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ABSTRACT. In this paper, we introduce Chatterjea type (v, p)-weakly cyclic
coupled mapping in S-metric spaces and prove the existence and uniqueness of
strong coupled fixed point of such mappings. We give an illustrative example
to support of our result.

1. INTRODUCTION

In 1972, Chatterjea [§] introduced a contraction map which is not necessarily
continuous and is known as Chatterjea contraction map or simply Chatterjea map
and proved that every Chatterjea map has a unique fixed point in complete metric
spaces. For more works on Chatterjea type mappings, we refer [7], [9], [10], [21],
[31]. In 1997, Alber and Guerre-Delabriere [2] introduced the concept of weakly con-
tractive mapping as a generalization of contractive map and proved the existence of
fixed points for such mappings in Hilbert spaces. Rhoades [33] extended this study
to metric space setting. In 2003, Kirk, Srinivasan and Veeramani [23] introduced
cyclic contractions in metric spaces and proved the existence and uniqueness of
cyclic contractions in complete metric spaces. After this, many authors introduced
various types of cyclic contractions and cyclic weakly contractions and proved fixed
point results, some of which are in [3], [5], [19], [20], [22], [24], [26], [27], [29], [30],
[34]. Meanwhile, in 2006, Gnana Bhaskar and Lakshmikantham [I4] introduced
and developed coupled fixed point theory for mixed monotone operators. Later,
coupled fixed point results were developed by [14], [18], [25], [28], [32], [37]. In
2013, Chandok and Postolache [7] introduced Chatterjea type cyclic weakly con-
tractive maps and obtained fixed point results in complete metric spaces and in
2017, Choudhury, Maity and Konar [I0], introduced Chatterjea type coupling and
obtained the existence of strong unique coupled fixed points for such maps.
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Inspired by these works, in section 3 of this paper, we introduce Chatterjea type
(v, p)-weakly cyclic coupled mapping and prove the existence and uniqueness of
strong coupled fixed point of such map in complete S-metric spaces. Also, we
present an illustrative example in support of our result.

2. PRELIMINARIES

We use the following propositions in proving our results.

Proposition 2.1. Let {a,} and {b,} be two sequences of real numbers. Then
lim sup max{an,, b, } = max{limsup a,,limsup b, }.

n—oo n—roo n—roo
Proposition 2.2. (i) Let {¢,,}, {dn}, {en} and {f.} be real sequences then
max{cy, + dn, en + frn} < max{cy,e,} + max{d,, fn}.

(ii) Let {an}, {bn} be two real sequences, {b,} be bounded. Then
lim inf(a,, + b,) < liminf a,, + limsup b,,.

n— o0 n— 00 n—o00
Proposition 2.3. Let {a,}, {bn}, {cn}, {dn}, {en} and {f,} be nonnegative

sequences satisfying max{a,,b,} < max{c, + d,, e, + fn} with limsup ¢, = 0 and
n—oo
limsup e, = 0 then lim inf max{a,, b,} < liminf max{d,, fn}.
n—oo n—r00 n— 00

Definition 2.1. [23] Let X be a nonempty set and T : X — X be an operator. If

Xi, t = 1,2,...m are nonempty subsets of X with X = |J X; satisfying T'(X;) C
i=1

Xo, ooy T(Xin—1) € X, T(Xn) C X is called a cyclic representation of X with

respect to T'.

Definition 2.2. [I4] Let X be a nonempty set. Let F': X x X — X be a mapping.
An element (z,y) € X x X is said to be a coupled fixed point of F if F(x,y) = x
and F(y,z) =y.

Throughout this paper, we denote the set of all reals by R, the set of all natural
numbers by N, and
U = {¢:[0,00) — [0,00) /(i) ¢ is continuous (ii) ¢ is nondecreasing
(iii) 9 (t) = 0 if and only if ¢ = 0}.

Remark. For any a,b € [0,00), we have ¢(max{a,b}) = max{y(a),1(b)} for any
P ev.

Definition 2.3. [7] Let (X,d) be a metric space, m be a natural number, Ay, Ao,
m
.oey A, be nonempty subsets of X and Y = |J A4;. An operator T : Y — Y is

i=1
called a Chatterjea type cyclic weakly contraction if
m
J A4; is a cyclic representation of Y with respect to T' and if there exist ¢ € ¥
i=1
and a function ¢ : [0,00)? — [0,00) with ¢ is lower semi continuous, ¢(t,t) > 0
for t € (0,00) and ¢(0,0) = 0 such that
U(d(Tz,Ty)) < ¥(zd(x,Ty) + d(y, Tx)]) — (d(z, Ty), d(y, Tz)),
forany z € A;, y € A1, 1 =1,2,...,m, where A,,11 = A;.
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Theorem 2.4. [7] Let (X, d) be a complete metric space, m € N, Ay, As,..., A,
m

be nonempty closed subsets of X and Y = |J A;. Suppose that T is a Chatterjea
i=1

1=

m
type cyclic weakly contraction. Then T has a fixed point z € () A4;.
i=1
Choudhury, Maity and Konar [I0] extended the above notion of cyclic mapping
to the case of mappings defined on X x X in the following definition.

Definition 2.4. [I0] Let A and B be two nonempty subsets of X. A mapping
F: X x X — X is said to be cyclic with respect to A and B if F(A, B) C B and
F(B,A) C A. Such a function F' is also said to be a coupling with respect to A
and B.

Definition 2.5. [I0] Let X be a nonempty set. Let FF : X x X — X be a
mapping. An element (z,z) € X x X is said to be a strong coupled fized point of
Fif F(z,z) = x.

Definition 2.6. [I0] Let A and B be two nonempty subsets of a metric space
(X,d). A coupling F' : X x X — X is called a Chatterjea type coupling with
respect to A and B if F is cyclic with respect to A and B satisfying, the inequality

d(F(z,y), F(u,v)) < k[d(z, F(u,v)) + d(u, F(z,y))], (2.1)
where z,v € A and y,u € B, for some k € (0, %)

Theorem 2.5. [I0] Let A and B be two nonempty closed subsets of a complete
metric space (X, d). Let F': X x X — X be a Chatterjea type coupling with respect
to A and B. Then AN B # () and F has a unique strong coupled fixed point in
ANB.

In 2012, Sedghi, Shobe and Aliouche [35] introduced a new concept on met-
ric spaces, namely S-metric spaces and studied some properties of these spaces.
Subsequently, many authors developed coupled fixed point theorems and cyclic
contractions on S-metric spaces. Some of them include [I], [12], [15], [16], [I7], [25],
310, 37
Definition 2.7. [35] Let X be a nonempty set. An S-metric on X is a function
S : X3 — [0,00) that satisfies the following conditions: for each x,y,z,a € X

(S1) S(z,y,z) =0,

(S2) S(z,y,2) =0 if and only if t =y = z and

(S3) S(z,y,2) < S(z,z,a) + S(y,y,a) + S(z, z,a).

The pair (X, S) is called an S-metric space.

