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1. INTRODUCTION 

Q-Groups. A Q -group is a finite group all of  whose irreducible complex characters are 
rationally-valued. For example, all of the symmetric groups and finite elemantary 
abelian 2-groups are Q -groups. Kletzing’s lecture notes, [3] , presents a detailed 
investigation into the structure of  Q -groups.General classification of Q -groups has not 
been able to be done up to now, but some special Q -groups have been classified. 
Frobenius Q -groups were classified by [1]. In this paper, we will classify such groups 
in a different way.  

     Notation. C   the field of complex numbers ; Z    the ring of  rational integers  ; 
( )Gen x  the set of generators of  cyclic group x  ;  [ ]x   the conjugacy class of x  ;  

( )GN x   the normalizer of x  in G   ;  ( )GC x   the centralizer of  x  in G   ;  ( )Aut x   the 

group of automorphisms of x  ;  ϕ  Euler’s function ;  |×   semidirect product  ;  ( )Hπ   

the set of  prime divisors of | |H  ;  ( )C H  the centre of H  ; 8Q  the quaternion group of 

order 8  ;  ( )nE p  the elemantary abelian p -group of order np   ;  0 {0}IN IN= ∪ . 

      Let G  be a finite group of order n  and let ξ  be a primitive n -th root of unity in the 
field C . Then, all of the complex character values of G  lie in the subring ][ξZ  of C . 
Moreover, if G  is a Q -group, these values lie in Z  since ZQZ =∩][ξ . Now, we say 



 

 

that a finite group is a Q -group if and only if the values of its all the irreducible 
complex characters lie in Z .       

   

     Another characterization of Q -groups is the following theorem. 

 

Theorem 1. Let G  be a finite group. Then, G  is a Q -group if and only if  for every 
Gx∈ , ][)( xxGen ⊆   i.e.  for every Gx∈ , )()(/)( xAutxCxN GG ≅  [3]. 

Now, we can easily see the following corollary. 

 

Corrollary 2. Let G  be a Q -group. Then: 

         1) )||(|)(|])(:)([ xxAutxCxN GG ϕ== ,  for every Gx∈ . 

         2)  Let Gx∈ . If KxNxCL GG ≤≤≤ )()(  where both L  and K  are subgroups of         

G ,   then ]:[)||( LKxϕ . 

         3)  If }1{≠G ,  ||2 G . 

         4)  If N  is a normal subgroup of G , then NG /  is a  Q -group. 

 

Frobenius Groups. A finite group G  is a Frobenius group if and only if it contains a 
proper subgroup }1{≠H , called a Frobenius complement, such that }1{=∩ xHH  for 
all Hx∉ . By Frobenius Theorem [2, p.63], a Frobenius group G  with complement H  
has a normal subgroup K , called Frobenius kernel, such that HKG |×= . Some basic 
properties of such groups are the following theorem. 

 

Theorem 3. Let G  be a Frobenius group with kernel K  and complement H . Then: 

1) If )(2 Hp π∈<  and )(HSylP p∈ , then P  is a cyclic [2, p.184]. 

2) If ||2 H  , then 



 

 

       a) H   contains only one involution. Thus, the involution is element of  )(HC . 

       b) If u  is the involution of H , then  1−= tt u    for every  Kt∈ . 

       c) K  is an abelian group. 

 

2. MAIN THEOREM 

      Frobenius Q -groups are completely classified in the following theorem. 

      

 Theorem. Let G  be a Frobenius Q -group. Then, G  is one of the following groups. 

1)  2|)3( ZE n × , where INn∈  and 2Z  acts on )3( nE  by inverting every element. 

2) 8
2 |)3( QE m ×  , where INm∈  and )3( 2mE is a direct sum of m  copies of the 2-

dimensional irreducible modules of group algebra 83QZ . 

3)  8
2 |)5( QE ×   , where )5( 2E  is the 2-dimensional irreducible module of  group 

algebra 85QZ . 

 

3. FROBENIUS Q-GROUPS     

      Now, we shall investigate the structure of  Frobenius Q -groups.  

 

 Theorem 4. Let G  be a Frobenius Q -group with kernel K  and complement H . Then: 

1) H  is a Q -group. 

2) |||2 K/  

3) If P  is a 2-sylow subgroup of G , then 2ZP≅  or 8QP≅ . 

     Proof. 1) H  is a Q -group since G  is a Q -group, HKG ≅/  and KG /  is also Q -
group by Corollary 2. 



 

 

2) We have ||2 H  by Corollary 2.3) since H≠}1{  is a Q -group. Then, H  contains 

only one involution by Theorem 3. Let u  be the involution of H . Now, we assume that 
||2 K . Then, K  contains an involution x  by Cauchy Theorem. Therefore, by Theorem 

3  we have xxu = , which is not possible since Frobenius complement is always a 
regular group of automorphism of the Frobenius kernel. 

3) Let P  be a 2-sylow subgroup of H . Then, P  is a 2-sylow subgroup of G  since 
HKG |×=    and  |||2 K/ . Moreover, P  is a cyclic or generalized quaternion group 

since H  contains only one involution [2, p.96]. Let nH s .2|| 1+=  where INn∈ , 
1),2( =n , 0INs∈ .  

