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Abstract. Let M; and I; (i = 1,2) be abelian groups such that 9t; is a I;-ring. An ordered pair (¢, ¢) of
mappings is called a multiplicative isomorphism of 9t; onto I, if they satisfy the following properties: (i) ¢
is a bijective mapping from 9t, onto M,, (ii) ¢ is a bijective mapping from I, onto I, and (iii) p(xyy) =
e(x)p(¥)e(y) for every x,y € M, and y € I';. We say that the ordered pair (¢, @) of mappings is additive
when o(x +y) = p(x) + @(y), forall x,y € M;. In this paper we establish conditions on M, that assures that
(o, @) is additive.
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Gamma Halkalarinda Carpimsal Doniisiimler

Ozet. M; ve I} (i =1,2) degistirmeli grup ve M; bir T;-halka olsun. Asagidaki ozellikler saglanirsa
doniigimlerin (¢, ¢) siral ikilisine 9, den M, lizerine garpimsal izomorfizm denir: (i) ¢, N, den M, lizerine
bijektif doniigiimdiir. (ii) ¢, I den T, {izerine bijektif doniistimdiir. (iii) Her x, y € M, vey € [y.icin p(xyy) =
e(x)Pp(V)e(y) dir ve Her x,y € M, igin p(x +y) = ¢(x) + ¢(¥), oldugunda doniigimlerin (¢, ¢) siral
ikilisine toplamsaldir denir. Bu makalede M, tizerinde (¢, ) nin toplamsalligini garanti edecek kosullari
verecegiz.

Anahtar Kelimeler: Carpimsal dontistimleri, Toplamsallik, Gamma halkalar1.
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1. INTRODUCTION AND PRELIMINARIES

N. Nobusawa [1] introduced the concept of a I'-ring which is called the T-ring in the sense of
Nobusawa. He obtained an analogue of the Wedderburn’s Theorem for T'-rings with minimum
condition on left ideals. W. E. Barnes [2] gave the definition of a I'-ring as a generalization of a ring
and he also developed some other concepts of I-rings such as I'-homomorphism, prime and primary
ideals, m-systems etc. I'-rings are closely related to others ternary structures as ternary algebras,
associative triple systems and associative pairs, which have been extensively studied see [3], [4] and
[5].

Let ¢ and I" be two abelian groups. If there exists a mapping T x I' x I} — 9 (the image of
{(x, @, ) is denoted by xay where x,¥ € 0 and @ € T). We call M a I-ring if the following
conditions are satisfied:

1. xay e,

* Corresponding author. Email address:  brunoferreira@utfpr.edu.br
http://dergipark.gov.tr/csj  ©2016 Faculty of Science, Sivas Cumhuriyet University


https://orcid.org/0000-0003-1621-8197
https://orcid.org/0000-0001-9296-7785

839 Ferreira, Ferreira / Cumhuriyet Sci. J., Vol.40-4 (2019) 838-845

2. (x +viaz = xaz + vaz, xa(y + 2) = xay + xoz,
3. x(& + By = xay + xfy,
4. (xay)Bz = xa(yfz),

forallx,v,z€Mand a, f €T.
A nonzero element 1 € 97 is called a multiplicative y-identity of 9% or y-unity element (for some
y D) if 1lyx = xy1 = x for all x € M. A nonzero element &, £ ¥ is called a ¥, -idempotent (for
someyy, ET) if ey¥18, = & and a nontrivial y1-idempotent if it is a y,-idempotent different from
multiplicative y;-identity element of t.
Let I" and 1% be two abelian groups such that I is a I'-ring and &; £ N a nontrivial ¥, -idempotent.
Let us consider e»: T x M} — DF and e’5: W = T — M} two M -additive maps verifying the conditions
e2{ypa) =a—eya and exlay)) =a—ayie. Let us denote eyaa=ex(ma),
ace, = e, (a, a), 1,00 =ean+ e an, anl, = ame; + aces and suppose
(nae,)fb = aa(e,fb) for all a,beM and aFET. Then Liyia=ay;l; =a and
(aaly )fb = aa(1,6b), forall a,b € Mand &, § €T, allowing us to write 1; = e; + e, and M as
a direct sum of subgroups M = My & Mz & M2y D Moo, where M;; = e,y My e; (67 = 1,2),
called Peirce decomposition of i relative to ey, satisfying the multiplicative relations:

1. M ; Ty € My (4, kL= 1,2);

2. Miy1iMm =0ifj =k (41 k1=12).
For the reader interested in the Peirce decomposition of I'-rings we indicate [6]. If 2 and ¥ are
subsets of a I'-ring M and & S T, we denote Y E&X the subset of i consisting of all finite sums of
the form X; a;y:b; where a; €U, ¥; €0 and b; € B, A right ideal (resp., left ideal) of a I'-ring It
is an additive subgroup 3 of It such that 3T < 3 (resp., MI'3 < 3). If 3 is both aright and a left
ideal of I}, then we say that 33 is an ideal or two-side ideal of .
An ideal ¢ of a-ring MM is called prime if for any ideals W, B € i, ATB © Pimplies that W S T
or BE . AT-ring I is said to be prime if the zero ideal is prime.
Theorem 1.1 [7, Theorem 4] If I is a I'-ring, the following conditions are equivalent:
1. Wi isa prime I'-ring;
2. ifa,b €M and al'MI'b =0, thena =00rb =0,
Let M; and I; (i = 1,2) be abelian groups such that M; is a I;-ring (i = 1,2). An ordered pair
{@. @) of mappings is called a multiplicative isomorphism of My onto M, if they satisfy the
following properties:
1. @ is a bijective mapping from 9%, onto M-;
2. @ is a bijective mapping from I onto I%;

3. @lxyy) = e(x)d(y)e(y) forallx, y €My andy €T3

We say that a multiplicative isomorphism (@, &) of W}, onto M, is additive when
p(x +y) = @(x) + o(¥) forall x,y € Dy .

2. GAMMA RINGS AND THE MULTIPLICATIVE ISOMORPHISMS

The study of the question of when a multiplicative isomorphism is additive has become an active
research area in associative ring theory. In this case, one often tries to establish conditions on the ring
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which assures the additivity of every multiplicative isomorphism defined on it. The first result in this
direction is due to Martindale 111 [8] who obtained a pioneer result in 1969, where in his condition
requires that the ring possesses idempotents. In recent papers [9],[10] Ferreira has studied the
additivity of elementary maps and multiplicative derivation on Gamma rings. This motivated us in the
present paper we investigate the problem of when a multiplicative isomorphism is additive for the
class of gamma rings.

Let us state our main theorem.

Theorem 2.1 Let I be a I"-ring containing a family {e.|a € A} of nontrivial ¥, -idempotents
which satisfies:

1. If x € M is such that xT'I = 0, then x = 0;

2. If x € M is such that e, TIMCx = 0 for all @ € A, then x = 0 (and hence TMT'x = 0 implies
x =0

3. Foreacha € A and x € T, if (e ¥, xy, e )TII(1, —e,) = 0thene, ¥, xy, e, = 0.
Then any multiplicative isomorphism (¢, ¢) of IR onto an arbitrary gamma ring is additive.

The following lemmas have the same hypotheses of Theorem 2.1 and we need these lemmas for
the proof of this theorem. Thus, let us consider e, € {e.|a € A} a nontrivial ¥, -idempotent of I
and .

Lemma 2.1 ¢(0) = 0.

Proof. Since ¢ is onto, we can choose x € I such that @(x) = 0. Thus
@(0) = (0 x) = e(0)¢ (1 )e(x) = @(0)P(y,)0 = 0.

Lemma2.2 @(x; +x5) = @(x;) + @(x;)J # k.

Proof. First assume that i = j = 1 and kK = 2. Since @ is onto, let z be an element of
M suchthat @(z) = @(xy,) + @(x,,). Forarbitrary ¥ € Tand a,; € M, (I = 1,2) we have

e(zreyay) = e(z)e(v)e(eyay) = (e(x) + e(x))e(n)e(eyay) =
@(xy e vay) +o(x,y e vay) = @(xy e vay) + @(0) = @((xyy +x45)K e,¥7aq;).

Hence (z — (xy; +x42))¥ e1¥ay; = 0. In a similar way, for a,; € M, (I = 1,2) we get

that (z — (xy, +x,.))¥, e,¥a,, = 0. It follows that

(z— (xy; +x5))11e¥a =0, 1)
where @ = a,, + a,, + a,, + a,,. Next, for arbitraries ¥ € I'and a,; € My, (I = 1,2) we
have

p(zrievay) = @(2)@(y )elevay) = (@(xyy) Fo(x))e(n)e(eyay) =
e(xynesvay) + o(xppyevay) = @(0) + e(xpy envay) = @((xyy +x45)1 eavay;)
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which implies (z — (x;;, +x2) ) e.¥a; = 0. In a similar way, we get that

(z — (%44 +x42))¥1€2¥as = 0. Hence

(z = (x4 +x40))11€27a =0, (2)
where a = a,y + a,, + a5y + a5, by condition (i) of the Theorem. From (1) and (2), we
have (z — (x;; +x12))¥1,va =0, where a = a;; + ay; + ay; + ay,, which implies

(z — (x4 +2x5) )03 = 0 and resulting in z = x,, + x,,, by condition (i) of the Theorem.

