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In this study, firstly, we introduce the notion of lacunary invariant uniform density of any History:

subset E of the set N (the set of all natural numbers). Then, as associated with this notion, Received: 16.02.2020

we give the definition of lacunary J,-convergence for real sequences. Furthermore, we Accepted: 26.06.2020

examine relations between this new type convergence notion and the notions of lacunary Keywords:

invariant summability, lacunary strongly g-invariant summability and lacunary o-statistical Lacunary sequence,

convergence which are studied in this area before. Finally, introducing the notions of lacunary J-convergence,

J%-convergence and J,-Cauchy sequence, we give the relations between these notions and the Invariant convergence,

notion of lacunary J;-convergence. Statistical
convergence,
J-Cauchy sequence.

1. Introduction and Background

Let o be a mapping such that o: N* — N (the set of all positive integers). A continuous linear functional ¢ on
£, the space of real bounded sequences, is said to be an invariant mean or a g-mean if it satisfies the following
conditions:

i. @(x,) = 0,when the sequence (x,) has x,, = 0 foralln € N,
ii. p(e) =1, where e =(1,1,1,...) and
UL @ (Xg(n)) = @(xp) forall (x,) € .

The mappings o are assumed to be one-to-one and such that 6™ (n) # n for all m,n € N*, where 6™ (n) denotes
the m th iterate of the mapping ¢ at n. Thus, ¢ extends the limit functional on c, the space of convergent
sequences, in the sense that ¢ (x,,) = lim x,, for all (x,,) € c.

In the case o is translation mappings o(n) = n + 1, the g-mean is often called a Banach limit.

The space V, the set of bounded sequences whose invariant means are equal, can be shown that

m—-oom

m
Ve = {(xk) € foo: lim — > X k) = L, uniformly in ng.
k=1

Several authors studied on the notions of invariant mean and invariant convergent sequence (for examples, see
[1-8]).

The notion of strongly o-convergence (it is denoted by [V, ]) was introduced by Mursaleen [9]. Then this notion,
using a positive real number p, was generalized by Savas [10] (it is denoted by [V;],).

By a lacunary sequence, we mean an increasing integer sequence 6 = {k,.} such that
ko=0 and h, =k, —k,_; > as r - oo,
The intervals determined by 8 is denoted by I, = (k,_1, k-] (see, [11]).

Throughout the study, 8 = {k,.} will be taken as a lacunary sequence.
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The set of lacunary strongly a-convergence sequences was defined by Savas [12] as below:

1
Lo =< (xp): rh_)rg)h—z |Xgk(ny — LI = 0, uniformly in n.
" kel,

Recently, Pancaroglu and Nuray [13] defined the notions of lacunary invariant summability and lacunary strongly
g-invariant summability as follows.

A sequence (x;) is said to be lacunary invariant summable to L if

1
}L‘?oh_rz Xok(my = L

kel,

uniformly in n.
A sequence (x;) is said to be lacunary strongly g-invariant summable (0 < g < o) to L if

1
1 o
Jim 7 2 eory = L7 =0,

kel,

uniformly in n and it is denoted by x; = L([Vs6]4)-

The idea of statistical convergence was introduced by Fast [14] and then studied by several authors (for example,
see [15-17]). In one of these studies, Savas and Nuray [18] defined the notion of lacunary o-statistical
convergence as below.

A sequence (x;) is said to be lacunary o-statistical convergent to L if for every € > 0,

1
rll%h—|{k €l: |xak(n) —Ll=>¢} =0,
uniformly in n, where the vertical bars denote the number of elements in the enclosed set.

The idea of J-convergence which is a generalization of the statistical convergence notion was introduced by
Kostyrko et al. [19]. Some properties of this notion and similar notions which are noted following studied by
several authors (for examples, see [20-22]).

A family of sets 7 € 2N is called an ideal iff
i. PeJ,
ii. ForeachE,F € 3,wehave EUF € 7,
iii.ForeachE € Jandeach F € E,we have F € 7.

