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Abstract 
The main aim of this work is to introduce the complex Gaussian Jacobsthal and Jacobsthal-

Lucas quaternions and investigate their structures. We obtain the recurrence relations, Binet 

formulas and generating functions for these quaternions. We also give their Cassini identities 

by using Binet formulas. Furthermore, we prove some results for these quaternions such as 

summation formulas.  
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1. Introduction 

Real quaternions firstly observed by Sir William Rowan Hamilton in 1843, see [1]. The set of all real 

quaternions H is defined in the following way: 

H  0 1 1 2 2 3 3 0 1 2 3
q q q e q e q e q q q q: , , ,= = + + +   

where 2 2 2

1 2 3 1 2 3 1e e e e e e= = = = − . The conjugate of a quaternion is defined as  

0 1 1 2 2 3 3
q q q e q e q e= − − −* . Quaternions have many applications in various research areas such as computer 

sciences, differential geometry, quantum physics, kinematic and analysis. Further information about 

quaternions see [2-8]. 

 

Horadam [9] introduced the Jacobsthal and Jacobsthal-Lucas numbers 
nJ  and 

nj  which is given by the 

following recurrence relations 

n n 1 n 2J J 2J , n 2− −= +  , 0J 0=  and 
1J 1=         ( )1  

and 

n n 1 n 2j j 2j , n 2− −= +  , 0j 2=  and 1j 1= ,        ( )2  

respectively. Recurrences ( )1  and ( )2  lead to the characteristic equation 2t t 2 0− − =  with roots 2=  and 

1 = −  so that 1+ = , 3− =  and 2 = − . It is well-known from [9] that Binet formulas for the Jacobsthal 

and Jacobsthal-Lucas numbers are 

( )
nn

n

2 1
J

3

− −
=            ( )3  

 and  

( )
nn

nj 2 1= + −            ( )4  

respectively. Using the equations ( )3 and ( )4 , we can deduce the extension of Jacobsthal and Jacobsthal-Lucas 

numbers to  negative values of  n  such that  
( )

n 1

n nn

1
J J

2

+

−

−
=   and 

( )
n

n nn

1
j j

2
−

−
= . 

In [10], Horadam gave many identities for Jacobsthal and Jacobsthal-Lucas numbers as follows:  

n 1 n n2J J j+ = +                                                               ( )5   

n n 1 n 1j J 2J+ −= +              ( )6  
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n 1

n n3J j 2 ++ = n n 2nj J J=  

m n n m 1 n 1 mj j J 2j J+ + −= +  

m n m n m n2J J j j J+ = +  

( ) ( )
n 12 n 1 2

n 1 n 1 n n 1 n 1 nj j j 9 1 2 9 J J J
− −

+ − + −− = − = − −   (Simson formulas) 

n 1 n 1

n n
n n

J j
lim lim 2

J j

+ +

→ →
= =  

n

n
n

j
lim 3

J→
=  

2

2

3

2

n
n

i

i

J
J +

=

−
=  

2

1

5

2

n
n

i

i

j
j +

=

−
= . 

There are several researches on quaternions whose coefficients consist of Fibonacci-like numbers, see [11-19]. 

 

As seen in literature, many authors contributed the theories of the Jacobsthal numbers, polynomials and 

Jacobsthal quaternions, see [9-12], [19], [20-25]. 
In [25], some identities for Jacobsthal numbers were given as follows: 

n n 1 n 1 n 2n n nJ J 2J J J J j+ −+ = =          ( )7  

n m 1 n 1 m m nJ J 2J J J+ − ++ =  
2 2

2n 1 n 1 nJ J 2J+ += +           ( )8  

( )
m m 1

n m 1 n 1 m n mJ J J J 1 2 J−

− − −− = − . 

In [19], Szynal-Liana and Wloch introduced Jacobsthal quaternion nQJ  and Jacobsthal-Lucas quaternion nQj  in 

the following way: 

n n n 1 1 n 2 2 n 3 3QJ J J e J e J e+ + += + + +          ( )9  

and 

n n n 1 1 n 2 2 n 3 3Qj j j e j e j e+ + += + + +          ( )10  

respectively. They showed that these quaternions satisfy a second-order linear recurrence relation and obtained 

their norms and some relations between them.  