Now assume that £ = k = 1 and j = 2. Again, we may find an element z of Tt such that
@(z) = @(xy,) + @(xy,). For arbitraries ¥y ET and a; €M, (I =1,2) we have

plapyvenz) = elapve)@(n)e(z) = elayye )@ ) (e(x,) + o(xs)) =
elagveyixy) te(agye X)) = @(agye v xyy) +@(0) = @lapyyey (g + x54)).

It follows that @, ¥e ¥ (z — (x4 +x54)) = 0. In a similar way, for arbitraries ¥ € I’ and

a,, € M, (I =1,2) we getthat a;,¥e ¥ (2 — (x5, +x54)) = 0. This implies

aye ¥, (z — (xyy +x5)) =0, 3)

where @ = a,, + a,, + a,, + a,.. Next, for arbitraries ¥ € I'and a,; € M, (I =1,2) we
have

plagyvesyz) = @(ayye )@y )e(z) = e(ayve )@ (v ) (@(xy) + @(xy)) =
o(apyesyyxyy) + elapyve,yix) = @(0) + @layvesyixyy) = @lagyesy (xg) +x49)).

It follows that a;,ye.¥; (z — (x4 + x5,)) = 0. In a similar way, for arbitraries ¥ € I" and

a,, € M, (I = 1,2) we get that a;. e,y (2 — (x4, + x5,)) = 0 which implies
ayeryy(z — (xy; +25,)) =0, (4)

where a = a,y, + a,, + a,, + a,,, by condition (i) of the Theorem. From (3) and (4) we have

ayl,y(z— (x4 +2x,,)) =0 which implies MMIT(z — (xy, +2x,,)) =0 resulting in

z = x4y + X4, by condition (ii) of the Theorem.

Similarly, we prove the remaining cases.

Lemma 2.3 @(a,; +by,vey) = @(ay;) + @(byyey) (.1 = 1,2)

Proof. First, let us note that

ay; T biavey = (ey +bp)n (“1;‘ +esyey).
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Hence

‘P(ﬂlj +bpyey) =@ ((e + 1’1:)}’1(“11 +eyyey)) = @(eg + 1’12)@5(}’1:“:9(&11 +e,yey) =
(p(ey) + @(1’12])@5(}’1]@(&11 +eyyey;) = ‘P(ei]‘:‘-”(}’ﬂ@[“l}' +eyyey) +
‘P[bizjqb[}ﬁ]‘sﬂ[“u + eqyey) = ‘P[“ij] + ‘P[biz}’“u]

, by Lemma 2.2.

Lemma 2.4 ¢ is additive on T, .

Proof. Let x4, ¥;» € T,- and choose z € M such that @(z) = @(x,) + @(vy.),
where z=1z,, +z,,+ 2z, +2z,,. For an arbitrary a,; €M,; (I=12) we have

e(zyeyvay) = @(z)¢(y)e(eyay) = (@(x2) + @(vi2))o(n)e(eyay) =
e(xpnevay) te(vizrieyay) =0

which implies zy; e,¥a,; = 0. It follows that {(z — (x5 + ¥2))¥ e1¥ay; = 0. In a similar
way, for an arbitrary a,;, € M, (I =1,2) we get that (z — (x, + ¥y )y 8178, = 0,

Hence
(z— (x2 T ¥2))1a89¥a =0, (5)

where & = ay; + a5 + a5y + a,,. Now, for an arbitrary element ay; € My, (I = 1,2) we

have

p(znevay) = e(2)e(r)e(evay) = (@(x:) e (viz))@(n)e(esyay) =
@(xpnesvay) + e(ypyesvay) = @ (x50 evay +ypyiesvay) = @((x, +
VY12 )¥1 E2¥Ayq;)

, by Lemma 2.3. It follows that (z — (x,; + Vy2 ) )¥ €2¥ay; = 0. Next, for an arbitrary
element a,; € My, (I = 1,2) we have

plzyieyay) = e(2)e(r)e(evay) = (e(x) H ey ))e(n)elevay) =
@(x,)P(r)e(esvay) + @(vi @1 )el(evay) = (eley) + o(x,:)) () (e(esyas ) +
P(Yizhexvay)) = @le; + xp)@(y)elevay, T ypyie¥ay) = (e + x,)y (exyay +
Y12V €2¥ay) = @((x10 + ¥i2)¥i€2¥ay)

, by Lemma 2.2. It follows that (z — (x5, + ¥y2 ) J¥ €2¥ 0, = 0. Hence
(z = (xp2 +¥2))Va€2¥va =0, (6)

where a = a,y, + a,, + a5, + a,,, by condition (i) of the Theorem. From (5) and (6) we have
(z — (x5 +¥2) )% 1yya = 0 which implies (z — (x4, + ¥, ))TT= 0 and resulting in
Z = x4, * ¥y5, by condition (i) of the Theorem.

Lemma 2.5 ¢ is additive on T ;.