Example 2.1. [35] Let (X,d) be a metric space. Define S : X? — [0,00) by
S(z,y,z) = d(z,y) + d(x, z) + d(y, 2) for all z,y,z € X. Then S is an S-metric on
X and S is called the S-metric induced by the metric d.

Example 2.2. [I3] Let X = R and let S(z,y,2) = |y + 2z — 22| + |y — 2| for all
x,y,z € X. Then (X, S) is an S-metric space.

Example 2.3. [36] Let R be the real line. Then S(z,y,z) = |z — z| + |y — 2| for
all x,y,z € R is an S-metric on R. This S-metric is called the usual S-metric.

Lemma 2.6. [35] In an S-metric space, we have S(z,z,y) = S(y,y, z).
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Lemma 2.7. [I3] Let (X, S) be an S-metric space. Then
S(I7 x’ Z) S 2S(z7 :1?7 y) J’» S(y7 y? Z)'

Definition 2.8. [35] Let (X,S) be an S-metric space.
(i) A sequence {x,} C X is said to converge to a point z € X if S(xy,, x,, ) —
0 as n — oo. That is, for each € > 0, there exists ng € N such that for all
n > ng, S(n, Ty, ) < € and we denote it by nh—{roloxn =7.
(ii) A sequence {z,} C X is called Cauchy sequence if for each € > 0, there
exists ng € N such that S(z,,, z,, ;) < € for all n,m > ng.
(iii) An S-metric space (X,S) is said to be complete if each Cauchy sequence
in X is convergent.

Lemma 2.8. [35] Let (X,S) be an S-metric space. If the sequence {z,} in X
converges to x, then z is unique.

Lemma 2.9. [35] Let (X, S) be an S-metric space. If there exist sequences {z,}
and {y,} in X such that lim z, =z and lim y, =y, then lm S(zp,Zn,yn) =
n—00 n—00 n—00

S(x,z,y).

Lemma 2.10. [6] Let (X, S) be an S-metric space. Let {z,} and {y,} be two se-
quences in X, {x,,} converges to z in X. Then lim S(xy, Tn,yn) = lim S(z,z,y,).
n— oo n—oo

Lemma 2.11. ([], [II]) Let (X, S) be an S-metric space and {z,} a
sequence in X such that

lim S(xp, Tn, Tne1) = 0.
n—oo

If {x,} is not a Cauchy sequence, then there exist an ¢ > 0 and two sequences
{my} and {n} of positive integers with my > ny > k such that

STy Tmgs Tny) > € With S(Tm, —1, Timy—1, Tn,, ) < €.

Also, we have the following:

(1) Um S(Zpm,,, Ty s Tny,) = € (i) m S(Tymy—1,Tmp—15Tn,,) = €
koo (ke
(”Z) lim S(xmk"rmk’x”k—l) =¢ (ZU) lim (xmk—la Lmy—15 xnk—l) =€
k—o0 k—ro0
We denote

® = {p:[0,00)%2 = [0,00) such that (i) ¢ is continuous in each of its
variables, and (ii) ¢(t1,t2) = 0 if and only if ¢; = 0 and t2 = 0}.
3. CHATTERJEA TYPE (¢, p)- WEAKLY CYCLIC COUPLED MAPPING
In the following, we define Chatterjea type (v, ¢)-weakly cyclic coupled mapping.

Definition 3.1. Let (X,S) be an S-metric space. Let A and B be two nonempty
subsets of X. Let F': X X X — X be a mapping. If (i) F is cyclic with respect to
A and B and (ii) there exist ¢ € ¥, ¢ € ® such that

Y(S(F(x,y), F(u,v), F(w, z))) < w(i[max{S(x, z, F(w,z)),S(x,z, F(u,v))}
+ max{S(w,w, F(z,y)), S(u,u, F(z,y))}])

—p(max{S(z,z, F(w, 2)), S(x, x, F(u,v))
max{S(w,w, F(x,y)), S(u,u, F(z,y))

b
H
(3.1)
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for any x,u,z € A and y,v,w € B, then we say that F is a Chatterjea type (v, p)-
weakly cyclic coupled mapping with respect to A and B.

Example 3.1. Let X = [0,1]. We define S : X3 — [0,0) by

0 fr=y==z

S(@.y,2) = { r+y+=z oj;herwgs’e.
Then (X, S) is an S-metric space.
Let A=[0,1] and B = [0,1]. We define F': X x X — X by
F(z,y) = 7§. Then F(A, B) C B and F(B, A) C A so that F is cyclic with respect
to A and B. We define ¢ : [0,00) — [0,00) by 9(t) = § and ¢ : [0,00)? — [0,00)
by @(t1,t2) = £ (t1 + t2). We now verify the inequality (3.1). Let ,u,z € A and
y,v,w € B. We now consider
P(S(F (2, y), F(u,0), F(w, 2))) = $(5(55, 5> 1))

= 35(3%, 18 55)

Ty | w | wz
52 T3 T

< e+ u+ wl
< é[S(w,x,F(w,z)) + S(z,z, F(u,v)) +

+ S(w,w, F(z,y)) + S(u, u, F(z,y))]
< ;—Q[maX{S(:r,x,F(w,z)), x, F(u,v))}

S(x,
+ max{S(w, w, F(z,y)), S(u,u, F(z,y))}]
= %LG[IH + tQ} )
g[tl +t2] — g5l +t2]
= p(§[t1 +ta]) — @(t1, t2),
where t1 = max{S(x,z, F(w, z)), S(a: z, F(u,v))} and
to = max{S(w,w, F(z,y)), S(u,u, F(x,y))}.
Therefore F' is a Chatterjea type (¢, ¢)-weakly cyclic coupled mapping with
respect to A and B.

Lemma 3.1. Let (X,S) be an S-metric space. Suppose that {z,} and {y,} are

sequences in X such that lim S(x,,Z,, Tnp+1) = 0 and hm S(Yn, Yns Ynt1) = 0.
n—oo

If either {z,} or {y,} is not Cauchy, then there exist an e > 0 and sequences of
positive integers {my} and {n} with my > ny > k such that

max{s(fmk»xmk;xnk)75(ymkvymkaynk)} Z €. (32)
We choose my, as the smallest integer with my > ny satisfying (3.2]).
i.e., max{S(Tm,, Tmy> Tny, )s S(Ymp s Ymps Yny, )} > € With
maX{S(mmk,h xmkflv xnk)v S(ymkflv ymkflv ynk)} < €.
Also, the following limits hold.
(1) kILH;O InaX{S(l’mk ) zmk bl ‘Tnk)a S(ymk ) ymk 9 ynk)} =€
(11) Ichar{.lo max{S(mmk > Ly s mnk*1)7 S(ymk’ Yms ynkfl)} =cand

(111) klgrolo maX{S(xnk y Ly s mmk—l)v S(ynk y YUnp s ymk—l)} = €.

Proof. (i) We consider

S(mmk » T s xnk) < 2S(xmk » Ty s xmkfl) + S(xmk*17 Tmp—1, xnk)
< 2S(xmk y Tmy s xmkfl) + €.