In [11], Aydın Torunbalcı and Yüce explicitly determined Binet formulas of 
nQJ  and nQj  as follows: 

( )n n

n

1
QJ A B=  − 

−
  and n n

nQj 3A 3B=  +         ( )11  

respectively, where 
1 2 3 1 2 3

3 A 1 2e 4e 8e B 1 e e e− = = + + + = − + −, , . 

They obtained the Cassini identities for nQJ  and nQj  by using Binet formulas given in the equation ( )11 .  

 

In [26], Jordan defined the Gaussian Fibonacci and Gaussian Lucas numbers. Pethe and Horadam  [27] defined 

Generalized Gaussian Fibonacci Numbers. In [20], Aşçı and Gürel introduced the Gaussian Jacobsthal and 

Gaussian Jacobsthal-Lucas sequences with numbers which satisfy the recurrence relations  

n n 1 n 2GJ GJ 2GJ , n 2− −= +  , 
0

i
GJ

2
=  and 

1GJ 1=        ( )12  

and 

n n 1 n 2Gj Gj 2Gj , n 2− −= +  , 
0

i
Gj 2

2
= −  and 1Gj 1 2i= + ,      ( )13  

respectively. Here it can be easily seen that the relations n n n 1GJ J iJ , n 1−= +   and n n n 1Gj j ij , n 1−= +  exist. Also 

they gave some results relating Gaussian Jacobsthal and Jacobsthal-Lucas numbers as follows: 

n 1 n 1

n

Gj 2Gj
GJ

9

+ −+
=  

( )( )
n2 n 2

n 1 n 11 nGJ GJ GJ 3 i 1 2 −

− + − = − −  
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( )( )
n 12 n 2

n 1 n 11 nGj Gj Gj 9 3 i 1 2
− −

− + − = − −  

 
n

n n 2

k 0

1
GJ GJ 1

2
+

=

= −  

( )
n

n n 2

k 0

1
Gj Gj 1 2i

2
+

=

= − +    

From ( )3 and ( )4 , one can find Binet Formulas of 
n nGJ and Gj  as 

( ) ( ) ( )
n 1n 1

n

2 2 i 1 i 1
GJ

3

−− + − − −
=  and 

( ) ( ) ( )
n 1n 1

nGj 2 2 i 1 i 1
−−= + + − − . 

 

In this paper, we firstly introduce the quaternions whose coefficients Gaussian Jacobsthal and Gaussian 

Jacobsthal-Lucas numbers and then we give Binet formulas, Cassini identities, generating functions and some 

summation formulas for them.  

 

2. Complex Gaussian Jacobsthal And Jacobsthal-LucasQuaternions 
 

Any complex quaternion   is defined in the following form 

0 1 1 2 2 3 3
e e e =  + + +  

where each coefficient 
i

  is a complex number and 1 2 3
e e e, ,  are quaternionic units.   

The set of all complex quaternions is denoted by HC .  The complex quaternion   can be written as  

q iq' = +  

where q  and q'   are real quaternions. For further information see [28]. Complex quaternions, that is 

biquaternions are used in various research area such as the theory of special relativity, quantum mechanics, 

electromagnetism and particle physics, see [2-8]. Halıcı introduced the complex Fibonacci quaternions and 

examined their structures in [16] and Aydin Torunbalci introduced the generalized complex Jacobsthal 

sequence in [12]. 

Now, we define complex Gaussian Jacobsthal quaternion 
nQGJ  as follows: 

n n n 1 1 n 2 2 n 3 3 n n 1QGJ GJ GJ e GJ e GJ e QJ iQJ+ + + −= + + + = +  

where 
2 2 2

1 2 3 1 2 3 1e e e e e e= = = = − , 
1 2 2 1 3e e e e e= − = , 

2 3 3 2 1e e e e e= − = , 
3 1 1 3 2e e e e e= − = . 

Similarly, we define complex Gaussian Jacobsthal-Lucas quaternion 
nQGj  as 

n n n 1 1 n 2 2 n 3 3 n n 1QGj Gj Gj e Gj e Gj e Qj iQj+ + + −= + + + = + . 

