
that

S(x2n+1, x2n+1, y2n+2) ≤ S(y2n, y2n, x2n+1), for each n = 1, 2, 3, ... . (3.8)

Similarly, we have
ψ(S(y2n+1, y2n+1, x2n+2))

= ψ(S(F (x2n, y2n), F (x2n, y2n), F (y2n+1, x2n+1)))
≤ ψ( 1

4 [max{S(x2n, x2n, F (y2n+1, x2n+1)), S(x2n, x2n, F (x2n, y2n))}
+max{S(y2n+1, y2n+1, F (x2n, y2n)), S(x2n, x2n, F (x2n, y2n))}])

− ϕ(max{S(x2n, x2n, F (y2n+1, x2n+1)), S(x2n, x2n, F (x2n, y2n))},
max{S(y2n+1, y2n+1, F (x2n, y2n)), S(x2n, x2n, F (x2n, y2n))})

= ψ( 1
4 [max{S(x2n, x2n, x2n+2), S(x2n, x2n, y2n+1)}+S(x2n, x2n, y2n+1)])

−ϕ(max{S(x2n, x2n, x2n+2), S(x2n, x2n, y2n+1)}, S(x2n, x2n, y2n+1))
≤ ψ( 1

4 [max{2S(x2n, x2n, y2n+1) + S(y2n+1, y2n+1, x2n+2),
S(x2n, x2n, y2n+1)}+ S(x2n, x2n, y2n+1)])

−ϕ(max{S(x2n, x2n, x2n+2), S(x2n, x2n, y2n+1)}, S(x2n, x2n, y2n+1)).
That is

ψ(S(y2n+1, y2n+1, x2n+2)) ≤ ψ(
3

4
S(x2n, x2n, y2n+1) +

1

4
S(y2n+1, y2n+1, x2n+2))

−ϕ(max{S(x2n, x2n, x2n+2), S(x2n, x2n, y2n+1)},
S(x2n, x2n, y2n+1))

(3.9)

< ψ( 3
4S(x2n, x2n, y2n+1) + 1

4S(y2n+1, y2n+1, x2n+2))
which implies that
S(y2n+1, y2n+1, x2n+2) ≤ 3

4S(x2n, x2n, y2n+1) + 1
4S(y2n+1, y2n+1, x2n+2) and hence

S(y2n+1, y2n+1, x2n+2) ≤ S(x2n, x2n, y2n+1) for each n = 1, 2, 3, ... . (3.10)

Similarly, we get

S(x2n, x2n, y2n+1) ≤ S(y2n−1, y2n−1, x2n) for each n = 1, 2, 3, ... ; (3.11)

and

S(y2n, y2n, x2n+1) ≤ S(x2n−1, x2n−1, y2n) for each n = 1, 2, 3, ... . (3.12)

From (3.8) and (3.11) it follows that

S(xn, xn, yn+1) ≤ S(yn−1, yn−1, xn) for n = 1, 2, 3, ... (3.13)

and from (3.10) and (3.12) it follows that

S(yn, yn, xn+1) ≤ S(xn−1, xn−1, yn) for n = 1, 2, 3, ... . (3.14)
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Hence, from (3.13) and (3.14), it follows that {S(xn, xn, yn+1)} is a decreasing se-
quence and converges to some r ≥ 0 and {S(yn, yn, xn+1)} is a decreasing sequence
and hence converges to some s ≥ 0.
From (3.13), we have r ≤ s and from (3.14), we have s ≤ r. Therefore r = s.
Now on taking the limits as n→∞ in (3.7), we have
ψ(r) ≤ ψ( 1

2r + 1
2r)− ϕ(r,max{ lim

n→∞
S(y2n, y2n, y2n+2), r})

= ψ(r)− ϕ(r,max{ lim
n→∞

S(y2n, y2n, y2n+2), r})
which implies that ϕ(r,max{ lim

n→∞
S(y2n, y2n, y2n+2), r}) = 0 so that r = 0.

