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Abstract. In this paper, fuzzy initial value problems for first-order fuzzy differential equations with positive
and negative fuzzy number coefficients are studied by fuzzy Laplace transform. Solutions are found under the
approach of generalized differentiability. Examples are solved. Figures of the solutions are drawn using the
Mathematica program. Finally, conclusions are given.
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Fuzzy Laplace Doniisiimiiyle Pozitif ve Negatif Fuzzy Say1 Katsayil
Birinci-Mertebe Fuzzy Baslangi¢ Deger Problemleri Uzerine Bir
Cahisma

Ozet. Bu ¢alismada, fuzzy Laplace doniisiimiiyle pozitif ve negatif fuzzy say1 katsayili birinci-mertebe fuzzy
diferansiyel denklemler icin fuzzy baslangic deger problemleri calisildi. Coziimler genellestirilmis
diferansiyellenebilirlik yaklagimi altinda bulundu. Ornekler ¢oziildii. Coziimlerin sekilleri Mathematica
programi kullanarak ¢izildi. Son olarak, sonuglar verildi.

Anahtar Kelimeler Fuzzy Baslangi¢c Deger Problem, Genellestirilmis Diferansiyellenebilirlik, Fuzzy Laplace
Doniisiim, Pozitif ve Negatif Fuzzy Sayilar.

1. INTRODUCTION

The topic of fuzzy differential equations has been rapidly grown in current years. The term of ‘‘fuzzy

differetial equation’” was introduced by Kandel and Byatt [1]. The fuzzy differential equations are
extensively used in applied mathematics, physics and engineering. Many researchers study fuzzy
differential equation with different approach. The first approach is on the Zadeh’s extenciple [2]. The
second approach is differential inclusion [3]. The third approach is Hukuhara derivative [4-5] or

generalized derivative [6-8].

Fuzzy Laplace transform is very useful to solve fuzzy differential equation. In many papers, fuzzy Laplace

transform was studied [9-11].

This paper is on solutions of fuzzy initial value problems for first-order fuzzy differential equations with

positive and negative fuzzy number coefficients by fuzzy Laplace transform.
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Definition 1.1 [12] A fuzzy number is a function u: R — [0,1] satisfying the following properties:

w is normal, u is convex fuzzy set, u is upper s
emi-continuous on R and cl{x € R|u(x) > 0} is compact, where cl denotes the closure of a subset.
Let Ry be the space of fuzzy numbers.

Definition 1.2 [12] Let be u € Rg. The a-level set of uis [u]* = {x € Rlu(x) = a},0 < a < 1.
If @ = 0, the support of u is [u]® = cl{x € Rlu(x) > 0}.

Definition 1.3 [13] A fuzzy number u in parametric form is a pair [ga,ﬂa] of functions u,, u,, 0 < a <1,
which satisfy the following requirements:

1. u, is bounded non-decreasing left-continuous in (0,1], right-continuous at @ = 0.
2. u, is bounded non-increasing left-continuous in (0,1] , right-continuous at & = 0.
3 Uy S U, 0L a < 1.

Definition 1.4 [14] A fuzzy number u is called positive (negative), denoted by u > 0 (u < 0), if its
membership function u(x) satisfies u(x) = 0, vx < 0 (x > 0).

Definition 1.5 [12] If A is a symmetric triangular number with support [g, E], the a-level set of A4 is
A1 = [a+ () aa- ()l
Definition 1.6 [15] Let be u, v € R, [u]® = [ug, Ug], [V]* = 14 Uy, the product w. v is defined by
[u.v]* = [u]*. [v]%, Va € [0,1],
where
[l [v]* = [ua W] [V Va] = [Wa Wa],
Wo = Min{Uq Ve, UaVey UaVio UV} W = MaX{Ua Vi UV U Vios UV}

Definition 1.7 [16] Let be u, v € R. If there exists w € Ry such that u = v + w then w is called the H-
difference of u and v and it is denoted u © v.

Definition 1.8 [16] Let be f:[a,b] — Ry and t, € [a, b]. If there exists f'(t,) € R such that for all
h > 0 sufficiently small, 3f(t, + h) © f(to), f(ty) © f(ty — h) and the limits hold

I fo+h) O f(te) . f(t) ©f(t—h)
im = lim "

h—0 h h—0

= f'(to),

f is (1)-differentiable at t,. If there exists f'(t,) € Rg such that for all A > 0 sufficiently small, 3f(t,) ©
f(to + h), f(to —h) © f(ty) and the limits hold

1 f@)Ofte+h)
im = lim
h—0 —h h—0

f(to —h) © f(to)

n = f'(to),

f is (2)-differentiable.