Taking into account the equations n n n 1GJ J iJ , n 1−= +   and n n n 1Gj j ij , n 1−= +  , the quaternions 
nQGJ  and 

nQGj are expressible as 
n n n 1QGJ QJ iQJ −= +  and n n n 1QGj Qj iQj −= + , where 

nQJ  and nQj  are thn  real Jacobsthal 

and Jacobsthal-Lucas quaternions as in ( )9
 

and ( )10 , respectively. The addition, substraction and 

multiplication of the Gaussian Jacobsthal quaternions are defined as in real quaternions. 
We state the quaternion conjugate of 

nQGJ  as  
*

n n n 1 1 n 2 2 n 3 3QGJ GJ GJ e GJ e GJ e+ + += − − − , 

and the complex conjugate of nQGJ  as  

n n n 1 1 n 2 2 n 3 3QGJ GJ GJ e GJ e GJ e+ + += + + + , 

where i rGJ , r 0,1,2,3+ =  stands for complex conjugate of  the Gaussian Jacobsthal number i rGJ + . Thus, we 

conclude that n n n 1QGJ QJ iQJ −= − .   

 

Proposition 2.1. Let nGJ  be the 
thn  Gaussian Jacobsthal number. Then we have  

2 2

n n 1 2n 1 2n 2GJ 2GJ GJ iGJ− − −+ = + . 

Proof. Since n n n 1GJ J iJ −= +  and the equations ( )7 and
 
( )8 , we get  
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( ) ( )

( ) ( ) ( )

2 22 2

n n 1 n n 1 n 1 n 2

2 2 2 2

n n 1 n 1 n 2 n n 1 n 1 n 2

2n 1 2n 3 2n 2

2n 1 2n 2 2n 2 2n 3

2n 1 2n 2

GJ 2GJ J iJ 2 J iJ

J 2J J 2J 2i J J 2J J

J J 2iJ

J iJ iJ J

GJ iGJ .

− − − −

− − − − − −

− − −

− − − −

− −

+ = + + +

= + − + + +

= − +

= + + −

= +

 

In the following proposition, we establish a few basic properties of the 
nQGJ , some of  which we will use to 

investigate the structure of 
nQGJ  in the rest of this section. 

 

Proposition 2.2. Let n  be a positive integer. Then we have  

1. 
n 1 n n 1QGJ QGJ 2QGJ+ −= +         ( )14  

2. 
n 1 n n 1QGj QGj 2QGj+ −= +          ( )15  

3. *

n n nQGJ QGJ 2GJ+ =          ( )16  

4. n n nQGJ QGJ 2QJ+ =          ( )17  

5. ( ) ( )2 *

n n n n nQGJ QGJ QGJ 2 QGJ GJ+ =        ( )18  

6. 
( ) ( ) ( )

n 1n 1

n n 1 1 n 2 2 n 3 3

2 85 2 i 4 1 i 1
QGJ QGJ e QGJ e QGJ e

3

−−

+ + +

 + − − −
− − − = .   

Proof. 

1. Using the equation ( )12  and  the definition of Gaussian Jacobsthal quaternion, we get 

( ) ( )

( ) ( ) ( ) ( )

n n 1 n n 1 1 n 2 2 n 3 3 n 1 n 1 n 1 2 n 2 3

n n 1 n 1 n 1 n 2 n 1 2 n 3 n 2 3

n 1 n 2 1 n 3 2 n 4 3

n 1

QGJ 2QGJ GJ GJ e GJ e GJ e 2 GJ GJ e GJ e GJ e

GJ 2GJ GJ 2GJ e GJ 2GJ e GJ 2GJ e

GJ GJ e GJ e GJ e

QGJ

− + + + − + +

− + + + + +

+ + + +

+

+ = + + + + + + +

= + + + + + + +

= + + +

=

 

2. When used the equation ( )13  and the definition of nQGj , the proof immediately follows.  

3.  From the definition of Gaussian Jacobsthal quaternion and its quaternion conjugate, we obtain 

( ) ( )*

n n n n 1 1 n 2 2 n 3 3 n n 1 1 n 2 2 n 3 3 nQGJ QGJ GJ GJ e GJ e GJ e GJ GJ e GJ e GJ e 2GJ+ + + + + ++ = + + + + − − − = . 

4. If we use the definition of Gaussian Jacobsthal quaternion and its complex conjugate, then we get 

( ) ( )n n n n 1 n n 1 nQGJ QGJ QJ iQJ QJ iQJ 2QJ− −+ = + + − = . 

5. The equation ( )18  is obtained from the equation ( )16 . 

6. From the Binet Formula of 
nGJ , we get the desired relation.   

 

In the following theorem we will give the identities for nQGJ  and nQGj  analogous to ( )5  and ( )6 . 

