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Abstract. In this paper, half-inverse problem is considered for Dirac equations with boundary and finite number 

of transmission conditions depending polynomially on the spectral parameter, if the potential is given over the 

half of the considered interval and if one spectrum is known then, potential function Ω(x) on the whole interval 

and the other coefficients of the considered problem can be determined uniquely. 

Keywords: Dirac equations, Transmission conditions, Spectral parameter. 

Sınır ve Süreksizlik Koşulları Spektral Parametreye Polinom Olarak 

Bağlı Dirac Operatörü İçin Yarı-Ters Problem 

Özet. Bu makalede, sınır koşulları ve sonlu sayıda süreksizlik koşulları spektral parametreye polinom olarak 

bağlı Dirac denklemleri için yarı-ters problem ele alınmış olup, yarı aralıkta Ω(x) potansiyel fonksiyonu 

biliniyorken, bir spektruma göre, aralığın tamamında Ω(x) potansiyel fonksiyonu ile ele alınan problemin 

katsayılarının tek olarak belirlendiği gösterilmiştir. 

Anahtar Kelimeler: Dirac denklemler, Süreksizlik koşulları, Spektral parametre. 

 

1. INTRODUCTION  

Inverse problems of spectral analysis compose of retrieving operators from their spectral characteristics. 

For this reason, inverse spectral theory is so significant research subject in mathematics, physics, 

mechanics, electronics, geophysics and other branches of natural sciences. 

Half-inverse problem for a Dirac operator consists in reconstruction of the operator from its spectrum and 

known potential in the half-interval. Half inverse problem was first studied by Hochstadt and Lieberman 

in 1978[1]. In study of [2],by one boundary condition and potential which is known on half the interval, 

the potential and other boundary condition are uniquely determined. After that, these results have been 

used to lots of works[3-12]. 

On the other hand, in 1973 Walter [13] and in 1977 Fulton [14] studied the Sturm-Liouville problem with 

boundary conditions dependent on spectral parameter linearly. Then, inverse problems for some classes 

of differential operators depending on the eigenvalue-parameter linearly or nonlinearly on boundary and 

also transmission conditions were studied in various papers[15-33]. 

    The main result of this paper is that if the potential function Ω(x)  is known over the half the interval 

and one spectrum is given, then coefficients of the following problem can be uniquely determined. 
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    In this study, we concern the boundary value problem L generated by the following system of Dirac 

equations 

𝑙[𝑌(𝑥)] ≔ 𝐵𝑌′(𝑥) + Ω(x)Y(x) = 𝜆𝑌(𝑥)            (1) 

with the boundary conditions 

     𝑙1𝑦 ≔ 𝑎2(𝜆)𝑦2(𝑎) − 𝑎1(𝜆)𝑦1(𝑎) = 0                                                       (2) 

𝑙2𝑦 ≔ 𝑏2(𝜆)𝑦2(𝑏) − 𝑏1(𝜆)𝑦1(𝑏) = 0             (3) 

and the transmission conditions 

𝑈𝑖(𝑦) ≔ 𝑦1(𝜉𝑖 + 0) − 𝜃𝑖𝑦1(𝜉𝑖 − 0) = 0

𝑉𝑖(𝑦) ≔ 𝑦2(𝜉𝑖 + 0) − 𝜃𝑖
−1𝑦2(𝜉𝑖 − 0) − 𝛾𝑖(𝜆)𝑦1(𝜉𝑖 − 0) = 0

  𝑖 = 1, 𝑛̅̅ ̅̅̅           (4) 

where 𝐵 = (
0 1

−1 0
), Ω(x) = (

𝑝(𝑥) 𝑞(𝑥)
𝑞(𝑥) 𝑟(𝑥)

), 𝑌(𝑥) = (
𝑦1(𝑥)
𝑦2(𝑥)

), 𝑝(𝑥), 𝑞(𝑥) and 𝑟(𝑥) are real valued 

functions in 𝐿2(𝑎, 𝑏), 𝝀 is a spectral parameter, 𝑎𝑖(𝜆), 𝑏𝑖(𝜆), (𝑖 = 1,2) and 𝛾𝑖(𝜆) (𝑖 = 1, 𝑛̅̅ ̅̅̅ ) are 

polynomial with real cofficients and no common zeros, 𝜉𝑖𝜖(𝑎, 𝑏) (𝑖 = 1, 𝑛̅̅ ̅̅̅ ), 𝜃𝑖𝜖ℝ+, 