An ideal 7 < 2N is called non-trivial if N ¢ 7 and a non-trivial ideal 7 € 2V is called admissible if {n} € 7 for
eachn € N.

All ideals in this study will be assumed to be admissible in 2N (the power set of N).

An admissible ideal 7 c 2N has property (AP) if for every countable family of mutually disjoint sets {E;, E,, ...}
belonging to 7, there exists a countable family of sets {F;, F,, ... } such that the symmetric differences E;AF; is a
finite foreachi € Nand F = U2, F; € J.

A family of sets F < 2N is called a filter iff
i. O&F,
ii. ForeachE,F € F,wehave ENF € F,
iii.Foreach E € F andeach F 2 E, we have F € F.

There is a filter F(J) corresponding with J such that F(7) = {M < N: (3E € 7)(M = N\E)} for any ideal 7 <
2N,
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A sequence (x;) is said to be J-convergent to L if for every € > 0, the set
E(e)={keN:|x;, —L| = €}
belongs to 7 and it is denoted by 7 — lim x;, = L.

A sequence (x;,) is said to be 7*-convergent to L if there existsaset M = {m; <m, <+ <my < -} € F(J)
such that

lim x,, =1L

k—o0
and it is denoted by 7* — lim x;, = L.

The notions of J-Cauchy sequence and J*-Cauchy sequence were introduced by Nabiev et al. [23]. Similar
notions were studied in [24], too.

A sequence (x) is called an 7-Cauchy sequence if for every € > 0, there existsan N = N(¢) € N such that
F(e) ={k € N: |x; —xy| =€} €.

A sequence (xp) is called an 7*-Cauchy sequence if there existsaset M = {m; < m, < - <my < -} € F(I)
such that

k,lzlnr—{loolxmk = Xm,| = 0.

Lately, Nuray et al. [25] introduced the notions of 7,-convergence and J;-convergence for real sequences. Also,
they gave some relations between these notions and the notions which are studied in this area before.

2. Main Results

In this section, firstly, we introduce the notion of lacunary invariant uniform density of any subset E of the
set N. After that, associate with this notion, we give the definition of lacunary J,-convergence for real sequences.
Furthermore, we examine relations between this new type convergence notion and the notions of lacunary
invariant summability, lacunary strongly g-invariant summability and lacunary o-statistical convergence which
are studied in this area before.

Definition 2.1 Let & = {k,.} be a lacunary sequence, E < N and
spr=minf{|[EN{c™(n):mel}|}, S=max{|En{c™(n):melL}|}
n n

If the following limits exist

s _ s,
@(E):=r11_)1£10h— and Vy(E):= lim i
T

T—00

then they are called a lower lacunary invariant uniform density and an upper lacunary invariant uniform density
of the set E, respectively. If V4(E) = Vg(E), then V4(E) = Vg(E) = V4 (E) is called the lacunary invariant
uniform density of the set E.

The class of all E ¢ N with Vy(E) = 0 will be denoted by 7,4. Note that 7,4 is an admissible ideal.
Definition 2.2 A sequence (xy,) is lacunary J,-convergent to L if for every £ > 0, the set
E(e):={keN:|x, —L| = ¢}
belongs to 7,4, i.e., Vo (E(g)) = 0 and we write 7,9 — limx;, = L.
The class of all lacunary J,-convergent sequences will be denoted by 3.
It can be easily verified that if 7,9 — limx;, = L; and J,9 — limy;, = L,, then
i. J50 —lim (x) +yx) =L, + L, and

ii. 359 — lim (ax;) = aL, (a is a constant).
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Theorem 2.1 Let (x;) € €. If (xi) is lacunary 3, -convergent to L, then this sequence is lacunary invariant
summable to L.

Proof. Let n € N be arbitrary and € > 0. Also, we assume that (x;) € £, and (xy) is lacunary T
convergent to L.