 

Theorem 2.3. Let nQGJ  be the Gaussian Jacobsthal quaternion and nQGj  be Gaussian Jacobsthal-Lucas 

quaternion. Then we have the following relations: 

 

1. n 1 n 1 nQGJ 2QGJ QGj+ −+ = , 

2. n 1 n n2QGJ QGJ QGj+ − = . 

 

Proof.   

1. From the relations n n n 1QGJ QJ iQJ −= +  and n n n 1QGj Qj iQj −= +  and the identity n 1 n 1 nQJ 2QJ Qj+ −+ =  given 

in Theorem 2.2  of [11], it follows that 

( ) ( )

( ) ( )

n 1 n 1 n 1 n n 1 n 2

n 1 n 1 n n 2

n n 1 n

QGJ 2QGJ QJ iQJ 2 QJ iQJ

QJ 2QJ i QJ 2QJ

Qj iQj QGj .

+ − + − −

+ − −

−

+ = + + +

= + + +

= + =
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2. From the relations 
n n n 1QGJ QJ iQJ −= +  and 

n n n 1QGj Qj iQj −= +  and the identity given in Theorem 3  of 

[19], we get the following identity analogous to ( )5  

( ) ( )

( ) ( )

n 1 n n 1 n n n 1

n 1 n n n 1

n n 1 n

2QGJ QGJ 2QJ 2iQJ QJ iQJ

2QJ QJ i 2QJ QJ

Qj iQj QGj .

+ + −

+ −

−

− = + − +

= − + −

= + =

 

 

Proposition 2.4. The identities listed below hold for the Gaussian Jacobsthal quaternion 
nQGJ  and Gaussian 

Jacobsthal-Lucas quaternion
nQGj . 

1. ( )( )n 1

n n 1 1 2 3QGJ QGJ 2 2 i 1 2e 4e 8e−

++ = + + + + , 

2. ( )( ) ( ) ( )( )
n 1n 1

n 1 n 1 2 3 1 2 3

1
QGJ QGJ 2 2 i 1 2e 4e 8e 2 1 i 1 1 e e e

3

−−

+
 − = + + + + + − − − + −
 

, 

3. ( )( )n 1

n n 1 1 2 3QGj QGj 3 2 2 i 1 2e 4e 8e−

++ =  + + + + , 

4. ( )( ) ( ) ( )( )
nn 1

n 1 n 1 2 3 1 2 3QGj QGj 2 2 i 1 2e 4e 8e 2 1 i 1 1 e e e−

+ − = + + + + + − − − + − , 

5. ( )( )n

n n 1 2 33QGJ QGj 2 2 i 1 2e 4e 8e+ = + + + + . 

 

Proof.  

1. From the relation 
n n n 1QGJ QJ iQJ −= + , it follows that 

( ) ( )

( ) ( )

( ) ( )

( )( )

n n 1 n n 1 n 1 n

n n 1 n 1 n

n n 1

1 2 3 1 2 3

n 1

1 2 3

QGJ QGJ QJ iQJ QJ iQJ

QJ QJ i QJ QJ

2 1 2e 4e 8e i2 1 2e 4e 8e

2 2 i 1 2e 4e 8e .

+ − +

+ −

−

−

+ = + + +

= + + +

= + + + + + + +

= + + + +

 

2. From the relation 
n n n 1QGJ QJ iQJ −= + , we get  

( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( )( ) ( ) ( )( )

n 1 n n 1 n n n 1

n 1 n n n 1

nn

1 2 3 1 2 3

n 1n 1

1 2 3 1 2 3

n 1n 1

1 2 3 1 2 3

QGJ QGJ QJ iQJ QJ iQJ

QJ QJ i QJ QJ

1
2 1 2e 4e 8e 2 1 1 e e e

3

i
2 1 2e 4e 8e 2 1 1 e e e

3

1
2 2 i 1 2e 4e 8e 2 1 i 1 1 e e e .

3

+ + −

+ −

−−

−−

− = + − +

= − + −

 = + + + + − − + − +
 

 + + + + − − + −
 

 = + + + + + − − − + −
 

 

3. Using the relation n n n 1QGj Qj iQj −= + , then we obtain 

( ) ( )

( ) ( )

( ) ( )

( )( )

n n 1 n n 1 n 1 n

n n 1 n 1 n

n n 1

1 2 3 1 2 3

n 1

1 2 3

QGj QGj Qj iQj Qj iQj

Qj Qj i Qj Qj

3 2 1 2e 4e 8e i3 2 1 2e 4e 8e

3 2 2 i 1 2e 4e 8e .