Definition 1.9 [13] The fuzzy Laplace transform of fuzzy function f is
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F(s) =L(f(0) = fooe‘“f(t)dt = [,}Enoo fpe‘“z(t)dt,pllnmfpe‘“ j_f(t)dt].
0 0 0
F(s,@) = LAIFOI) = [L(£0).L (F,®)]

L(g0) = [ e foae = tm "o o

L(f )= f

oo _ p _
e st f (©)dt = lim f e Stf (@)t
0 p—=>Jg
Theorem 1.1 [9] Let f'(t) be an integrable fuzzy function and f(t) is primitive of f'(t) on (0, oo].
1. If f is (1)-differentiable, L(f'(t)) = sL(f(t)) © £(0).
2. If £ is (2)-differentiable, L(f'(£)) = (—£(0)) © (=sL(f(®))).
2. RESULTS AND DISCUSSION

Consider the fuzzy problem

u'(t) + [u]%u(t) = [p]% t >0 (1)
u(0) = [w]?, 2

by the fuzzy Laplace transform, where [u]® = [Ea’ﬁa]’ [p]® = [Ba,ﬁa],[w]“ = [wg, w,] are

symmetric triangular fuzzy numbers and u(t) is positive fuzzy function. In this paper, (i) solution means
that u is (i)-differentiable, i=1,2.

1) The case of positive fuzzy number coefficient
Let be [u]* = [Ea'ﬁa] positive fuzzy number.

1) Let beu (1)-differentiable. Then, using the fuzzy Laplace transform, from the fuzzy differential
equation (1)

sL(u(®)) © w(0) + [ul“L(w(®)) = L([p]*)
is obtained. Using the Hukuhara difference and fuzzy arithmetic, we have
sL (Ea(t)) —uq,(0) + Eal‘ (Ea(t)) =L (B“)’
sL(U (1)) — s (0) + 1, L(U, (®) = L(p,,)-

Also, using the initial condition (2), we obtain

p
. (Ea(t)) - s (s_:,ua) * S %ﬁa’

Py _Ya
s(s+m,) s+hy

L(u,(®) =

888
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Taking the inverse Laplace transform of this equations, (1) solution is obtained as

Pa Pa

u,(t) =e ”“t(w —‘—) =,
a 24 Ea Ea
U, (t) = e Hat <5a - E—a> + f_a’
Ko/ Ho

[u(D)]* = [ug (®), ug (1)].

2) Let be u (2)-differentiable. Using the fuzzy Laplace transform, from the fuzzy differential equation (1)

—u(0) © (—sL(u(®))) + (1L (u(®)) = L(p]%),

that is, the equations
~14(0) + SL(Wa (D)) + ptal (1(0)) = L (pa),

~14(0) + sL (e (1)) + B, L(Tu (0)) = L(P,)

are obtained. From this, we have
— Pa _
SL(ua(t)) + Eal’ (Ea(t)) =7 T Wq 3

sL (ga(t)) + 1, L(u () = 55_,, + w,. 4)

If L(u,(t)) in the equation (4) is replaced by the equation (3),

L (4a(®) = (B, - ) (%) ¥ %( s ) - paliy

— Uall, $2 — UaHl, s2 — Eaﬁa)

is obtained. Taking the inverse Laplace transform of this equation, the lower solution is obtained as

5 -1 ® [haigt | = [uakiot
(pa _:ua(‘)a) , — _ Pa | e Laka +e Lalta
U (6) = = sin | hallyt ) + acos | Juallyt ) =2 7 1)
i a

Hall,

Similarly, the upper solution is obtained as

_ (Ba - Ea@a) . _ _ _ 5&
Ug () = ———="sin| [Hal,t |+ ®gcos| [Ual,t |- ﬁ_
m a

Halt,

e\/ﬁt+e_\/ﬁt_1
> .

Example 2.1 Consider the fuzzy initial value problem
u'(®) + [1]%u(®) = [2]%, >0 (®)
u(0) = [1]%, (6)

using the fuzzy Laplace transform, where [1]* = [a,2 — ], [2]* =[1+ a,3 — a].



Citil / Cumhuriyet Sci. J., Vol.40-4 (2019) 886-895 890

If u is (1)-differentiable, (1) solution is

o= (- (9) ()

0= (- (20 +(22)

[u(D)]* = [ug (©), ug (1)].