Therefore

lim
n→∞

S(xn, xn, yn+1) = 0 and lim
n→∞

S(yn, yn, xn+1) = 0. (3.15)

We now consider
ψ(S(xn+1, xn+1, yn+1)) = ψ(S(yn+1, yn+1, xn+1))

= ψ(S(F (xn, yn), F (xn, yn), F (yn, xn)))
≤ ψ( 1

4 [max{S(xn, xn, F (yn, xn)), S(xn, xn, F (xn, yn))}
+ max{S(yn, yn, F (xn, yn)), S(xn, xn, F (xn, yn))}])
− ϕ(max{S(xn, xn, F (yn, xn)), S(xn, xn, F (xn, yn))},

max{S(yn, yn, F (xn, yn)), S(xn, xn, F (xn, yn))})
= ψ( 1

4 [max{S(xn, xn, xn+1), S(xn, xn, yn+1)}
+ max{S(yn, yn, yn+1), S(xn, xn, yn+1)}])

− ϕ(max{S(xn, xn, xn+1), S(xn, xn, yn+1)},
max{S(yn, yn, yn+1), S(xn, xn, yn+1)})

≤ ψ( 1
4 [max{2S(xn, xn, yn+1) + S(xn+1, xn+1, yn+1),

S(xn, xn, yn+1)}+S(yn, yn, yn+1)+S(xn, xn, yn+1)])
− ϕ(max{S(xn, xn, xn+1), S(xn, xn, yn+1)},

max{S(yn, yn, yn+1), S(xn, xn, yn+1)})
= ψ( 1

4 [2S(xn, xn, yn+1) + S(xn+1, xn+1, yn+1)
+ 2S(yn, yn, xn+1) + S(xn+1, xn+1, yn+1)

+ S(xn, xn, yn+1)}])
− ϕ(max{S(xn, xn, xn+1), S(xn, xn, yn+1)},

max{S(yn, yn, yn+1), S(xn, xn, yn+1)})
= ψ( 1

4 [3S(xn, xn, yn+1) + 2S(yn, yn, xn+1)
+ 2S(xn+1, xn+1, yn+1)])

− ϕ(max{S(xn, xn, xn+1), S(xn, xn, yn+1)},
max{S(yn, yn, yn+1), S(xn, xn, yn+1)})

< ψ( 1
4 [3S(xn, xn, yn+1) + 2S(yn, yn, xn+1)

+ 2S(xn+1, xn+1, yn+1)]) and hence
S(xn+1, xn+1, yn+1) ≤ 3

4S(xn, xn, yn+1) + 1
2S(yn, yn, xn+1) + 1

2S(xn+1, xn+1, yn+1)
which implies that
S(xn+1, xn+1, yn+1) ≤ S(yn, yn, xn+1) + 3

2S(xn, xn, yn+1).
On taking limits as n→∞ and by using (3.15), we get

lim
n→∞

S(xn+1, xn+1, yn+1) = 0. (3.16)

We now consider
S(xn, xn, xn+1) + S(yn, yn, yn+1) ≤ 2S(xn, xn, yn) + S(yn, yn, xn+1)

+ 2S(yn, yn, xn) + S(xn, xn, yn+1)
= 4S(xn, xn, yn)+S(xn, xn, yn+1)+S(yn, yn, xn+1).
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On taking limits as n→∞, we get
lim
n→∞

S(xn, xn, xn+1) + S(yn, yn, yn+1) = 0.

We now prove that {xn} and {yn} are Cauchy sequences. Suppose that either {xn}
or {yn} is not Cauchy. Then there exist ε > 0 and subsequences {mk} and {nk}
with mk > nk > k such that

max{S(xmk
, xmk

, xnk
), S(ymk

, ymk
, ynk

)} ≥ ε. (3.17)

We choose mk as a smallest integer with mk > nk satisfying (3.17).
That is max{S(xmk

, xmk
, xnk

), S(ymk
, ymk

, ynk
)} ≥ ε

with max{S(xmk−1, xmk−1, xnk
), S(ymk−1, ymk−1, ynk

)} < ε.
We now prove the following.

lim
k→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)} = ε. (3.18)

We consider S(xmk
, xmk

, ynk
) = S(ynk

, ynk
, xmk

)
≤ 2S(ynk

, ynk
, xnk

) + S(xnk
, xnk

, xmk
).