 𝑎1(𝜆) = ∑ 𝑎𝑘1𝜆𝑘𝑚1
𝑘=0 , 𝑎2(𝜆) = ∑ 𝑎𝑘2𝜆𝑘𝑚2

𝑘=0 , 𝑏1(𝜆) = ∑ 𝑏𝑘1𝜆𝑘𝑚3
𝑘=0 , 𝑏2(𝜆) = ∑ 𝑏𝑘2𝜆𝑘𝑚4

𝑘=0  and  

𝛾𝑖(𝜆)=∑ 𝛾𝑘𝑖𝜆𝑘𝑟𝑖
𝑘=0 , 𝑓(𝜆) =

𝑏1(𝜆)

𝑏2(𝜆)
 ,  𝑚𝑎 = 𝑚𝑎𝑥{𝑚1, 𝑚2}, 𝑚𝑏 = 𝑚𝑎𝑥{𝑚3, 𝑚4}, 

𝑟 = 𝑚𝑎𝑥1≤𝑖≤𝑛{𝑑𝑒𝑔 𝛾𝑖(𝜆)}. 

2. UNIQUENESS THEOREM 

Theorem:  Suppose  

𝜆𝑛 = �̃�𝑛 , 𝑎𝑖(𝜆) = �̃�𝑖(𝜆) (𝑖 = 1,2), Ω(x) = Ω̃(x) on [𝑎,
𝑎+𝑏

2
] and 𝑈𝑖 = �̃�𝑖 , 𝑉𝑖 = �̃�𝑖 for all 𝑖 = 1, 𝑛̅̅ ̅̅̅ with 

𝜉𝑖 ≤
𝑎+𝑏

2
 for 𝑑𝑒𝑔𝑎2(𝜆) > 𝑑𝑒𝑔𝑎1(𝜆) 

if 𝑑𝑒𝑔𝑏2(𝜆) > 𝑑𝑒𝑔𝑏1(𝜆)   𝑚2 > 𝑚4 + ∑ 𝑟𝑖
𝑛
𝑖=1  

if 𝑑𝑒𝑔𝑏1(𝜆) > 𝑑𝑒𝑔𝑏2(𝜆)   𝑚2 > 𝑚3 + ∑ 𝑟𝑖
𝑛
𝑖=1  

if 𝑑𝑒𝑔𝑏1(𝜆) = 𝑑𝑒𝑔𝑏2(𝜆)      𝑚2 > 𝑚𝑏 + ∑ 𝑟𝑖
𝑛
𝑖=1 . 

 Then Ω(x) = Ω̃(x) almost everywhere on [𝑎, 𝑏], 𝑓(𝜆) = 𝑓(𝜆) and 𝜃𝑖 = �̃�𝑖, 𝛾𝑖(𝜆) = �̃�𝑖(𝜆), 𝜉𝑖 = 𝜉𝑖 for 

𝑖 = 1, 𝑛̅̅ ̅̅̅. 

We need the following lemma, before we prove this theorem. 

Lemma: If 𝜆∗ is the zero of the polynomial 𝑎2(𝜆) with multiplicities 𝑚𝜆∗ then 𝜆∗ is also the zero of the 

entire function  

𝐶𝜓1(𝑎, 𝜆) − �̃�1(𝑎, 𝜆)  

with at least multiplicities 𝑚𝜆∗. 

Proof:  Δ(𝜆) =  𝑎1(𝜆)𝜓1(𝑎, 𝜆) − 𝑎2(𝜆)𝜓2(𝑎, 𝜆) and �̃�(𝜆) =  𝑎1(𝜆)�̃�1(𝑎, 𝜆) − 𝑎2(𝜆)�̃�2(𝑎, 𝜆). 
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If 𝜆∗  is the zero of the polynomial 𝑎2(𝜆) with multiplicities 𝑚𝜆∗ at that time we attain 

Δ(𝜆∗) =  𝑎1(𝜆∗)𝜓1(𝑎, 𝜆∗) and �̃�(𝜆∗) =  𝑎1(𝜆∗)�̃�1(𝑎, 𝜆∗). 