Similarly, we have

S(ymk > Ymy y"k) < 2S(ymk: » Ymy ymk—l) + S(ymk—l’ Ymy—1, ynk)
< 2S(ymka ymkvymk—l) +e.
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Hence
max{S(xmk ’ xmk ’ xnk)’ S(ymk ) ymk ) ynk)} S maX{QS(xmk ’ xmk’ ‘rmkfl) + €

2S(ymk s Ymy s ymkfl) + 6}~
Now, by applying Proposition [2.1] we have

hm Sup ma‘x{s(xmk ) xmka ‘rnk)a S(ymk bl ymkﬂ ynk)} é €. (33)
k—o0
We have € < max{S(Zm,,Tmy>Tns)s S Ymp, Ymse, Yn, ) - Hence
¢ < liminf max{S(Tm,, Tmy> Tny, )y S (Y s Y Yni, )

S li?lsup maX{S(xmk,a:mk,xnk), S(ymk7ymk’ynk)} S € (from )

— 00
Hence likrggf max{S(Tmy, Tmys Tng )y S (Ymp Ymus Yny )} = €
= liZn sup max{S(Zm,, Tmy» Tny,)s S Y Yy > Yni) -
— 00
Therefore klirn max{S(Tm, , Ty Tny )s S Ymi s Yy Yny, ) b €Xists and
— 00

klggo max{S(Tmy, Tmys Tng )y S(Ymp s Ymps Yny, )} = €.
Hence (i) holds.
(ii) We now consider
STy Ty, Tny,) = S(Trgs Trgs Ty ) < 28(Tnys Trgs Trg—1) + S( Ty s Ty s Trg—1).-
Similarly, we have
S(ymk s Ymy, s ynk) = S(ynk s Yng s ymk) < Zs(ynk s Yny s ynk—l) + S(ymk y Y s ynk—l)'
Then
max{S(xmk y Tmy xnk)? S(ymk s Ymy s Yng, )} < maX{ZS(mnk y Ty, s xnkfl)
+ S(‘kaﬂxmkﬂxnkfl)?
QS(ynk ) ynk ) ynkfl)'i_s(ymk ) ymk ) ynkfl)}
On taking limit infimum as k — oo and using Proposition 2.3 we get
hkn_1>102f ma’X{S(l‘mk 9y xmk 9’ I’nk)7 S(ymk b y’mk 9y ynk )}

< liminf max{S(Tm,, Tmy: Tng—1)s S Ymp > Ymps Yni—1)}-
k— o0

By using (1)7 we get € < hkrggolf maX{S('ka > Lmy, xnk—1)7 S(ymk > Ymy, y’ﬂk—l)}'
‘We now consider
S(xmk ) xmk ) xnk—l) - S(xnk—h xnk—lv wmk) S QS(xnk—lv xnk—la -Tnk)+S(xnk ) xnk ) xmk)
Similarly, we have
S(ymk y Ymy, s ynk—l) = S(ynk—la Ynp—15 ymk) § QS(ynk—la Ynp—1, ynk)+s(ynk s Yny» ymk)~
Now,
maX{S(l‘mk y LTmy s xnkfl)a S(ymk y Ymy s ynkfl)}
S maX{QS(xnk—:l? Tnp—1, -Tnk) + S(l‘nk y Ly s xmk)7

25(%%—1, Ynp—1, ynk) + S(ynk y Yng s ymk)}

On taking limit supremum as k — oo and using Proposition [2.1] we get

lim sup max{S(xmk » Ly, s xnkfl)v S(ymka Ymy,» ynkfl)}
k—o00

< limsup max{S(Tn,, Tnys Tmy)s S Unp> Ynp> Yme )
k— o0

= e ( by (i)
Therefore we have

€ S lim inf maX{S(.ka y Tmy, s xnkfl)v S(ymk s Ymy s ynkfl)}
k—o0

< h?lsul) maX{S(xmkammkaxnk—l)vS(ymkaymmynk—l)} <e
—00
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Thus, we have
hm lnf maX{S(fL’mk_ ) zmk b mnk—l)a S(ymk b ymk ) ynk—l)} =€

k— o0 .
= lim sup maX{S<xmk y Tmy, s wnkfl)a S(ymk s Ymy s ynkfl)}-
k—o0

Hence  lim max{S(Tm,, Tmy,> Tryp—1)» S Ymy, > Y » Yny—1) } exists and
—00

klim max{S(Tm, , Tmy s Tny—1), S Ymys Ymy » Ynp—1) } = €. Therefore (ii) holds.

— 00

(iii) We consider
S(Imkvxmk71‘nk) < 25($mkaxmkaxmk—l) + S(xmk—laxmk—la xnk)
and
S(ymkuymk7ynk) S 2S(ymk7ymk7ymk71) + S(ymkfla Ymy—1, ynk)
Now
maX{S(xmk,l'mk,xnk), S(y’rnk7ymk7ynk)}

S maX{QS(Imk,Imk,xmk_l) + S(xm,k—laxmk—lvznk)v
QS(ymkaymkvymkfl) + S(ymkfla Ymp—1, ynk)}
On taking limit infimum as k — co and by Proposition we get
€ S hk;n_l)gf maX{S<xmk717xmk717$nk)aS(ymkflaymkflaynk)}-
We have
S<xmk717xmk717$nk) S QS(xmk717xmkfl7xmk) + S(xmkaxmk7xnk>
and
S(ymk—17ymk—17ynk) < QS(ymk—17ymk—17ymk) + S(ymkaymk7ynk)'
Then
max{s(wmk*17xmk*17xnk)7S(ymk*17ymk717ynk)}
< max{25(mmk,1,xmk,1,xmk) + S(mmkyxmkaxnk)7
QS(ymk—17 Ymi—1, ymk) + S(ymkaymkvynk)}'

On taking limit supremum as k — oo, we get

lim sup max{S(Tm, -1, Tmp—1,Tny)s S Ymu—15 Yrmp—1: Yns ) }
k—o0

<limsup max{S(Tm,, Tmy, Tng)s S Ymp> Ymus Yng )}

k— o0
= ¢ (by (1))

SO tha't € S hkn—1>£f maX{S(l‘mk_l,xmk_l, I7lk)7 S(ymk—la ymk—la ynk)}

S lill;n Sup max{s(xmk717xmk717$nk), S(ymk717ymk717ynk)} S €.
—00

Thus hkn—1>£f maX{S(xmk—laxmk—lymnk)7S(ymk—hymk—hynk)} =€

= hm Sup maX{S(xmk717 xmk717 mnk)v S(ymk717 ymk717 yTL)C)}'
k—o0

Hence klim max{S(Tm, —1, Tmp—15Tny)s S (Ymp—1, Ymp—1s Yn,, )} €xists and
— 00

i max{S (@, 1, Tome—15 Tng )5 S (Yma—1, Ymi—1, Yni ) } = €.
This proves (iii). O

Theorem 3.2. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F': X x X — X be a Chatterjea type (¢, )-
weakly cyclic coupled mapping with respect to A and B. Then AN B # () and F
has a unique strong coupled fixed point in AN B.