If u is (2)-differentiable, (2) solution is

a0 = (SR sn (Ve = 3t) + acos (Ve =) - () (5 -1)

Uy (t) = (%) sin (\/a(Z — a)t) + (2 — a)cos (\/a(Z — a)t)

_ (B—a) (e‘/mt+e‘ a(z-a)t _ 1),

2-a 2

[w(®)]® = [ua ), % ®)]

25+

20

15—

10

05

0.0 0.5 10 15 20 25 30

Figure 1 (1) solution for & = 0.5
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05 10 15 \20
-2

Figure 2 (2) solution for « = 0.5
red = ug(t), blue — ugy(t), u(t)

From Definition 1.3 and since [u(x)]“ is positive fuzzy function, according to figure 1, (1) solution is a
valid fuzzy number for xe[0,1.21735], according to figure 2, (2) solution is a valid fuzzy number for
x€[0,0.704091].

I1) The case of negative fuzzy number coefficient
Let be [u]* = [Ea'ﬁa] negative fuzzy number.

1) Let be u (1)-differentiable. Then, using the fuzzy Laplace transform, the fuzzy differential equation (1)
yields

sL(u(t)) © u(0) + [ul“L(u®)) = L([p]).

From this, using the fuzzy arithmetic and Hukuhara difference
L (e () = 1 (0) + e (Ta(®) = L (pa),
SL(Te(8)) = 5T (0) + T, L (ua(®) = L(5,)
are obtained. That is, we have the equations
— Pa
sL (2 () + ol (Ta(®) = = + wn, (7)
SL(a (1)) + L (ua () =22 + @, ®)

If L(u,(t)) in the equation (7) is replaced by the equation (8),

B 1 Palta
L (ga(t)) = (E“ - ana) (m) t (sz —Sgaﬁa> - s (S2 7 )

is obtained. Then, the lower solution is
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— _ / aligt —/ ablgt
(Ba_'ﬁawa) . _ — Pol € Eet +e £t
Uy (t) = ———*=sin /anat + wycos /anat I > -1
’Eaﬂa @

Similarly, upper solution is

0 u a_at - a_at
_ (Po — Hoar) —\ _ —\ P eVEHet o
T (t) = == sin | allgt | + Becos | JHallyt | = o 2 ~1}),
u a

Hally

2) Let be u (2)-differentiable. Then, using the fuzzy Laplace transform, from the fuzzy differential
equation (1)

—u(0) © (—sL(u(®)) + [K*L(u(®) = L([p]°),
that is,
1 (0) + SL(Te(8)) + el (Te(®) = L (pa),
~14,(0) + L (ue () + L (ua(®)) = L(B,)

are obtained. From this, we have

D W
L (Ea(t)) - s(s+1,) + s+,
LT (0) = —2 e

Then, (2) solution is obtained as

[u®1* = [ua (6, % (®)].
Example 2.2 Consider the fuzzy initial value problem
u'(t) + [-1]%u() =[2]% t>0 9)
u(0) = [1]%, (10)
using the fuzzy Laplace transform, where

[-1]*=[-24+a,—«a], [1]*=[a,2—a],[2]* =14+ a,3 — a].
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If u is (1)-differentiable, (1) solution is

1+a)+@2—a)?

m >sin (\/a(Z — a)t) + acos (\/a(Z — a)t)
al2—a

3—q eJa(Z—a)t + e—Ja(Z—a)t
+( ) “1),
a 2

Ea(t) = (

_ 2
U, (t) = (%) sin (w/a(Z — a)t) + (2 — a)acos (\/a(Z — a)t)

1+ o [eVa@-at 4 o—Ja2-a)t
+(3=) 1),
2—a 2

[u(®)]® = [ug (8), Uy (1))

If u is (2)-differentiable, (2) solution is

u, () = e <a2 +j — a> = (3 ; a).

(2—a)2+1+a>_<1+a>

2—«a 2—«a

Ta (1) = e<2-“>f(

[u(®)]® = [ug (1), Uy (1))

14

05 10 15 20

Figure 3 (1) solution for & = 0.5



Citil / Cumhurivet Sci. J., Vol.40-4 (2019) 886-895

1000

Figure 4 (2) solution for a = 0.5
red = u,(t), blue — ugy(t), u(t)

From Definition 1.3 and since [u(x)]%is positive fuzzy function, according to figure 3, (1) solution is a
valid fuzzy number for xe€[0,0.514863], according to figure 4, (2) solution i

s a valid fuzzy number for t > 0.
3. CONCLUSIONS

In this study, solutions of fuzzy initial value problems for first-order fuzzy differential equations with
positive and negative fuzzy number coefficients are investigated by fuzzy Laplace transform. Generalized
differentiability is used. Examples are solved and the figures of the solutions are drawn. It is shown that
whether the solutions are valid fuzzy functions or not. Also, it is shown that solutions are valid fuzzy
functions in different intervals for each a —cut.
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