On the other hand, since �̃�(𝜆) and Δ(𝜆) are both entire in 𝜆,  by Hadamard's factorization theorem we 

can �̃�(𝜆) = 𝐶Δ(𝜆). Then 

0 = 𝐶Δ(𝜆∗) − �̃�(𝜆∗)= 𝑎1(𝜆∗)[𝐶𝜓1(𝑎, 𝜆∗) − �̃�1(𝑎, 𝜆∗)]. 

Since 𝑎1(𝜆) and 𝑎2(𝜆) do not have common zeros, we have 

𝐶𝜓1(𝑎, 𝜆∗) − �̃�1(𝑎, 𝜆∗) = 0. 

Now, inductively, if for all 0 ≤ 𝑠 < 𝑘 ≤ 𝑚𝜆∗ − 1 there holds 

𝑑𝑠

𝑑𝜆𝑠 [𝐶𝜓1(𝑎, 𝜆) − �̃�1(𝑎, 𝜆)]|
𝜆=𝜆∗

=0 

then we will prove that 

𝑑𝑘

𝑑𝜆𝑘 [𝐶𝜓1(𝑎, 𝜆) − �̃�1(𝑎, 𝜆)]|
𝜆=𝜆∗

=0. 

𝑑𝑘

𝑑𝜆𝑘
Δ(𝜆) =

𝑑𝑘

𝑑𝜆𝑘
[𝑎1(𝜆)𝜓1(𝑎, 𝜆) − 𝑎2(𝜆)𝜓2(𝑎, 𝜆)] 

                 = ∑ (
𝑘
𝑡

) [
𝑑𝑡

𝑑𝜆𝑡 𝑎1(𝜆)
𝑑𝑘−𝑡

𝑑𝜆𝑘−𝑡 𝜓1(𝑎, 𝜆) −
𝑑𝑡

𝑑𝜆𝑡 𝑎2(𝜆)
𝑑𝑘−𝑡

𝑑𝜆𝑘−𝑡 𝜓2(𝑎, 𝜆)]𝑘
𝑡=0  

𝑑𝑘

𝑑𝜆𝑘
Δ(𝜆)|

𝜆=𝜆∗

= ∑ (
𝑘
𝑡

)
𝑑𝑡

𝑑𝜆𝑡
𝑎1(𝜆)|

𝜆=𝜆∗

𝑑𝑘−𝑡

𝑑𝜆𝑘−𝑡
𝜓1(𝑎, 𝜆)|

𝜆=𝜆∗

𝑘

𝑡=0

 

𝑑𝑘

𝑑𝜆𝑘
Δ̃(𝜆)|

𝜆=𝜆∗

= ∑ (
𝑘
𝑡

)
𝑑𝑡

𝑑𝜆𝑡
𝑎1(𝜆)|

𝜆=𝜆∗

𝑑𝑘−𝑡

𝑑𝜆𝑘−𝑡
�̃�1(𝑎, 𝜆)|

𝜆=𝜆∗

𝑘

𝑡=0

 

 

From the last two equations we have 

𝑑𝑘

𝑑𝜆𝑘 [𝐶Δ(𝜆) − Δ̃(𝜆)]|
𝜆=𝜆∗

= ∑ (
𝑘
𝑡

)
𝑑𝑡

𝑑𝜆𝑡 𝑎1(𝜆)|
𝜆=𝜆∗

𝑑𝑘−𝑡

𝑑𝜆𝑘−𝑡 [𝐶𝜓1(𝑎, 𝜆) − �̃�1(𝑎, 𝜆)]|
𝜆=𝜆∗

𝑘
𝑡=0 . 

Since 

𝐶Δ(𝜆) − �̃�(𝜆)=0 

∑ (
𝑘
𝑡

)
𝑑𝑡

𝑑𝜆𝑡
𝑎1(𝜆)|

𝜆=𝜆∗

𝑑𝑘−𝑡

𝑑𝜆𝑘−𝑡 [𝐶𝜓1(𝑎, 𝜆) − �̃�1(𝑎, 𝜆)]|
𝜆=𝜆∗

= 0.