Also, we have
S(ymk

, ymk
, xnk

) ≤ 2S(xnk
, xnk

, ynk
) + S(ynk

, ynk
, ymk

).
Thus we have
max{S(xmk

, xmk
, ynk

), S(ymk
, ymk

, xnk
)} ≤ max{2S(ynk

, ynk
, xnk

)+S(xnk
, xnk

, xmk
),

2S(xnk
, xnk

, ynk
)+S(ynk

, ynk
, ymk

)}.
On taking limit supremum as k →∞, and using Proposition 2.1, we get
lim sup
k→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)} ≤ lim sup
k→∞

max{S(xnk
, xnk

, xmk
),

S(ynk
, ynk

, ymk
)}

= ε (by (i) of Lemma 3.1).
We now consider
S(xmk

, xmk
, xnk

) = S(xnk
, xnk

, xmk
)

≤ 2S(xnk
, xnk

, ynk
) + S(ynk

, ynk
, xmk

)
and
S(ymk

, ymk
, ynk

) = S(ynk
, ynk

, ymk
)

≤ 2S(ynk
, ynk

, xnk
) + S(xnk

, xnk
, ymk

) so that
max{S(xmk

, xmk
, xnk

), S(ymk
, ymk

, ynk
)} ≤ max{2S(xnk

, xnk
, ynk

)+S(ynk
, ynk

, xmk
),

2S(ynk
, ynk

, xnk
)+S(xnk

, xnk
, ymk

)}.
On taking limit infimum as k →∞ and using (3.16),
ε ≤ lim inf

k→∞
max{S(xmk

, xmk
, xnk

), S(ymk
, ymk

, ynk
)}

≤ lim inf
k→∞

max{S(ynk
, ynk

, xmk
), S(xnk

, xnk
, ymk

)} (by Proposition 2.3 ).

From the above we have
ε ≤ lim inf

k→∞
max{S(xmk

, xmk
, ynk

), S(ymk
, ymk

, xnk
)}

≤ lim sup
k→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)} ≤ ε.

Hence lim inf
k→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)}
= lim sup

k→∞
max{S(xmk

, xmk
, ynk

), S(ymk
, ymk

, xnk
)} = ε.

Therefore lim
k→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)} exists and

lim
k→∞

max{S(xmk
, xmk

, ynk
), S(ymk

, ymk
, xnk

)} = ε.

Hence (3.18) is proved.

We now consider
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ψ(S(xmk
, xmk

, ynk
)) = ψ(ynk

, ynk
, xmk

)
= ψ(S(F (xnk−1, ynk−1), F (xnk−1, ynk−1), F (ymk−1, xmk−1)))
≤ ψ( 1

4 [max{S(xnk−1, xnk−1, F (ymk−1, xmk−1)),
S(xnk−1, xnk−1, F (xnk−1, ynk−1))}

+ max{S(ymk−1, ymk−1, F (xnk−1, ynk−1)),
S(xnk−1, xnk−1, F (xnk−1, ynk−1))}])

− ϕ(max{S(xnk−1, xnk−1, F (ymk−1, xmk−1)),
S(xnk−1, xnk−1, F (xnk−1, ynk−1))},

max{S(ymk−1, ymk−1, F (xnk−1, ynk−1)),
S(xnk−1, xnk−1, F (xnk−1, ynk−1))})

= ψ( 1
4 [max{S(xnk−1, xnk−1, xmk

), S(xnk−1, xnk−1, ynk
)}

+max{S(ymk−1, ymk−1, ynk
), S(xnk−1, xnk−1, ynk

)}])
− ϕ(max{S(xnk−1, xnk−1, xmk

), S(xnk−1, xnk−1, ynk
)},

max{S(ymk−1, ymk−1, ynk
), S(xnk−1, xnk−1, ynk

)}).