Now, we calculate

1
TQ(TL): = h_ z XogMm) — L|.
T

Mmel,

Foreveryn = 1,2, ..., we have

1 2
To(n) < TV () + TP (),

where

1

1
TG( )(n):zh— Z |xam(n) —Ll
T
mel,
|xo-m(n)—L|2£

and

1

2

TS (n): = = Z xgmmy — L|-
T

mel,
|xo-m(n)—L|<€

For every n = 1,2, ..., it is obvious that Tg(z)(n) < e. Since (x) € ¥, there exists a A > 0 such that
|xa-m(n) - Ll < (m € IT' n= 1,2, )
and so we have
TB (Tl) = h_ Z |Xo-m(n) - Ll < h_ |{m € Ir: |xdm(n) - Ll = E}l
T T

Mmel,
|xam(n)—L|2£

max {|{m € L |xgmpy — L| = s}l}
hy

<A1
Sy
h,
Hence, due to our assumption, the sequence (xy) is lacunary invariant summable to L.

=21

In general, the converse of Theorem 2.1 does not hold. For example, let (x;,) be the sequence defined as follows:

1, if ki1 <k<k,_4+ [\/h_r] and k is an even integer,
X+ =
0 , if ki1 <k<k,._4+ [\/h_r] and k is an odd integer.

When a(n) = n + 1, this sequence is lacunary invariant summable to % but it is not lacunary J,-convergent.

In [25], Nuray et al. gave some relations between the notions of J,-convergence and [V ],-convergence and they
showed that these notions are equivalent for bounded sequences. Now, we will give analogous theorems which
are state relations between the notions of lacunary J,-convergence and lacunary strongly g-invariant
summability, and we will show that these notions are equivalent for bounded sequences.
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Theorem 2.2 If a sequence (x;) is lacunary strongly g-invariant summable to L, then this sequence is lacunary
Js-convergent to L.

Proof. Let 0 < g < o and € > 0. Also, we assume that x; = L([V,¢]4). For every n = 1,2, ..., we have

Z |xam(n) - qu = Z |xam(n) - qu

mel, mely
|Xgmny—L|ze

2 Eq |{m € IT: |xo-‘n”L(n) —_ Ll 2 g}l
> £9 max {|{m € L |xgmeny — L| 2 £}|}
n
and so

1 max {|{m € i [xgm(n) — L| = £}|}
hy D, Waman = LT = € h

mel,

=gl ﬁ
hy

Hence, due to our assumption, 7,9 — lim x;, = L.

Theorem 2.3 Let (x;) € €. If (xi) is lacunary I -convergent to L, then this sequence is lacunary strongly

g-invariant summable to L.

Proof. Let 0 < g < oo and € > 0. Also, we assume that (x;) € £, and I, — lim x;, = L. Since (x;) € 4, there
existsa A > 0 such that [xom,y —L| < A (m € I, n =1,2,...) and so we have

1 1 1
Ezlxamcm—““z Z IXomemy = LIT + 4~ Z |%omeny = LI

mel, mel, mel,
|xo-m(n)—L|Z£ |x0.m(n)—L|<€

g4

max{|{m € I: |xgmpy — L| = z—:}|}
n +

<
< I,

</1$—r+£q
=iy :

T

Hence, due to our assumption, x; = L([Vse]4)-

Theorem 2.4 Let (x;) € €. Then, (x;) is lacunary J,-convergent to L if and only if this sequence is lacunary
strongly g-invariant summable to L.

Proof. This is an immediate consequence of Theorem 2.2 and Theorem 2.3.

Now, without proof, we will state a theorem that gives a relation between the notions of lacunary
J-convergence and lacunary o-statistical convergence.

Theorem 2.5 A sequence (xj) is lacunary J;-convergent to L if and only if this sequence is lacunary
o-statistical convergent to L.

Remark 2.1 By combining Theorem 2 in [18] and Theorem 5 in [25], we obtain that 3,4 = 3, for every lacunary
sequence 0 = {k,}, where 3, is the class of all J,-convergent sequences.