+ − +

+ −

−

−

+ = + + +

= + + +

=  + + + +  + + +

=  + + + +

 

4. If we take into account the relation n n n 1QGj Qj iQj −= + , then we have  

 

( ) ( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( )( ) ( ) ( )( )

n 1 n n 1 n n n 1

n 1 n n n 1

n 1n

1 2 3 1 2 3

nn 1

1 2 3 1 2 3

nn 1

1 2 3 1 2 3

QGj QGj Qj iQj Qj iQj

Qj Qj i Qj Qj

2 1 2e 4e 8e 2 1 1 e e e

i 2 1 2e 4e 8e 2 1 1 e e e

2 2 i 1 2e 4e 8e 2 1 i 1 1 e e e .

+ + −

+ −

+

−

−

− = + − +

= − + −

 = + + + + − − + − +
 

 + + + + − − + −
 

= + + + + + − − − + −

 

5. When used similar arguments as above, we conclude 
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( ) ( )

( ) ( )

( ) ( )

( )( )

n n n n 1 n n 1

n n n 1 n 1

n 1 n

1 2 3 1 2 3

n

1 2 3

3QGJ QGj 3QJ 3iQJ Qj iQj

3QJ Qj i 3QJ Qj

2 1 2e 4e 8e i2 1 2e 4e 8e

2 2 i 1 2e 4e 8e .

− −

− −

+

+ = + + +

= + + +

= + + + + + + +

= + + + +

 

 

The next corollary follows from the relation 
n n n 1QGJ QJ iQJ −= +  and Theorem 2.4 of [11]. 

 

Corollary 2.5. Let 
nQGJ  be the 

thn Gaussian Jacobsthal quaternion. Then we have the following summation 

formulas:  

 

1.  2 2

1

1

2

n

s n

s

QGJ QGJ QGJ+

=

= − , 

2. ( )( )( ) ( )2 1 2 2 3 0 1

1

2 1
1 2 3 2 2

3 3

n

s n

s

QGJ QGJ n i i QJ QJ i QJ iQJ−

=

 = + − + − + − +   

 

3. ( )( )2 2 1 2 3 1 0

1

2 1
1 2 2 2

3 3

n

s n

s

QGJ QGJ n i QJ QJ QJ iQJ+

=

= − − − − +   . 

 

Theorem 2.6. (Binet Formulas). Let 
nQGJ  be the Gaussian Jacobsthal quaternion and 

nQGj  be the Gaussian 

Jacobsthal-Lucas quaternion. The Binet formulas for these quaternions are  

 

( ) ( )n 1 n 1

n

1
QGJ A i B i− − =  + −  +  −

 

and  

( ) ( )n 1 n 1

nQGj 3A i 3B i− −=  + +  +  

respectively, where 1 2 3 1 2 32, 1, 1 2 4 8 and 1 .A e e e B e e e = = − = + + + = − + −  

 

Proof. The characteristic equation of recurrence relations n 1 n n 1QGJ QGJ 2QGJ+ −= +  and n 1 n n 1QGj QGj 2QGj+ −= +  

proved in Proposition 2.2 is 
2 2 0.t t− − =   If we solve this quadratic equation, then we obtain the roots 

2 = and 1 = − .When we use the relation 
n n n 1QGJ QJ iQJ −= +  and the Binet Formula of real Jacobsthal 

quaternion 
nQJ  given in ( )11 , then we get   

( ) ( )

( ) ( )

n n n 1

n n n 1 n 1

n 1 n 1

QGJ QJ iQJ

1 1
A B i A B

1
A i B i .

−

− −

− −

= +

=  −  +  − 
 −  −

 =   + −  +  −

 

We can similarly derive the Binet Formula of nQGj  by means of the relation n n n 1QGj Qj iQj −= +  and the Binet 

Formula of real Jacobsthal-Lucas quaternion nQj  given in ( )11  as follows: 

( ) ( )

( ) ( )

n n n 1

n n n 1 n 1

n 1 n 1

QGj Qj iQj

3A 3B i 3A 3B

3A i 3B i .