𝑘

𝑡=0

 

Since for all 0 ≤ 𝑠 < 𝑘 

𝑑𝑠

𝑑𝜆𝑠 [𝐶𝜓1(𝑎, 𝜆) − �̃�1(𝑎, 𝜆)]|
𝜆=𝜆∗

=0 

we have 
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𝑎1(𝜆∗)
𝑑𝑘

𝑑𝜆𝑘 [𝐶𝜓1(𝑎, 𝜆) − �̃�1(𝑎, 𝜆)]|
𝜆=𝜆∗

=0. 

Since 𝑎1(𝜆∗) we obtain 

𝑑𝑘

𝑑𝜆𝑘 [𝐶𝜓1(𝑎, 𝜆) − �̃�1(𝑎, 𝜆)]|
𝜆=𝜆∗

=0. 

Lemma is proved. 

If 𝑎1(𝜆) ≡ 0 and 𝑎2(𝜆) ≡ 1 are taken in the boundary condition, since 𝑀(𝜆) = −
𝜓1(𝑎,𝜆)

Δ(𝜆)
 and 

Δ(𝜆) =  𝑎1(𝜆)𝜓1(𝑎, 𝜆) − 𝑎2(𝜆)𝜓2(𝑎, 𝜆) = −𝜓2(𝑎, 𝜆) 

𝑀0(𝜆) ≔
𝜓1(𝑎, 𝜆)

𝜓2(𝑎, 𝜆)
 

obtained. 

Remark 1: For the problem 𝐿 given by the conditions 𝑎1(𝜆) ≡ 0 and 𝑎2(𝜆) ≡ 1 if 𝑀0(𝜆) = �̃�0(𝜆) 

then Ω(x) = Ω̃(x) almost everywhere on [𝑎, 𝑏], 𝑓(𝜆) = 𝑓(𝜆) and for each 𝑖 = 1, 𝑛̅̅ ̅̅̅  𝜃𝑖 = �̃�𝑖, 

𝛾𝑖(𝜆) = �̃�𝑖(𝜆), 𝜉𝑖 = 𝜉𝑖  applies. 

Remark 2: For the Dirac operator given in the interval [
𝑎+𝑏

2
, 𝑏] with equation (1), 𝑦2 (

𝑎+𝑏

2
) = 0 and the 

transmission conditions (4), from the above Remark 1; 𝑀0(𝜆) determines the function Ω(x) and 𝜃𝑖, 

𝛾𝑖(𝜆), 𝜉𝑖 for 𝑖 = 1, 𝑛̅̅ ̅̅̅  as one on [
𝑎+𝑏

2
, 𝑏]. 

Proof of Theorem : We only prove the case when 𝜉𝑖 ≠
𝑎+𝑏

2
  for all 𝑖. The argument of the case when  

𝜉𝑖 =
𝑎+𝑏

2
 for some 𝑖 is similar. Using Lagrange identity we have 

∫ (�̃�1(𝑥, 𝜆), �̃�2(𝑥, 𝜆)) (Ω(x) − Ω̃(x)) (
𝜓1(𝑥, 𝜆)

𝜓2(𝑥, 𝜆)
)

𝑎+𝑏

2

𝑎

𝑑𝑥 

+[�̃�1(𝑥, 𝜆)𝜓2(𝑥, 𝜆) − �̃�2(𝑥, 𝜆)𝜓1(𝑥, 𝜆)]|
𝑎

𝑎+𝑏

2  

For all 𝑖 satisfying 𝜉𝑖 <
𝑎+𝑏

2
  

[�̃�1(𝑥, 𝜆)𝜓2(𝑥, 𝜆) − �̃�2(𝑥, 𝜆)𝜓1(𝑥, 𝜆)]|
𝜉𝑖−0

𝜉𝑖+0
= 0 

Together with Ω(x) = Ω̃(x) for a.e. [𝑎,
𝑎+𝑏

2
] we have 

�̃�1 (
𝑎 + 𝑏

2
, 𝜆) 𝜓2 (

𝑎 + 𝑏

2
, 𝜆) − �̃�2 (

𝑎 + 𝑏

2
, 𝜆) 𝜓1 (

𝑎 + 𝑏

2
, 𝜆) 

= �̃�1(𝑎, 𝜆)𝜓2(𝑎, 𝜆) − �̃�2(𝑎, 𝜆)𝜓1(𝑎, 𝜆). 