Finally, introducing the notions of lacunary 7 -convergence and lacunary J,-Cauchy sequence, we will give the
relations between these notions and the notion of lacunary J;-convergence.

621



Ulusu, Nuray / Cumhuriyet Sci. J., 41(3) (2020) 617-624

Definition 2.3 A sequence (x;) is lacunary J;-convergent to L if there existsaset M = {m; <m, < -+ <my <
-} € F(I4p) such that

lim x,, =L.

k—oo
In this case, we write 75, — limx;, = L.

Theorem 2.6 If a sequence (xy) is lacunary J;-convergent to L, then this sequence is lacunary J,-convergent to
L.

Proof. Let € > 0. Also, we assume that 7, — lim x;,, = L. Then, there exists a set H € J,4 such that for M =
N\H ={m; <m, < -+ <my <---}we have

Jim o, = L
and so there exists a ko, € N such that |x,,, — L| < & for every k > k,. Hence, it is obvious that for every e > 0
E(e) ={keN:|x — L = e} c HU{my <my < - <my,}.
Since 7,9 < 2N is admissible,
HU{m; <mp <--<my } €Iy
and so we have E (¢) € 4. Consequently, 7,0 —limx;, = L.

The converse of Theorem 2.6 holds if the ideal 7,4 has the property (AP).

Theorem 2.7 Let the ideal 7,4 be with the property (AP). If a sequence (x;,) is lacunary J-convergent to L, then
this sequence is lacunary J;-convergent to L.

Proof. Let the ideal 7,4 be with the property (AP) and € > 0. Also, we assume that 7,9 — lim x;, = L. Then, for
every € > 0 we have

E(e) ={k e N:|x;, — L| = &} € I4p.
Denote E4, E,, ..., E, as following
1 1
E1:={kE N:|xk—L| > 1} and En2={k € N: ES |xk—L| <m},
where n = 2 (n € N). Note that E; N E; = @ (i # j) and E; € I (for each i € N). Since J,4 has the property

(AP), there exists a set sequence {F, },ey Such that the symmetric differences E;AF; are finite (for each i € N)
and F = U7, F; € J59. Now, to complete the proof, it is enough to prove that

Ilim Xy =1, (2.1)
kem

where M = N\F. Let { > 0. Choose n € N such thatﬁ < ¢. Then, we have

n+1

(keN:|x, —L| =} c U E,.
i=1

Since the symmetric differences E;AF; (i = 1,2, ...,n + 1) are finite, there exists a k, € N such that

n+1 n+1
(U Ei> Nk EN: k> ko) = (U Fi) Nk €N: k> ko). (2.2)

i=1 i=1
Ifk > kyand k ¢ F, then

n+1 n+1

k¢ U F, and by (22) k ¢ U E,.
i=1 i=1
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This implies that
1
|x, — L| < 1 <{
and so (2.1) holds. Consequently, 775 —limx;, = L.

Definition 2.4 A sequence (x;) is a lacunary J,-Cauchy sequence if for every & > 0, there exists an
N = N(¢) € N such that the set

B(e) = {k € N: |x;, —xy| = €}
belongs to 7,¢, i.e., Vo(B(¢)) = 0.

Definition 2.5 A sequence (x;) is a lacunary J;-Cauchy sequence if there existsaset M = {m; <m, < -+ <
my < -+ } € F(J4¢) such that

k}rl)r_r)1m|xmk = Xmy| = 0.

The proof of the following theorems are similar to the proof of theorems in [23], so we omit them.
Theorem 2.8 If a sequence (x;,) is lacunary J -convergent, then this sequence is a lacunary J,-Cauchy sequence.

Theorem 2.9 If a sequence (xy) is a lacunary 7;-Cauchy sequence, then this sequence is a lacunary J,-Cauchy
sequence.

Theorem 2.10 Let the ideal 7,4 be with the property (AP). Then, the notions of lacunary J,-Cauchy sequence
and lacunary 7 -Cauchy sequence coincide.
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