Similarly, we have
ψ(S(ymk

, ymk
, xnk

)) = ψ(S(F (xmk−1, ymk−1), F (xmk−1, ymk−1), F (ynk−1, xnk−1)))
≤ ψ( 1

4 [max{S(xmk−1, xmk−1, F (ynk−1, xnk−1)),
S(xmk−1, xmk−1, F (xmk−1, ymk−1))}

+ max{S(ynk−1, ynk−1, F (xmk−1, ymk−1)),
S(xmk−1, xmk−1, F (xmk−1, ymk−1))}])

− ϕ(max{S(xmk−1, xmk−1, F (ynk−1, xnk−1)),
S(xmk−1, xmk−1, F (xmk−1, ymk−1))},

max{S(ynk−1, ynk−1, F (xmk−1, ymk−1)),
S(xmk−1, xmk−1, F (xmk−1, ymk−1))})

= ψ( 1
4 [max{S(xmk−1, xmk−1, xnk

), S(xmk−1, xmk−1, ymk
)}

+max{S(ynk−1, ynk−1, ymk
), S(xmk−1, xmk−1, ymk

)}])
−ϕ(max{S(xmk−1, xmk−1, xnk

), S(xmk−1, xmk−1, ymk
)},

max{S(ynk−1, ynk−1, ymk
), S(xmk−1, xmk−1, ymk

)}).

We now consider
ψ(max{S(xmk

, xmk
, ynk

), S(ymk
, ymk

, xnk
)})

= max{ψ(S(xmk
, xmk

, ynk
)), ψ(S(ymk

, ymk
, xnk

))}
≤ max{ψ( 1

4 [max{S(xnk−1, xnk−1, xmk
), S(xnk−1, xnk−1, ynk

)}
+max{S(ymk−1, ymk−1, ynk

), S(xnk−1, xnk−1, ynk
)}]),

ψ( 1
4 [max{S(xmk−1, xmk−1, xnk

), S(xmk−1, xmk−1, ymk
)}

+max{S(ynk−1, ynk−1, ymk
), S(xmk−1, xmk−1, ymk

)}])}
−min{ϕ(max{S(xnk−1, xnk−1, xmk

), S(xnk−1, xnk−1, ynk
)},

max{S(ymk−1, ymk−1, ynk
), S(xnk−1, xnk−1, ynk

)}),
ϕ(max{S(xmk−1, xmk−1, xnk

), S(xmk−1, xmk−1, ymk
)},

max{S(ynk−1, ynk−1, ymk
), S(xmk−1, xmk−1, ymk

)})}.

On letting k →∞ and by using (3.15), we get

ψ(ε) ≤ max{ψ( 1
4 [ lim
k→∞

S(xnk−1, xnk−1, xmk
) + lim

k→∞
S(ymk−1, ymk−1, ynk

)]),

ψ( 1
4 [ lim
k→∞

S(xmk−1, xmk−1, xnk
) + lim

k→∞
S(ynk−1, ynk−1, ymk

)])}
−min{ϕ( lim

k→∞
S(xnk−1, xnk−1, xmk

), lim
k→∞

S(ymk−1, ymk−1, ynk
)),
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ϕ( lim
k→∞

S(xmk−1, xmk−1, xnk
), lim
k→∞

S(ynk−1, ynk−1, ymk
))} so that

ψ(ε) ≤ ψ(max{ 14 [ lim
k→∞

max{S(xnk−1, xnk−1, xmk
), S(ynk−1, ynk−1, ymk

)}
+ lim
k→∞

max{S(ymk−1, ymk−1, ynk
), S(xmk−1, xmk−1, xnk

)}],
1
4 [ lim
k→∞

max{S(xmk−1, xmk−1, xnk
), S(ymk−1, ymk−1, ynk

)}
+ lim
k→∞

max{S(ynk−1, ynk−1, ymk
), S(xnk−1, xnk−1, xmk

)}]})
−min{ϕ( lim

k→∞
S(xnk−1, xnk−1, xmk

), lim
k→∞

S(ymk−1, ymk−1, ynk
)),

ϕ( lim
k→∞

S(xmk−1, xmk−1, xnk
), lim
k→∞

S(ynk−1, ynk−1, ymk
))}.