Proof. Let zp € A and yo € B be arbitrary. We define the sequences {x,} and
{yn} by

Tnt1 = F(Yn, Tn), Ynt1 = F(@n,yn), n=0,1,2,... . (3.4)
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If y, = 41 and z,, = Yp41 for some n, then we have
V(S (@ns Ty Yn)) = V(S (Wnt+1, Ynt1, Tnt1))
= ¢(S(F(xnayn) F(2n,yn); F(Yn, 2n)))
< @/J( (max{S(zn, Tn, F(Yn, Tn)); S(@n, Tn, F(Tn,yn))}
+max{S(Yn, Yn, F(Tn, Yn)): (@, Tns F(T0n,yn))}])
- @(maX{S(xn,me(ymxn)),S(xn,a:n, (an,yn))},
max{S(Yn, Yn, F(Tn, Yn)), S(Tn, Tn, F(Tn, yn))})
= 1/1(%[max{S(xn, Ty Tny1), S(Tns Tny Yny1) }
+ max{S(Yn, Yn, Yn+1), S(Tn, Tn, Yn+1)}])
— p(max{S(wn, Tn, Tnt1), S(Tn, Tny Ynt1) s
max{S(Yn, Yn, Yn+1), S(Tn, Tn, Yn+1)})
= (2 [max{S(zn, Tn, Yn), S(Tn, Tn, Tn)}
+max{S(Yn, Yn, Tn), S(Tn, Tn, Tn)}])
- go(max{S(xn, T, yn)a S(xnv T, Z'n)},
max{S(Yn; Yn, Tn), S(Tn, Tn, Tn)})
= w(%s(xna xnayn)) - @(S(xn’xnvyn% S(xn’xn’yn))
(by using Lemma [2.6)
< P(S(@n, Tnyyn)) — ©(S(@n, TnyYn), S(Xn, Tny Yn))
which implies that ©(S(@n, Tn, Yn), S(Tn, Tn, Yn)) = 0 and hence
S(Zn, Ty Yn) = 0. Thus z, = y, so that ANB # 0 and (z,,x,) is a strong coupled
fixed point of F' and we are through.
If either y,, # Tp41 O T, # Ypy1 for all n, then we have the following.
If z,, = yn+1 and y,, # xp4q for all n, then we have
(S (Yn+1, Yn+1, Tng2)) = LZJ(S(F(:En,yn) F(Zn,Yn)s F(Yn+1, Tnt1)))
< d}( [maX{S(xn7xnvF(yn+17mn+1))7
S($n7 LTy F(l‘n, yn))}
+ maX{S(yn-‘rl) Yn+1, F(Z‘n, Z/n)),
S(zna LTy F(l‘n, yn))}])
- cp(maX{S(xn, L, F(yn—i-la xn-i-l))a
S(xm Tn, F(:Cn, yn))}v
maX{S(yn+lvyn+17F(xnayn))7
S(xna LTy F(mna yn))})
= ¢(i[max{5(xn, Ty Tpg2)s S (Tn, Ty Ynt1)
+maX{S(yn+17yn+1ayn+1)7S(xnamnayn-‘rl)}])
- go(max{S(xm Ty mn+2)7 S(l'na T, yn+1)},
max{s(ynJrh Yn+1, yn+1)7 S(xru T, ynJrl)})
< ’gb(i[maX{QS(xn’ Tn, yn+1) + S(yn+17 Yn+1, xn+2)a
S(xna T,y yn-‘rl)} + S(Z‘n, T,y yn-‘rl)])
- @(maX{S(;z:n, Tn, $n+2)7 S(Ina Tn, yn+1)}7
S(xnaxnvyn+1))
= (5[25(@n; o, Yns1) + SWUnt1, Ynt1, Tnta)
+ S(xnaxnvynJrl)D
—(max{S(Tn, Tn, Tni2), S(Tn, Tn, Yn+1) } S (Tns Tns Ynt1))
= w(%s(yn+layn+17$n+2)) - (p(S(LEn,$n,1‘n+2),O)
< Y(S(Ynt1,Yn+1, Tnt2)) — @(S(Tn, Tn, Tny2),0)
which implies that ©(S(zn, Zn, Tnt2),0) = 0. Therefore S(xy, Tn, Tpy2) = 0.
Thus z, = x,4+2. That is y,+1 = T,+2 which is a contradiction. Hence this case
does not arise.
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Similar as above, the case y, = x,+1 and x,, # yp+1 for all n does not arise.
Hence, we assume that y,, # xn4+1 and x,, # ynp+1 for all n. Now by using (3.1)),
we have

Y(S(z1,71,92)) = Y(S(y2, Y2, 71))
S(F(z1,y1), F(z1,91), F(Y0, 0)))
1max{S (21, z1, F(yo, 20)), S(z1, 21, F(z1,91))}
+ max{S(yo, yo, F'(z1,91)), S(x1, 21, F(x1,91))}])
— p(max{S(z1, 21, F(yo,x0)), S(x1, 21, F(x1,91))}
max{S(yo, Yo, F(x1,y1)), S(x1, 21, F(x1,51))})
= w(i[max{S(xl,xl,asl),S(x1,x1,y2)}
+ max{S(yo, Yo, y2), S(x1, 1, y2)}])
— p(max{S(z1,z1,21), S(x1,21,Y2)},
max{S(yo, yo,y2), S(z1,21,2)})
= (391, 21,y2) + max{S(yo, yo, y2), S(x1,71,¥y2)}])
— p(S(w1, 71, y2), max{S(yo, Yo, y2), S(w1, 71, 92) })
< P(3[8(@1, 21, y2) + max{25(yo, yo, 1) + S(z1, 21, y2),
S(x1,21,92)}])
—90(5($17$1,y2) max{S(yo, Yo, y2), S(x1,21,2)})
= P(5[28(x1, 21, y2) + 25(yo, yo. 21)])
—¢(5($17$17y2) max{S(yo, Yo, y2), S(w1,21,¥2)})
< P(5128 (w1, 21, y2) + 25 (y0, Yo, 21)])-
Since v is monotomcally increasing, it follows that
S(z1,21,y2) < 35(21,21,92) + 25(yo, Yo, 21) so that

S(z1,21,92) < S(Yo, Y0, x1)- (3.5)