Then,   

       i) If xP =  where 0
1 ,2||, INsxHx s ∈=∈ + ,  we have  ( | |) [ : ]

n

x H xϕ
=

  

since H  is a Q -group and HxNxCx HH ≤≤≤ )()( . Then, 2ZP≅  since ns |2  and  

1),2( =n . 

       

       ii) If  11222 ..,,1,
1 −− ====
−

ababbaabaP
ss

 where INs∈≤2  ,  we have 

2

(| |) [ : ]
n

a H aϕ
=

 since HaNaCa HH ≤≤≤ )()( . Then, we find 2=s  since 2 s≤  

ns 22 1−   and   1),2( =n  , so  8QP≅  .      

 Thus, we know that 2ZP≅  or 8QP≅ .  

 

Lemma 5. Let G  be a Frobenius Q -group with complement H . If Ha∈  and ||4 a  ,  

then 4|| =a . 

Proof. Let P  be a 2-sylow subgroup of H . Then, by Theorem 4. we have 8QP≅   since 
H  has an element whose order is divided by 4. Now, we know that |||8 a/  since 

4expexp 8 == QP . Let mH 8|| =  and ka 4|| =  where INkm ∈, , ),2(1),2( km == . 



 

 

Then, we have  )(.2)().4().4(|)(|)](:)([ kkkaaCaN HH ϕϕϕϕϕ ====  since H  is a 

Q -group by Theorem 4. Moreover, we have ]:[)(.2 aHkϕ  since 

HaNaCa HH ≤≤≤ )()(  and Corollary 2.2) . Also, taH .2]:[ = where INt∈ , 

1),2( =t   since 
k
m

k
maH .2
.4
.8]:[ ==    and   1),2( =k . Thus, we find 1)( =kϕ  since 

tk |)(ϕ  and 1),2( =t . This implies that  1=k  since 1),2( =k . Therefore, the lemma is 
proved now. 

 

Theorem 6. Let G  be a Frobenius Q -group with complement H . Then, 2ZH ≅  or 

8QH ≅ . 

Proof. Let P  be a 2-sylow subgroup of H . Then, we know that 2ZP ≅  or 8QP ≅  by 
Theorem 4.  

1) If 2ZP ≅ , then HP  since H  contains only one involution by Theorem 3. 
Therefore, we have 2ZPH ≅=  since PH /  is a Q -group of  odd order and 
Corollary 2.3). 

2)  If 8QP ≅ , then  32 | |H  and 42 | | |H/ . Let mH 8|| =  where INm∈ , 1),2( =m . 

We assume that 1>m . Then, there is )(2 Hp π∈<  such that mp | . Let S  be a 

p -Sylow subgroup of H   such that rpS =||  where INr∈ . Since S  is a cyclic 

by Theorem 3. , there is an element x  of H  such that xS = , rpx =|| . Then, 

we have )1.()||()](:)([ 1 −== − ppxxCxN r
HH ϕ  since H is a Q -group. 

Moreover, )](:)([| xCxNp HH/  since )()( xNxCx HH ≤≤  and Corollary 

2.2). Thus, we find  11 =−rp  so 1=r . Therefore, 1)](:)([ −= pxCxN HH  , 

xS =  and px =|| . Since )()(/)( xAutxCxN HH ≅  is cyclic, there is an 

element y  of )(xN H  such that yxCxN HH =)(/)(  where )(xyCy H= , 

1|| −= py . Then, we have ||2 y  since 1||,12 −=− pyp ,   |||| yy . Let 

ry s2|| =   where INsr ∈, , 1),2( =r . Then, 1=s  or 2=s  since 
4expexp 8 == QP . 



 

 

At first, we assume that 1=s . Then,  ry 2|| =  where INr∈ , 1),2( =r . This 

implies that there are elements vz ,  of y  such that 

rvzzvvzy ==== ||,2||;.. . Then, we have )(xCz H∈  so 1=z  since 

H contains only one  involution by Theorem 3. Thus,  ||2 v  since 

vvzvzy === .. ,  1|| −= py  , 12 −p . Then, we have a contradiction since  

r2 . 

Now, we assume that 2=s . Then, we have ry 4|| =   where INr∈ , 

1),2( =r .This implies that 4|| =y , by Lemma 5. Then,  122 == yy   since 2y  

is a unique involution in H , so 2|| y . Therefore, we find 3=p  since 

||12 yp =−≤ , | | 2y . Then, we have  243.2|| 3 ==H . As ( )Hy N x∈ , we have 

a semi-direct product |x y×  . Now let yxM |: ×= . We know that 

12|| =M  since 3|| == px and  4|| =y . Then, M  is a normal subgroup of H  

since 2]:[ =MH . Thus, we  have  Hx    since   HM
2

  and  x   is  a  

characteristic  subgroup  of M , so HxNH =)( .Then, we find  12|)(| =xCH  since  
2)3(|)(|)](:)([])(:[ ==== ϕϕ xxCxNxCH HHH  and 24|| =H . Now, let R  be 

a 2-Sylow subgroup of )(xCH , then 4|| =R . Moreover, R  is a cyclic since H  
contains only one involution. Then, there is an element  z  of )(xCH  such that 

zR=  where 4|| =z . Thus, we  have 12|| =xz . This is a contradiction  by 

lemma 5.  