−

− −

− −

= +

=  +  +  + 

=  + +  +
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Theorem 2.7. (Cassini Identity). Let 
nQGJ  and 

nQGj  be 
thn  Gaussian Jacobsthal quaternion and  Gaussian 

Jacobsthal-Lucas quaternion, respectively. For 1n  , the Cassini identities of 
nQGJ  and 

nQGj  are given in the 

following form: 

( ) ( )( )( )
n 12 n 2

n 1 n 1 n 1 2 3QGJ QGJ QGJ 1 2 7 5e 7e 5e i 2 i 1
− −

− + − = − + + + + −  

( ) ( )( )( )
n 22 n 2 4

n 1 n 1 n 1 2 3QGj QGj QGj 1 2 3 7 5e 7e 5e i 2 i 1 .
− −

− + − = − + + + + −  

Proof. In order to derive Cassini identity for Gaussian Jacobsthal quaternion
nQGJ , we will use its Binet 

Formula. Thus, 

( ) ( ) ( ) ( )

( ) ( )

( ) ( )( ) ( )( ) ( )

( ) ( )( )

2 n 2 n 2 n n

n 1 n 1 n

2

n 1 n 1

2 22 2n 2 n 2 n n n 2 2 2n 2

22 2n 2 n 1 n 1 n 1 n

1 1
QGJ QGJ QGJ A i B i A i B i

1
A i B i

1
A i 2 AB i 1 i 2 BA i 1 i 2 B i 1

9

1
A i 2 AB i 1 i 2 BA

9

− −

− +

− −

− − − −

− − − − −

   − =   + −  +    + −  +    −  −

 
 −   + −  +   − 

 =  + −   − + −   − + +  −
 

−  + −   − + −   ( )( ) ( )

( ) ( )( ) ( ) ( )( ) ( )( )

( )
 ( )( )

( ) ( )( )( )

21 2 2n 2

n 1 n 2 n 1 n

n 1 n 2

n 1 n 2

1 2 3

i 1 i 2 B i 1

1
AB BA i 1 i 2

9

1 2
AB 2BA i 1 i 2

3

1 2 7 5e 7e 5e i 2 i 1

−

− − −

− −

− −

 − + +  −
 

 =  −  +  −  − +
 

−
= + − +

= − + + + + −

 

where 1 2 37 11 13AB e e e= − − + , 1 2 37 13 11BA e e e= + + +  and 1 2 32 21 15 21 15 .AB BA e e e+ = + + +  

 

As for proving the Cassini identity of nQGj , we use its Binet Formula. Therefore,  

( ) ( ) ( ) ( )

( ) ( )

( ) ( )( ) ( )( ) ( )

( ) ( )( ) ( )( )

2 n 2 n 2 n n

n 1 n 1 n

2
n 1 n 1

2 22 2n 2 n 2 n n n 2 2 2n 2

22 2n 2 n 1 n 1 n 1 n 1 2 2n

QGj QGj QGj 3A i 3B i 3A i 3B i

3A i 3B i

9 A i 2 AB i 1 i 2 BA i 1 i 2 B i 1

9 A i 2 AB i 1 i 2 BA i 1 i 2 B

− −

− +

− −

− − − −

− − − − − −

   − =   + +  +    + +  +   

 −   + +  + 

 =  + +   − + +   − + +  −
 

−  + +   − + +   − + +  ( )

( ) ( )( ) ( ) ( )( ) ( )( )

( )  ( )( )

( ) ( )( )( )

22

n 2 n 1 n n 1

n 2 n 2

n 2 n 2 4

1 2 3

i 1

9 AB BA i 1 i 2

9 1 2 3AB 6BA i 1 i 2

1 2 3 7 5e 7e 5e i 2 i 1 .

− − −

− −

− −

 −
 

 =  −  +  −  − +
 

= − + − +

= − + + + + −

 

Proposition 2.8. Let n  be a positive integer. Then we have the following summation formulas: 

1) 2

0

2 ,
n

n s

n

s

s

n
Q J

s
G QGJ−

= 
=

 
 


  

2) 2

0

.2
n

n s

n

s

s

n
Q j

s
G QGj−

= 
=

 
 


  

 

Proof. 1) From the Binet Formula of 
nQGJ , we get  
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( ) ( )

( ) ( )

( ) ( )

( )
( )

0 0

0 0

0 0

1 1

1 1

1

2

2 2

2 2

2 2

1

2 11 1

2 1
2

n n
n s n s

s s

n n
n s n s

s s

n n
n s n s

s s

s s

s

s s

s s

n

A i B i
s s

A i B i

s s

A i B i

n n
QGJ

n n

n

s s

A i B i

n

   
 