= (
< Y(

[

N

Similarly, we have
Y(S(y1,y1,22)) = Y(S(F(z0,Y0): F (20, y0), F'(y1,71)))
< p(g[max{S(xo, xo, F(y1,71)), S(x0, T0, F(20,%0))}
+ max{S(y1, y1, F'(w0,%0)), S(z0, zo, F'(x0,%0))}])
- (p(maX{S(.%'(),me(yh:L‘l)),S(Q’JO’xO,F(CEO’yo))},
max{S(y1,y1, F(xo0,0)), S(x0, xo, F(x0,%0))})
= zb(i[maX{S(xo,xo,xg),S(xo,ajo,yl)}
+ max{S(y1,y1,y1), S(wo, z0,y1)}])
- @(maX{S(.’Eo,$07£L’2),S(Z’O,xo,yl)},
max{S(y1,y1,y1), S(z0, 0, y1)})
< p(3max{2S(zo, z0,y1) + S(y1,y1,2), S(x0, T, y1)}
+ S(xo,0,y1)])
*@(maX{S@OJCOv@) S(wo, o, y1)}, S(x0, 0, Y1))
7/1( [25(z0, 2o, y1) + S(y1, Y1, w2) + S(0, Z0, Y1)])
—@(max{s(xoafov@) S(wo,z0,y1)}, (0, T0,Y1))
< 1/1(%5(950,300,3/1) + %S(yl,yl,xg)), and hence it follows that
S(y1, y1,22) < 35(x0, 20, y1) + 2S(y1,y1, 2) so that

S(y1,y1,x2) < S(zo, o, y1)- (3.6)

Again, by using , we have
V(S(w2, 22, y3)) = V(S(y3, Y3, x2))
:%/J(S(F(xz,yz) F(z2,92), F(y1,21)))
< 1)[)( [maX{S(x%anF(ylaxl))vs(xQ,:L'QaF(vayQ))}

»M»—A



STRONG COUPLED FIXED POINTS OF CHATTERJEA TYPE 69

+ max{S(y1,y1, F'(v2,92)), S(z2, T2, F'(72,92))}])
— p(max{S(z2, x2, F'(y1,21)), S(22, 22, F(72,92))},
max{S(y1,y1, F(x2,y2)), S(x2, x2, F(x2,2))})
= (5 [max{S(z2, x2, 2), (22, 22, y3)}
+max{S(y1,vy1,y3), S(v2, x2,¥3)}])
— p(max{S(z2, x2,2), S(72,22,y3)},
max{S(y1,y1,¥3), S(x2,72,y3)})
< Y(5[S (w2, w2, y3) + max{2S(y1, y1, v2) + S(z2, T2, y3),
S(x2,22,y3)}])
— p(S(w2, 72, y3), max{S(y1,y1,Y3), S (w2, 2,y3)})
= (315 (22, 22, y3) + 25 (y1, 91, x2) + S(x2, 22, y3)])
— p(S(w2, 72, y3), max{S(y1,y1,Y3), S (w2, 2, ¥3)})
< 7/1(%5(3”2,952,93) + %S(y17y1a$2))7
and hence we have S(x2,z2,ys3) < %S(.’Iﬁz,.ﬁg,y?,) + %S(yl,yl,xg)
so that
S(w2,22,y3) < S(y1,y1,72).
Similarly, we have
Y(S(y2,y2,73)) = w(S(F(m,yl) F(z1,91), F(y2,22)))
< P(3lmax{S(z1,x1, F(y2, 2)), S(x1, 21, F(x1,91))}
+ max{S(y2, y2, F(x1,91)), S(x1, 21, F(x1,91))}])
— p(max{S(z1, 21, F(y2,22)), S(x1, 21, F(1,91)) },
max{S(y2,y2, F(x1,91)), S(x1, 21, F(x1,91))})
= p(3lmax{S(z1, 21, 23), S(x1,21,92)} + S(x1, 1, 12)])
—@(max{s(ﬂﬁl,fch%) S(z1,21,y2)}, S(T1, 21, Y2))
< Y(3max{2S(x1, 1, y2) + S(ya, Y2, 3), S(w1, 21, 42) }
+ S(w1, 71, 92)])
—@(max{S(xl,th), (z1,21,92)}, S(21, 71, y2))
= (1[25 (21, 21, y2) + S(y2, Y2, 3) + S(21, 21, 92)))
—@(max{5($175€17$3) S(z1,21,y2)}, S(1, 21, Y2))
< Y(§S (21, 21,92) + 15(y2, 92, ¢3)), and hence
S(y2,y2,23) < 35(z1,21,92) + 1S(y2, Y2, x3) so that
S(y2,y2,x3) < S(21,21,Y2).
In general, we have
w(s($2n+17x2n+lay2n+2)) (S (y2n+27y2n+27x2n+1))
Y(S(F(T2n+1,Y2n+1), F(T2nt1, Y2n+1), F(y2n, T20)))
¥(3max{S(ran+1, Tant1, F(Y2n, 220)),
S(T2n+1, Tant1, F(Tant1,Y2n+1)) }
+ maX{S(an, Yon, F(xZnJrlv y2n+1))7
S(T2n+1, Tan+1, F(T2n+1, Y2n+1)) })
— p(max{S(z2n+1, Tant1, F(Y2n, T2n)),
S(T2n+1, Toant1, F(@an41, Y2n+1)) },
maX{S(anaana F($2n+lay2n+l))a
S(T2n+1, Toan+1, F(T2n+1, Y2n+1))})
= (5 [max{S(@2n+1, Tant1, Tan+1), S (T2n+1, Tant1, Yont2) }
+ maX{S(yzm Yons Y2n+2)s S (T2nt1, Tant1, Yont2) }])
—ﬁp(maX{S(Ian,$2n+1,$2n+1), S(x27z+la $2n+17y2n+2)}7
max{S(Yan, Y2n, Y2n+2), S(T2n41, T2nt1, Yon+2)})
< Y(5[S(@ant1, Tant1, Yant2) +max{2S (Yan, Yoan, Tant1)

<



70 G. V. R. BABU, P. DURGA SAILAJA, AND G. SRICHANDANA

+S(Z2n+1: Ton+1, Yont2)s S(T2n+1, Tant1, Y2n+2) }])
— o(S(®2n41; Tant1, Yant2), max{ S (Yan, Yon, Y2nt2),

5($2n+17 Tan+1, y2n+2)}).
That is

1
(S (Ton+1, Tant1, Yont2)) < ¢(1[25($2n+1, Ton+t1, Yont+2) + 25 (Yan, Y2n, Tant1)])

]
—(S(T2n41, Tant1, Yont2), max{ S (Yzn, Yon, Y2n+2),
S(x2n+17 Ton+1, y2n+2)})
(3.7)