Finally, we find 1=m  that is, 8|| =H . 

 

Theorem 7. Let G  be a Frobenius Q -group with kernel K  and complement H . Then, 

2ZH ≅  or 8QH ≅  and K  is an elemantary abelian p -group where 3=p  or 5=p . 

Proof.  By Theorem 6,  2ZH ≅  or 8QH ≅ . Then, K  is an abelian group since ||2 H  

and Theorem 3. Moreover, we have |||2 K/  by Theorem 4. Now, we assume that x  is 

an element of K  such that epx =||  where )(2, KpINe π∈<∈ . Then, we have 

]:[|)(| KGxϕ   so  ]:[)1.(1 KGppe −−   since GxNxCK GG ≤≤≤ )()(  and 



 

 

Corollary 2.2). This implies that ||)1.(1 Hppe −−  since ||]:[ HKG = . Then, we find 

1=e   since ||| Hp /  and IPp ∈<2 . Therefore, we have px =||  and ||)1( Hp − . 

1) If  2ZH ≅ , then  }2,1{1∈−p . Thus,  3=p  since )(2 Kp π∈< . Therefore, 
K  is an elemantary abelian 3-group. 

2) If 8QH ≅ , then }8,4,2,1{1∈−p . Thus, we find 3=p  or 5=p  since 

)(2 Kp π∈< . Now, let baK 5.3|| =   where 0, INba ∈ . We assume that 
baK 5.3|| =   where INba ∈, . Then, K  has an element of order 15  , say z , since 

K  is an abelian group. We have ]:)([|)(| KzNz Gϕ   so ]:)([8 KzNG   since 

)()( zNzCK GG ≤≤  and  Corollary 2.2) .  Thus, )(zNG G=    since  

8||]:[ == HKG   by  Frobenius   Theorem.  Moreover,  we have )(zCK G=  

since  )](:[)](:)([|)(|8]:[ zCGzCzNzKG GGG ==== ϕ and ( )GK C z≤ . 

Therefore, we have )()(/)(/8 zAutzCzNKGQ GG ≅=≅ . This is a 

contradiction because )(zAut  is an abelian but 8Q  is not. 
 

Conclusion. Let G  be a Frobenius Q -group with kernel K  and complement H . 

1) If 2ZH ≅ , then K  is an elemantary abelian 3-group by Theorem 7. and for every 

Kt ∈ , 1−= tt u    where Hu ∈≠1 . 

2) If 8QH ≅ , then K  is an elemantary abelian p -group where 3=p  or 5=p  by 
Theorem 7. Since GK , H  acts on K  by conjugation. Thus, K  may be considered as 
a HZ p -module, so K  defines a representation of H over the field pZ . Since ||| Hp / , 

we can use ordinary representation theory, so K  is a direct sum of some irreducible 
modules of group ring HZ p  by Maschke’s Theorem and Wedderburn’s Theorem. H  

has exactly five non-isomorphic irreducible module over the field pZ  and four of them 

are 1-dimensional so the other is 2-dimensional. In addition, for every 1-dimensional 
representation χ  of  H ,  pZu ∈= 1)(χ   where u  is the involusion of H . Thus, K  

must be a direct sum of copies of the 2-dimensional irreducible modules of group ring 
HZ p  since H  is a regular group of automorphism of K . Also, if 5=p , K  is 2-

dimensional irreducible module of HZ5  by [3, p.36, Corollary 36. 2) b)]. Finally, any 
Frobenius Q -group is one of the groups of our main theorem. Conversely, we can see 



 

 

easily that all of the groups in our main theorem are indeed Frobenius groups. 
Moreover, the fact that these groups are Q -groups can be verified by using the [3, p.80, 
Corollary 80].  

 

REFERENCES 

[1]  M.R. Darafsheh, H. Sharifi, 2004, Frobenius Q-Groups, Arch. Math., 83, 102-105. 
 
[2] L. Dornhoff, 1971, Group Representation Theory (in two parts), Part A, Ordinary 
Representation Theory, Marcel Dekker, Inc., New York, 0-8247-1147-5. 

[3] D. Kletzing, 1984, Structure and Representations of Q -groups, Springer –Verlag  
Berlin-Heidelberg New York Tokyo, 3-540-13865-X  
 

Temha ERKOÇ 
Istanbul University, Faculty of Science,  
Department of Mathematics, 34134 Vezneciler, Istanbul, Turkey, 
E-mail: erkoct@istanbul.edu.tr 

Erhan GÜZEL 
Istanbul University, Faculty of Science,  
Department of Mathematics, 34134 Vezneciler, Istanbul, Turkey, 
E-mail: guzele@istanbul.edu.tr 

 