(By using (ii) and (iii) of Lemma 3.1)
= ψ( ε2 )−min{ϕ( lim

k→∞
S(xnk−1, xnk−1, xmk

), lim
k→∞

S(ymk−1, ymk−1, ynk
)),

ϕ( lim
k→∞

S(xmk−1, xmk−1, xnk
), lim
k→∞

S(ynk−1, ynk−1, ymk
))}

( all these limits are positive by using Lemma 2.11)
< ψ( ε2 ), a contradiction.

Therefore {xn} and {yn} are Cauchy sequences and hence convergent. Since A and
B are closed subsets of X and {xn} ⊂ A, {yn} ⊂ B, there exist x ∈ A and y ∈ B
such that

xn → x, yn → y as n→∞. (3.19)

By using (3.16), we get lim
n→∞

S(xn, xn, yn) = 0. Now, by Lemma 2.9, we have

S(x, x, y) = 0 and hence x = y so that A ∩B 6= ∅ and x ∈ A ∩B.
Now, by (3.1) and (3.4), we have
ψ(S(xn+1, xn+1, F (x, x)) = ψ(S(F (x, x), F (x, x), F (yn, xn)))

≤ ψ( 1
4 [max{S(x, x, F (yn, xn)), S(x, x, F (x, x))}
+ max{S(yn, yn, F (x, x)), S(x, x, F (x, x))}])

− ϕ(max{S(x, x, F (yn, xn)), S(x, x, F (x, x))},
max{S(yn, yn, F (x, x)), S(x, x, F (x, x))})

= ψ( 1
4 [max{S(x, x, xn+1), S(x, x, F (x, x))}
+ max{S(yn, yn, F (x, x)), S(x, x, F (x, x))}])

− ϕ(max{S(x, x, xn+1), S(x, x, F (x, x))},
max{S(yn, yn, F (x, x)), S(x, x, F (x, x))}).

On taking limits as n→∞, we get
ψ(S(x, x, F (x, x))) ≤ ψ( 1

4 [max{S(x, x, x), S(x, x, F (x, x))}
+ max{S(y, y, F (x, x)), S(x, x, F (x, x))}])
− ϕ(max{S(x, x, x), S(x, x, F (x, x))},
max{S(y, y, F (x, x)), S(x, x, F (x, x))})

≤ ψ(S(x, x, F (x, x)))−ϕ(S(x, x, F (x, x)), S(x, x, F (x, x))) and
hence ϕ(S(x, x, F (x, x)), S(x, x, F (x, x))) = 0 so that
S(x, x, F (x, x)) = 0. Therefore x = F (x, x) is a strong coupled fixed point of F .
We now prove the uniqueness of strong coupled fixed point of F . Suppose (x, x)
and (y, y) are two strong coupled fixed points of F . We consider
ψ(S(x, x, y)) = ψ(S(F (x, x), F (x, x), F (y, y)))

≤ ψ( 1
4 [max{S(x, x, F (y, y)), S(x, x, F (x, x))}
+ max{S(y, y, F (x, x)), S(x, x, F (x, x))}])

− ϕ(max{S(x, x, F (y, y)), S(x, x, F (x, x))},
max{S(y, y, F (x, x)), S(x, x, F (x, x))})

= ψ( 1
4 [S(x, x, y) + S(y, y, x)])− ϕ(S(x, x, y), S(y, y, x))
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≤ ψ(S(x, x, y))− ϕ(S(x, x, y), S(y, y, x))
so that ϕ(S(x, x, y), S(y, y, x)) = 0. Thus x = y. �

By choosing ψ(t) = t in Theorem 3.2, then we have the following.

Corollary 3.3. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F : X × X → X be mapping. If F is cyclic
with respect to A and B and there exists ϕ ∈ Φ such that

S(F (x, y), F (u, v), F (w, z)) ≤ 1

4
[max{S(x, x, F (w, z)), S(x, x, F (u, v))}

+ max{S(w,w, F (x, y)), S(u, u, F (x, y))}]
−ϕ(max{S(x, x, F (w, z)), S(x, x, F (u, v))},

max{S(w,w, F (x, y)), S(u, u, F (x, y))})
where x, u, z ∈ A and y, v, w ∈ B. Then A ∩ B 6= ∅ and F has a unique strong
coupled fixed point in A ∩B.