Yony Yon, x2n+1)) and
(y2’m Yon, Tant1) SO

—~

< Y(3S(T2ns1, Tani1, Yant2) + 39

1
2
1
hence S(Zoni1,T2nt1,Y2nt2) < 55(T2nt1, Tant1, Yont2) +
that

l\)\»—t

S(Ton+1s Tant1s Y2nt2) < S(Yan, Yon, Tant+1), for each n =1,2,3, ... . (3.8)
Similarly, we have
V(S (Y2n+1, Yon+1, Tant2))
= Y(S(F (220, Y2n), F(T2n, Y2n), F (Y2n+1, T2n11)))
< 7/1( max{S(z2n, Ton, F'(Y2n+1, Tant1)), S(Tan, Ton, F(22n, Yon))}
+max{S(Yant1, Yon+1, F (T2n, Y2n)), S(T2n, Tan, F(T2n, y2n))
— p(max{S(z2n, Ton, F (Y2n+1, T2n+1)), S(@2n, Tan, F(T2n, yY2n))
max{S(Yan+1,Y2n+1, F(Ton, Y2n)), S(T2n, Ton, F (T2n, Y2n)) })
Y (5 max{S(zan, Tan, Tant2), S(T2n, Tans Y2nt1) }+5(T2n, Tan, Yont1)])
fgo(max{S(xQn, T2n, $2n+2), S($2m Ton, y2n+1)}, S(Cﬂzn, L2n, y2n+1))
< (3[max{2S(2n, Tan, Y2n+1) + S(Y2n+1, Y2nt1, Tanta),
S(x2n, Ton, Yon+1)} + S(Zan, Ton, Yant1)])
—@(max{S(T2n, Tan, Tant2), S(T2n, Tan, Yon+1) }> S (Tan, Tan, Yont1))-

1)
b

That is
3 1
Y(S(Y2n+1, Y2n+1, Tant2)) < ¢(Zs(x2nax2n; Yont1) + Zs(y2n+17y2n+l,z2n+2))

—w(maX{S(@n, T2n, $2n+2), S(JJQn, T2n, y2n+1)},
S(x2n7 Ton, y2n+1))
(3.9)

< (38 (T2ns Ton, Yo2nt1) + 15 W2n+1, Y2nt1s Tanta))
which implies that

S(Yont1,Y2nt1, Tanya) < %S(I2nax2nay2n+1) + is(y2n+lay2n+la$2n+2) and hence
S(Y2n+1, Yon+1, Tang2) < S(Ton, Ton, Y2ny1) for each n =1,2,3, ... . (3.10)

Similarly, we get

S(xon, Ton, Yont1) < S(Y2n—1,Y2n—1, Ton) for each n =1,2,3, ... ; (3.11)
and
S(Yon, Yons Tont1) < S(Ton—1,Tan—1,Yon) for each n =1,2,3, ... . (3.12)
From and it follows that
S(Tny Try Ynt1) < S(Yn—1,Yn—1,2Tn) for n =1,2,3, ... (3.13)

and from (3.10) and (3.12)) it follows that
S(yna Yn, xn+1) S S(xn—la Tn—1, yn) for n = 13 2, 3> e (314)
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Hence, from (3.13)) and (3.14)), it follows that {S(zy, Ty, ynt1)} is a decreasing se-

quence and converges to some r > 0 and {S(Yn, Yn, Tn+1)} is a decreasing sequence
and hence converges to some s > 0.

From (3.13)), we have r < s and from (3.14)), we have s < r. Therefore r = s.
(3.7

Now on taking the limits as n — oo in (3.7]), we have
(r) < w(gr+ 57) — @(r,max{ im S(yzn, Yon, Y2n+2),7})
=P(r) — o(r, maX{ lim S(QQna92n792n+2) r})
which implies that o(r, max{nlgngo S(Y2n, Y2n, Y2n+2),7}) = 0 so that r = 0.

Therefore

lim S(xn, Tn,Ynt+1) = 0 and hm S(Yns Yns Tny1) = 0. (3.15)

n— oo

‘We now consider

V(S(@Tnt1; Tnt1,Yn+1)) = V(S(Yn+1, Ynt1, Tni1))
(‘?( (xnayn) F(xnayn) ( UYn
1

< (3 [max{S(xn, xn, F(Yn, Tn)),
%

, T
S(xnu$n7 (m’myn))}
+ max{S Yn, Yn, F(@n,Yn)), S (@n, Tn, F(Zn,yn))}])
_@(max{s(xnvl'na (ynaxn ) (xn’xn’ (xna n))}7
max{S(Yn; Yn, F'(Tn, Yn)), S(Tn, Tny F(Tn,yn))})
:Zb(i[maX{S(iﬂn,xn,lL'nJ,_l) S(:L' axnayn—&-l)}
+ maX{S(yn,yn, n+1)’ (xmxmynJrl)}])
- gp(max{S’(xm T, mn+1)a S($n7 LTy yn+1)}
maX{S(ynvynayn+1)7S(xnaxn’yn-i-l)})
< ¢(%[max{25(azn,xn, Yn+1) + S(Tnt1, Tni1, Ynt1),
S(Tns Try Ynt 1)} S Wns Yns Yn+1)+S (Lo, Ty Yng1)))
- @(max{s(xm Ly xn+1)a S((En, Tn, yn+1)}a
maX{S(yn>ynayn+1) (xnﬂ$n7yn+1)})
= 1#(%[25(%, Try Ynt1) + S(Tnt1, Tnits Ynt1)
+ 28 (Yns Yns Tny1) + S (Tng1 Tng1, Ynt1)
+S(xn7xn7yn+l)}])
- @(max{s(xm T, xn+1)a S(xm Tn, yn+1)}a
maX{S(ynayn7yn+1) S(xnﬂ$n7yn+1)})
Qﬁ(i[?’s(%, Tn, ynJrl) + 2S(yn; Yns anrl)
+25(Tn+1, Tnt1, Ynt1)])
- @(maX{S(ITw Ln, ‘Tn-‘rl)v S(zna T, yn+1)}a
max{S(Yn, Yns Yn+1)s S(Tns Tny Ynt1)})
< 1/}(%[35(1'71» Ty Yn+1) + 28 (Yns Yn, Tn1)
+ 2S(xn+1> Tn+1, ynJrl)]) and hence
S(Tpt1, Tnt1, Ynt1) < %S(xnvxmyn-&-l) + %S(ynayn;xn-‘rl) + %5($n+1,xn+1’yn+1)
which implies that
S(Znt1: T, Ynt1) < SWns U Tns1) + 55T, T,y Ynt1)-
On taking limits as n — oo and by using , we get
lim S(zp41, Tnt1s Ynt1) = 0. (3.16)

n—oo
We now consider
S(@ns Tns Tnt1) + SYns Yns Ynt1) < 28(Tn, Ty yn) + S(Yns Yns Tnt1)
+ 2S(yna Yns xn) + S(Iny T, yn+1)
=48, Ty Yn)+S (s Ty Y1)+ (Yns Yn, Ty1)-
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On taking limits as n — oo, we get

nhﬂngo S(@n, Tny Tnt1) + S(Yns Yns Ynt1) = 0.