Since 
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�̃�(𝜆) = 𝐶Δ(𝜆), Δ(𝜆) =  𝑎1(𝜆)𝜓1(𝑎, 𝜆) − 𝑎2(𝜆)𝜓2(𝑎, 𝜆) and �̃�(𝜆) =  𝑎1(𝜆)�̃�1(𝑎, 𝜆) − 𝑎2(𝜆)�̃�2(𝑎, 𝜆) 

we get 

�̃�1(𝑎, 𝜆)𝜓2(𝑎, 𝜆) − �̃�2(𝑎, 𝜆)𝜓1(𝑎, 𝜆) = Δ(𝜆)
𝐶𝜓1(𝑎, 𝜆) − �̃�1(𝑎, 𝜆)

𝑎2(𝜆)
 

Denote 

Τ(𝜆): =
G(𝜆)

Δ(𝜆)
 

=
�̃�1 (

𝑎+𝑏

2
, 𝜆) 𝜓2 (

𝑎+𝑏

2
, 𝜆) − �̃�2 (

𝑎+𝑏

2
, 𝜆) 𝜓1 (

𝑎+𝑏

2
, 𝜆)

Δ(𝜆)
 

The function Τ(𝜆) is  entire in ℂ. From the assumption that 𝜆𝑛 = �̃�𝑛 and the term of the characteristic 

function Δ(𝜆) it is easy to infer that 

if 𝑑𝑒𝑔𝑏2(𝜆) > 𝑑𝑒𝑔𝑏1(𝜆)   𝑚4 = �̃�4 

if 𝑑𝑒𝑔𝑏1(𝜆) > 𝑑𝑒𝑔𝑏2(𝜆)   𝑚3 = �̃�3 

if 𝑑𝑒𝑔𝑏1(𝜆) = 𝑑𝑒𝑔𝑏2(𝜆)      𝑚𝑏 = �̃�𝑏. 

From the following inequalities 

|Δ(𝜆)| ≥ 𝐶𝛿|𝜆|𝑚2+𝑚4+𝐴𝑒𝑥𝑝{|𝐼𝑚𝜆|(𝑏 − 𝑎)}, 𝑑𝑒𝑔𝑏2(𝜆) > 𝑑𝑒𝑔𝑏1(𝜆) 

|Δ(𝜆)| ≥ 𝐶𝛿|𝜆|𝑚2+𝑚3+𝐴𝑒𝑥𝑝{|𝐼𝑚𝜆|(𝑏 − 𝑎)}, 𝑑𝑒𝑔𝑏1(𝜆) > 𝑑𝑒𝑔𝑏2(𝜆) 

|Δ(𝜆)| ≥ 𝐶𝛿|𝜆|𝑚2+𝑚𝑏+𝐴𝑒𝑥𝑝{|𝐼𝑚𝜆|(𝑏 − 𝑎)}, 𝑑𝑒𝑔𝑏1(𝜆) = 𝑑𝑒𝑔𝑏2(𝜆) 

and the asymptotic formulas of the functions 𝜓𝑖(𝑥, 𝜆), (𝑖 = 1,2) for all intervals (𝜉𝑖, 𝜉𝑖+1), (𝑖 = 0, 𝑛̅̅ ̅̅̅) 

and Phragmen-Lindelöf theorem, for all 𝜆 we get Τ(𝜆) ≡ 0. 

Because of G(𝜆) ≡ 0 it yields 

�̃�1 (
𝑎 + 𝑏

2
, 𝜆) 𝜓2 (

𝑎 + 𝑏

2
, 𝜆) − �̃�2 (

𝑎 + 𝑏

2
, 𝜆) 𝜓1 (

𝑎 + 𝑏

2
, 𝜆) = 0 

which is equivalent to 

𝜓1 (
𝑎+𝑏

2
, 𝜆)

𝜓2 (
𝑎+𝑏

2
, 𝜆)

=
�̃�1 (

𝑎+𝑏

2
, 𝜆)

�̃�2 (
𝑎+𝑏

2
, 𝜆)

. 

From Remark 1 and Remark 2, proof of this theorem is finished. 

Acknowledgement:  The work was supported by grants from CUBAP (F-543). 
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