 
   

 
     


  

− −

= =

− −

− −

−

= =

− −

= =

−

   
 + − +     −   

+ −   
= −   

− −   

+ −   
=  −    

− −   

+
=  +

−

=

−

 

 

 

( )
( )

( ) ( )2 1 2

2

1

1 1
2

2 1
.

n

n

n

n Q
A

GJ
i B i


  

 
   

− −

−
 +

−

+ −
= − =

− −

 

2) Using the Binet Formula of nQGj , we conclude  

( ) ( )

( ) ( )

( )
( )

( )
( )

( ) ( )

0 0

0 0

1 1

2

2 1 2 1

2 2

2

3 3

3 2 3 1

3 2

2

3 1
2 2

3 2 3 1 .

n n
n s n s

s s

n n
n s n s

s s

n

s s

s

s s

n n

n n

n n
QGj

n n

QGj

A i B i
s s

A i B i

s s

A i B i

A i B i

   

 
 

 
 

 

− −

− −

− −

= =

− −

= =

   
 + + +     

   

+ −   
= +   

   

+ −
= + + +

= + + − =

= 

 
 

 

Considering the equations ( )14  and ( )15 ,  one can see Gaussian Jacobsthal and Gaussian Jacobsthal-Lucas 

quaternions satisfy a second-order linear recurrence relation. Thus we can derive the generating functions for 

these quaternions. Consequently, we give the following theorem. 

 

Theorem 2.9. Let 
nQGJ  and 

nQGj  be 
thn  Gaussian Jacobsthal quaternion and  Gaussian Jacobsthal-Lucas 

quaternion, respectively. The generating functions for  nQGJ  and nQGj  are  

( )
( )0 1

2

1
,

1 2

QGJ t QGJ t
g x t

t t

− +
=

− −
 

and 

( )
( )0 1

2

1
,

1 2

QGj t QGj t
h x t

t t

− +
=

− −
 

where ( ) ( )0 1 2 31 3
2

i
QGJ e i e i e= + + + + + , ( ) ( ) ( )1 1 2 31 1 3 5 3QGJ i e i e i e= + + + + + + , 

( ) ( ) ( )0 1 2 32 1 2 5 7 5
2

i
QGj i e i e i e= − + + + + + +  and ( ) ( ) ( )1 1 2 31 2 5 7 5 17 7QGj i i e i e i e= + + + + + + +  

are initial values for these quaternions. 

 

Proof. Let ( ) ( )
0

, n

n

n

g x t QGJ x t


=

=  be the generating function of nQGJ . Then with simple calculations,  

31 2

2

4 1

0 1 3

0

( , ) ( ) n n

n n

n

tg x t QGJ x t QGJ QGJ t QGJ t QGJ t QGt J t


+ +

=

= = + + + + + +  

and 
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2 42 2 3 2

0 1 2 3

0

52 ( , ) 2 ( ) 2 2 2 2 2n n

n n

n

t g x t QGJ x t QGJ QGJ t QGJ t QGJ t QGJ tt


+ +

=

= = + + + + + +  

can be written. When we substract ( , )tg x t  and 
22 ( , )t g x t  from ( ),g x t , then we get  

( ) ( ) ( )2

0 1 0 0 11 2 ( , ) 1t t g x t QGJ QGJ QGJ QGJ QGt tJt− − = + − = − + . 

So we get desired.  

( ) ( )
0

, n

n

n

h x t QGj x t


=

=  be the generating function of 
nQGj . Since the second-order linear recurrence relation 

of the Gaussian Jacobsthal-Lucas quaternions is the same as the Gaussian Jacobsthal-Lucas quaternions, then 

we have  

 

31 2

2

4 1

0 1 3

0

( , ) ( ) n n

n n

n

th x t QGj x t QGj QGj t QGj t QGj t QGt j t


+ +

=

= = + + + + + +  

and 

2 42 2 3 2

0 1 2 3

0

52 ( , ) 2 ( ) 2 2 2 2 2n n

n n

n

t h x t QGj x t QGj QGj t QGj t QGj t QGj tt


+ +

=

= = + + + + + +  

Substracting ( , )th x t  and 
22 ( , )t h x t  from ( ),h x t , then we obtain  

( ) ( ) ( )2

0 1 0 0 11 2 ( , ) 1t t h x t QGj QGj QGj QGj QGt tjt− − = + − = − + . 
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