We now prove that {z,,} and {y,} are Cauchy sequences. Suppose that either {z,}
or {yn} is not Cauchy. Then there exist ¢ > 0 and subsequences {my} and {ng}

with my > ng > k such that

max{S(Tm,, Tmy>Tny ), S Ymy> Ymy, Yny, )} = € (3.17)
We choose my, as a smallest integer with my > ny, satisfying (3.17]).
That is max{S(Zm,, Tmy> Tny)s S Umps YUme> Yny )} = €
with maX{S(‘rmkfla Ty —1, xnk)v S(ymkfh Ymp—1, ynk)} < €.
We now prove the following.
lim XS (T T Y )s S W Yo T )} = (3.18)

k—o0

We consider S(Zm,., Tmy s Yny) = S(Yngs YUngs Tmy,)
S 2S(ynk b ynk K xnk) + S(xnk b xnk k) xmk)
Also, we have
S(ymwymkvmnk) S 2S(xnk"rnk7ynk) + S(ynkVynk’ymk)'
Thus we have
max{S(Tm,, Ty Yny,)s S Y Ymp> Ty, )} < A28 (Yny, Yngs Ty ) HS (T, T » Tony, )
QS(x"k ) mnk 9 ynk )+S(ynk ) ynk ’ ymk )}
On taking limit supremum as k — oo, and using Proposition we get

lim sup max{S(Zm,, Tmy>Yny)s S Ymp> Ymps Tn, )} < limsup max{S(zn,, Tn,, Tm,),
k—o00 k—o0

S(ynk y Yny s ymk)}
= ¢ (by (i) of Lemma [3.1)).
We now consider
S('ka ) xmk ) xnk) - S(xnk b xnk b xmk)
and
S(ymk s Ymys ynk) = S(ynk s Yni s ymk)
S QS(ynk ) ynk K xnk) + S(znk b mnk b ymk) SO tha‘t
maX{S(wmk_ }) 'ka ) znk), S(ymk k) ymk ) ynk )} S max{?S(&L’nk ) mnk b ynk )+S(ynk ) ynk k) xmk )7
QS(ynk ) y’nk ) x’nk)—i_s(xnku (Enk b yﬂ’Ik )}
On taking limit infimum as & — oo and using (3.16]),
¢ < liminf max{S(Tm,, Tmy> Tny, )y S (Ymss Y Yni, )}
< lim inf max{S(Yn,, Ynys Tms ), S (@ny, Tnys Ymi )} (by Proposition [2.3] ).
k—o0
From the above we have
€< hklggf Irla)({s(xrn;C s Tmy s Yny, )a S(ym;C s Ymy s Ty, )}
< lilrcnsur) max{S(Tm,, Ty Yny,)» S Yrmis Y > Tny, )} < €
—00
Hence hklggéf maX{S(:cmk I xmk ) ynk)a S(ymk 9 ymk bl ‘T"k )}
= hll;;n Sup maX{S(fI;mk ) .ka ) ynk)a S(ymk b ymk; mnk)} = €.
—00
Therefore klim max{S(Tm, , Tmy s Yng )y S Ymy s Ymy » Tny, ) b €Xists and
— 00
lim max{S(Tm,, Tmy, Yny,)» S Ymes Ymi» Tny )} = €
k—o0

Hence (3.18)) is proved.

We now consider
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w(S(mmk’mmk’ynk)) = w(ynkaynwxmk)
= (S(F(@n,—15Ynp—1)s F(@ny—15Ynp—1)s F(Ymp—1, Tmy—1)))
< 'l/]< [max{S(acnk 1y Tng— 17F(ymk*1axmk*1))v
S(xnkfhxnkflyF(xnkfhynk*l))}
+maX{S(?erlaymk—hF(fnwl’ynkfl))’
S(xnk_17$nk_1’F($nk_1’ynk_1))}})
- @(max{s(xnk—lvxnk—lﬁF(ymk—hxmk—l))
S(xnk—lal'nk—laF(xnk—laynk—l))}a
ma‘X{S(y’n’Ik*17ym7c717F(mnk*17ynk*1))
S(mnkfhxnkfhF('rnk*hynk*l))})
= ¢(%[max{s(xnk—1a xnk—lvxmk)v S(xnk_l’x”k_l?ynk)}
+maX{S(y'mk—1’ymk_1’ynk)7S(xnk—l’xnk—17y”k)}])
- cp(max{s(xnk—laxnk—lascmk)aS(xnk—laxnk—laynk)}a
maX{S(ymkflaymkflvynk),S(;L’nkflaxnkfl,ynk)})'

Similarly, we have

w(s(ymkvymkaxnk)) (‘*?( (xmk 15 Ymy— 1) F(xmk—l’ymk—l)’F(ynk_17xnk—1)))
4

(1 [max{S(azmk 15 Tmy— 17F(ynk—1?‘rnk_1))7
S(xmk—laxmk—laF(xmk—hymk—l))}
+maX{S(ynkfhynkfhF(xmkfhymkfl))a
S(mmk*hxmkflﬂF(xmkflaymkfl))}])
- @(max{s(xmk—l’xmk—lvF(ynk—l)xnk—l))7
S(mmk—lvxmk—lvF(xmk—lvymk—l))}v
max{S(Yn, —1, Yny—1, F(Tmy—1, Ymy—1))
S(xmkflaxmkflvF(xmkflvymkfl))})
¢(%[max{s(xmk*1ﬂxmk*hxnk)vS(xmk*hxmk*hymk)}
—"_maX{S(ynkflaynkflvymk%S(xmkfl?xmkfl’ymk }]
_@(max{s(xmk—l’xmk—hxnk)’S(xmk—lvxmk 1vymk)}
maX{S(ynk—l’ynk—l’ymk)?S(xmk_l’xmk—17ymk)})'

=
<y

We now consider
Y(max{S (T Ty Yni ) SYm s Y Tny ) )
_max{w( ('rmk’xmk7ynk)) w(s(yﬂ’LmyMMka))}
<max{¢( [maX{S(xnk 1 Tng— 17xmk)7S(x”k_l’mnk_17ynk)}
+maX{S(ymk—laymk—laynk) S(Ink—laxnk—hynk)}])
w(%[max{s(xmkflal'mkflvxnk 7S(xmk717xmk 17ymk)}

+ma‘X{S(ynk*17 Ynp—1, ymk)7 (ZL‘mk,l, Tmp—1, ymk)}])}
—min{ap(max{S(xnk,l, Lng—1, xmk)a S(Tny,—1,Try—1, ynk)}
max{ S (Ymy, 15 Yy 15 Yng )y S (T —1, Ty —1, Yny ) )
@(max{s(xmk—h Lmy—1, xnk) (Imk—l’ Tmp—1, yﬂ’Lk)}v
maX{S(ynk—la Ynp—1, ymk)a (xmk—la Ty —15 ymk)})}

On letting k — oo and by using (3.15)), we get

w(e) < maXW(i[hm S(xnk 15 Ty — 171'mk) + hm S(ymk 1s Ymy— 1aynk)])

1#(%[11111 S(xmk 1y Tmy— 17xnk)+ hm S(ynk 1y Yng— 17ymk)])}
(Li

—min{cp m S('r"k 15 Lny— l’xmk) hIEOS(yTI’Lk—17ymk—17ynk))
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o(lim S(Tmy -1, Tmy—1, Tny ), lim S(Ynp—1sYnp—15Ym,))} so that
k—o0 —00