By choosing ϕ(t1, t2) = (1
4−k)(t1+t2) in Corollary 3.3 then we have the following.

Corollary 3.4. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F : X × X → X be mapping. If F is cyclic
with respect to A and B and there exists k ∈ (0, 14 ) such that

S(F (x, y), F (u, v), F (w, z)) ≤ k[max{S(x, x, F (w, z)), S(x, x, F (u, v))}
+ max{S(w,w, F (x, y)), S(u, u, F (x, y))}]

where x, u, z ∈ A and y, v, w ∈ B. Then A ∩ B 6= ∅ and F has a unique strong
coupled fixed point in A ∩B.

By choosing w = u and z = v in Corollary 3.4, then we have the following.

Corollary 3.5. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F : X × X → X be mapping. If F is cyclic
with respect to A and B and there exists k ∈ (0, 14 ) such that

S(F (x, y), F (u, v), F (u, v)) ≤ k[S(x, x, F (u, v)) + S(u, u, F (x, y))

where x, v ∈ A and y, u ∈ B. Then A ∩ B 6= ∅ and F has a unique strong coupled
fixed point in A ∩B.

The following example is in support of Theorem 3.2.

Example 3.2. Let X = [0, 1]. We define S : X3 → [0,∞) by

S(x, y, z) =

{
0 if x = y = z
x+ y + z otherwise.

Then (X,S) is a complete S-metric space.
Let A = [0, 12 ] and B = [0, 1]. We define F : X ×X → X by

F (x, y) =

{ x
8(x+y+1) if x ∈ A and y ∈ B
0 otherwise.

Then F (A,B) = [0, 1
16 ] ⊂ B and F (B,A) = {0} ⊂ A so that F is cyclic with respect

to A and B. We define ψ : [0,∞) → [0,∞) by ψ(t) = t
2 and ϕ : [0,∞)2 → [0,∞)

by ϕ(t1, t2) = 1
16 (t1 + t2). We now verify the inequality (3.1). Let x, u, z ∈ A and

y, v, w ∈ B. We now consider
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ψ(S(F (x, y), F (u, v), F (w, z))) = ψ(S( x
8(x+y+1) ,

u
8(u+v+1) , 0))

= 1
2S( x

8(x+y+1) ,
u

8(u+v+1) , 0)

= x
16(x+y+1) + u

16(u+v+1)

≤ 1
16 [x+ u]

≤ 1
16 [max{S(x, x, F (w, z)), S(x, x, F (u, v))}

+ max{S(w,w, F (x, y)), S(u, u, F (x, y))}]
= 1

8 [t1 + t2]− 1
16 [t1 + t2]

= ψ( 1
4 [t1 + t2])− ϕ(t1, t2),

where t1 = max{S(x, x, F (w, z)), S(x, x, F (u, v))} and
t2 = max{S(w,w, F (x, y)), S(u, u, F (x, y))}.

Therefore F is a Chatterjea type (ψ,ϕ)-weakly cyclic coupled mapping with respect
to A and B. Hence F satisfies all the hypotheses of Theorem 3.2 and (0, 0) is a
unique strong coupled fixed point of F .
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[18] H. Huang, G. Deng, T. Došenovic, N. Hussain, Note on recent common coupled fixed point

results in multiplicative metric spaces, Applied Mathematics and Nonlinear Sciences 3 (2)

(2018) 659-668.
[19] M. M. Jaradat, Z. Mustafa, A. H. Ansari, P. S. Kumri, D. Dolicanin-Djekic and H. M.

Jaradat, Some fixed point results for Fα −Wφ- generalized cyclic contractions on metric

like space with applications to graphs and integral equations, J. Mat. Anal., 8 (1) (2017)
28-45.

[20] E. Karapinar, Fixed point theory for cyclic weak (φ, ϕ) contraction, Appl. Math. Lett., 24

(6) (2011) 822-825.
[21] E. Karapinar, and H. K. Nashine, Fixed point theorem for cyclic Chatterjea type contrac-

tions, Journal of Applied Mathematics, 2012 (2012) pages 15.