P(e) < w(max{i[klir&max{S(xnk,l,xnk,17mmk)7S(ynk,hynk,l,ymk)}
+ kh—>Holo max{ S (Ymy, 15 Ymy—15Yng )» S (T —1, Tmy—1, Tny ) ¥,
%[klirr;omax{S(xmk,l,mmk,l,xnk),S(ymk,l,ymk,l,ynk)}
+ m max{S(Yn.—1, -1 Y ) S (@ni—1, T -1, Ty, ) 113
—min{go(kliﬁrgo S(xnk,hxnk,l,xmk),lerr;OS(ymk,l,ymk,l,ynk)),
@(kh_)ngoS(xmk—hxmk—l,fﬂnk),kh_{goS(ynk—l,ynk—l,ymk))}-

(By using (i) and (iii) of Lemma 3.1
= 1/)(5) - mln{(p(klggo S(fEnk,h LTng—1, xmk)a khﬁrgo S(ymkfla Ymy,—1, ynk))v
Qo(khm S(xmk—la mmk—17 Z‘nk), hm S(ynk—lv ynk—lv ymk))}
—00 k—00
(all these limits are positive by using Lemma
< (), a contradiction.
Therefore {z,} and {y,} are Cauchy sequences and hence convergent. Since A and
B are closed subsets of X and {z,} C A, {yn} C B, there exist t € A and y € B
such that

Ty — T, Yp —> Y aS N — 0O, (3.19)

By using (3.16), we get lim S(zp,Zn,yn) = 0. Now, by Lemma we have
n—oo
S(z,z,y) =0 and hence z = y so that AN B # () and x € AN B.
Now, by (3.1) and (3.4]), we have
V(S (@ny1, Tgr, Fz,2)) = ¢(S(F($ ), F(z,2), F(Yn, xn)))
< Y(§max{S(z,z, F(yn,zy)), S(z, 2, F(z,z))}
+maX{S(ymyn,F(fE z)
)

:¢(i[max{5(m,x,xn+1),S(m,x,F T,T
+ max{S(yn, yn, F'(z,2))
— p(max{S(x,x,xnt1), S(z,
e[S (g v, F(z,2)), S
On taking limits as n — oo, we get
U(S(z,x, F(z,2))) <v(3 [maX{S(ﬂc x,x),S(z,x, F(x,x))}
T max{S(y, g, Pz, 2)), S(2, 7, Pz, ))}])
— p(max{S(z,z,x),S(x,z, F(z,x))},
max{S(y, y, F(z,2)), S(z, 3, F(z,7))})
< Y(S(z, 3, F(z,2))) - p(S(z, 7, F(z,2)), S(z, 2, F(z, 7)) and
hence o(S(z,z, F(x,z)),S(x,z, F(x,2))) = 0 so that
S(xz,z, F(x,z)) = 0. Therefore x = F(z,z) is a strong coupled fixed point of F.
We now prove the uniqueness of strong coupled fixed point of F. Suppose (z,x)
and (y,y) are two strong coupled fixed points of F. We consider
V(8(,3,y)) = V(S(F (2, 2), F(z,2), Fy,y)))
< ¢(3lmax{S(z,z,F(y,y)), S(z, 2, F(z,z))}
" max{S(y,y, F(r,2)), S(z. 2, F(z.2))}])
— p(max{S(z. 2, F(y.y)). S(w,, Fw,x))},
max{S(y, y, F(x,)), S(z, v, F(z,x))})
=y (3[S(z, z,y) T S(y,y.2))) — (S, 2.y). Sy, )
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< 7/1(5(537%9)) - (ﬂ(S(.T,J?,y),S(y,y,l‘))
so that ¢(S(z,z,y),S(y,y,x)) =0. Thus z = y. O

By choosing #(t) =t in Theorem then we have the following.

Corollary 3.3. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F' : X x X — X be mapping. If F is cyclic
with respect to A and B and there exists ¢ € ® such that

S(F(z,y), F(u,v), F(w, 2)) < i[max{S(:r7 z, F(w, 2)),S(z,z, F(u,v))}
), S(u,u, F(x,y))}]

—p(max{S(z,z, F(w, 2)), S(x,z, F(u,v))}

max{S(w,w, F(z,y)),S(u,u, F(z,y))})

where z,u,2 € A and y,v,w € B. Then AN B # () and F has a unique strong
coupled fixed point in A N B.

By choosing ¢(t1,t2) = (3—k)(t1+t2) in Corollarythen we have the following.

Corollary 3.4. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F' : X x X — X be mapping. If F is cyclic
with respect to A and B and there exists k € (0, 1) such that

S(F(x,y), F(u,v), F(w, 2)) < k[max{S(z,z, F(w, 2)), S(z, z, F(u,v))}
+ max{S(w,w, F(x,y)), S(u,u, F(z,y))}]

where z,u,z € A and y,v,w € B. Then AN B # () and F has a unique strong
coupled fixed point in AN B.

+ max{S(w,w, F(z,y

)
) Y

By choosing w = uw and z = v in Corollary then we have the following.

Corollary 3.5. Let (X,S) be a complete S-metric space. Let A and B be two
nonempty closed subsets of X. Let F': X x X — X be mapping. If F' is cyclic
with respect to A and B and there exists k € (0, 1) such that

S(F(x,y), F(u,v), F(u,v)) < k[S(x,z, F(u,v)) + S(u,u, F(z,y))

where z,v € A and y,u € B. Then AN B # () and F has a unique strong coupled
fixed point in AN B.

The following example is in support of Theorem
Example 3.2. Let X = [0,1]. We define S : X3 — [0,0) by

S(a2) = {

Then (X, S) is a complete S-metric space.
Let A=[0,1] and B = [0,1]. We define F: X x X — X by

)2

0 ife=y==z
r+y+ 2z otherwise.

w2 ifrecAandyeB
F = ST !
(@) { 0 otherwise.

Then F(A, B) = [0, ] C Band F(B, A) = {0} C A so that F is cyclic with respect
to A and B. We define 9 : [0, 00) — [0,00) by #(t) = £ and ¢ : [0,00)* — [0, 00)
by @(t1,t2) = 5 (t1 + t2). We now verify the inequality (3.1). Let ,u,z € A and

y,v,w € B. We now consider
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¢(S(F($’ y)? F(u7 U)7 F(w7 Z))) = ¢(S(8(w+my+1) ) 8(u+uv+1) ’ O))
_ 1 T u
- §S(§(m+y+l) ’ 8(u—1it-v+1) ’ 0)
= 6@+ D T 6utorD
25z + u]
1gmax{S(z, z, F(w,2)), S(z,z, F(u,v))}
+ max{S(w,w, F(x,y)), S(u,u, F(x,y))}]
%[t} +ta] — g [tr + o]
= (z[t1 +t2]) — p(t1,t2),
where t; = max{S(z,z, F(w, 2)), S(x,z, F(u,v))} and
to = max{S(w,w, F(z,y)), S(u,u, F(z,y))}.
Therefore F is a Chatterjea type (1, p)-weakly cyclic coupled mapping with respect
to A and B. Hence F' satisfies all the hypotheses of Theorem and (0,0) is a
unique strong coupled fixed point of F.
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