[22] E. Karapinar, A. Yildiz-Ulus, and I. M. Erhan, Cyclic contractions on G-metric spaces,
Abstract and Applied Analysis, 2012 (2012) 15 pages.

[23] W. A. Kirk, P. S. Srinivasan and P. Veeramani, Fixed points for mapping satisfying cyclical
contractive conditions, Fixed Point Theory, 4 (2003) 79-89.

[24] C. Klin-Eam and C. Suanoom, Dislocated quasi b-metric spaces and fixed point theorems

for cyclic contractions, Fixed Point Theory and Appl., 74 (2015) 12 pages.
[25] R. Krishnakumar, T. Mani, D. Dhamodharan, Coupled common fixed point theorems of

C-class function on ordered S-metric spaces, 6 (2) (2019) 184-192.

[26] P. S. Kumari and D. Panthi, Cyclic compatible contraction and related fixed point theorems,
Fixed Point Theory and Appl., 28 (2016) 18 pages.

[27] P. S. Kumari and D. Panthi, Connecting various types of cyclic contractions and contractive

self-mapping with Hardy-Rogers self-mappings, Fixed Point Theory and Appl., 15 (2016)
19 pages.

[28] V. LakshmiKantham and L. Ciric, Coupled fixed point theorems for nonlinear contractions

in partially ordered metric spaces, Nonlinear Anal., 70 (12) (2009) 4341-4349.
[29] B. Nurwahyu, Fixed point theorems for cyclic weakly contraction mappings in dislocated

Quasi extended -b metric Space, Journal of function spaces, 2019 (2019) 10 pages.
[30] M. Pacurar, and I. A. Rus, Fixed point theory for cyclic ϕ-contractions, Nonlinear Anal.,

72 (2010) 1181-1187.

[31] T. Phaneendra, K. Kumara Swamy, Fixed points of Chatterjee and Ciric contractions on an
S-metric space, IJPAM, 115 (2) (2017) 316-367.

[32] E. Prajisha and P. S. Shaini, Coupled fixed point theorems in partially ordered sets, Journal

Nonlinear Analysis and Application, 2018 (2) (2018) 76-82.
[33] B. E. Rhoades, Some theorems on weakly contractive maps, Nonlinear Anal., 47 (2001)

2683-2693.

[34] I. A. Rus, Cyclic representation and fixed points, Annals of the Tiberiu Popoviciu Seminar
of Functional Equations, Approximation and Convexity, 3 (2005) 171-178.

[35] S. Sedghi, N. Shobe and A. Alouche, A generalization of fixed point theorem in S-metric

spaces, Math. Vesnik, 64 (3) (2012) 258-266.
[36] S. Sedghi and N. V. Dung, Fixed point theorems on S-metric spaces, Math. Vesnik, 66 (1)

(2014) 113-124.
[37] M. Zhou and X. L. Liu, On coupled common fixed point theorems for Geraghty-type contrac-

tion mappings using mixed weakly monotone property in partially ordered S-metric spaces,

J. Funct. Spaces, 2016 (2016) 9 pages.

G. V. R. Babu,

Department of Mathematics, Andhra University, Visakhapatnam-530 003, INDIA.
Email address: gvr−babu@hotmail.com

P. Durga Sailaja,

Department of Mathematics, Lendi Institute of Engineering and Technology, Vizianagaram-
535 005, INDIA. Phone: +919491602190

Email address: sailajadurga@yahoo.com.



78 G. V. R. BABU, P. DURGA SAILAJA, AND G. SRICHANDANA

G. Srichandana,

Department of Mathematics, Andhra University, Visakhapatnam-530 003, INDIA.

Permanent address: Department of Mathematics, Satya Institute of Technology and
Management, Vizianagaram-535 002, INDIA.

Email address: sri.chandan3@gmail.com


	1. Introduction
	2. Preliminaries
	3. Chatterjea Type (,)- Weakly cyclic Coupled Mapping
	References