843 Ferreira, Ferreira / Cumhuriyet Sci. J., Vol.40-4 (2019) 838-845

Proof. Let x4, vy, € M, and choose z € T such that @(z) = @(xy, ) + @(¥y,),

where z=2zy + 25+ 25 + 20, Firstly, let us note that
p(z) =e(xpne) T oe(yurie) = (e(xy) ey ))en)el(e) = e(2)e(y)e(e) =
@(zy, + 224)

It follows that z = z,, + Z,, whichresults in z,, = z,, = 0. Similarly, we prove that z,;, = 0
.This implies z € M,, which leads to z — (x,, + ¥;,) € M,,. Next, for an arbitrary element
a;; € M, (4.7 = 1,2), applying Lemma 2.4 we get that

‘P(z“ek}ﬁﬂi;h e;fe)

= ‘P(3)‘?"(fx}fp{ek}’iﬂz‘j}’le:ﬁe:)

= (@(xy) +o(yu))el(a)e(ey a;y, efe;)

= @(xy)pla)e(ey a v efe;) + (v )e(a)e(ey a;r e.be;)

=g (xilaekrlﬂijrie!ﬁeij + @(Fﬂfxek}’iﬂzj}’ie:ﬁe:]

=g (-’xnﬂek}’lﬂiﬂ’iezﬁez T V@Y Ak e;fe;)

= @((xy, + ¥y Jaeya;y e,fe;)
(k,1=12) which implies zae.y a y efe, = (x, +y)aeya;yefe, and
resulting in (z — (xy3 +¥11))aegy a;;1€,8e, = 0.1t follows that

(z— (% vy ))aeyay, e,fe, = 0(k, 1 =12), (7

where @ = ay; + a,5 + a,; + a,,, by condition (i) of the Theorem.

From (7) we have (z— (xy; +¥yy5))alyyay;1,8e, =0 which implies

(z — (xyy + ¥y ))aafe, = 0. Itfollowsthat (z — (xy, + vy, ) )TIRC(1, — e,) = 0, that s,
(e1yi(z — (xy + ¥ )y e )TIMI(L, —ey) = 0.
By condition (iii) of the Theorem we conclude that z = x,; + ¥y,.

Lemma 2.6 ¢ is additive on e, "IN,
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Proof. Let x, ¥ €T and A,uw €l be arbitrary elements and let us write
X=X+ X+ X+ X, and V=V +¥Vo+ Ve F¥e.. It follows  that
e,Ax = e dxy; +e,dx; + eyl + ey dxy, and
e iy = e uvyy + e vy, + e v,y + &40V, . Hence, by Peirce decomposition properties of

I and making use of the Lemmas 2.2, 2.4 and 2.5, we can see that
@le,dx +e,uy) = @((edAx), +edx,, +e,dx,, +e,4x,,)
t(eyyyy T e1yin + ety +eq1iyas))
= @((e,dxyy + eqpuyyy) + (e dxyy + ey )
+(eyAxy, +eyuyyy ) + (e1dxy; +eyuys,))
= @((e,dxyy + equyyy) + (e, dxyy + ey )
to((e,dxy, +euyys) +(egdxs, + ey uyy, )
= @(e Axy + e dx;) ) + @(epyyy +epuys, )
to(edx,, + e dxy,) +o(euy, + e uyy;)
= @(e Ax,, + e dx;) + e dx,, + e dx,,)
to(e uyyy e uyy +euyy; + eyuys;)
= @(e,Ax) + @(e,py)

holds true, as desired.

Proof of Theorem 2.1. Suppose that x,¥ € I and choose z € I such that
w(z) = @(x) + (). Since @ is additive on e, ' forall @ € A, by Lemma 2.6, then for an

arbitrary element r € It and elements 4, it € T we have
pleAruz) = @(e)d(Ae(r)¢(we(z)
= @(e)p(Me(r)e(p)(e(x) + e (¥))

=¢(e)e(De(re(m)e(x) + ele)e(De(r)e(we(y)
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= (e Arux) + (e Arpy)
= @(e Arux + e Arpy)
= @ (e Arp(x +y)).
Hence e Aruz = e_Aru(x + ¥) which results in
e TMMC(z— (x+¥)) =0

for all @ € A. From condition (ii) of the Theorem, we conclude that z = x + ¥. This shows
that ¢ is additive on .

Corollary 2.1 Let T be a prime I'-ring containing a ¥; -idempotent &, (20 need not have a ¥; -
identity element), where ¥; € I". Suppose e: I’ X T — T, e',: M % ' = M two -
additive maps such that e;(¥,.a) = a —eyya, e, (a,),) = a —ay e, foralla € M, and
if we denote e;a = e, (@, a), aae, = e,,(a,a), 1L aa = e, aa + e aa,

aal, = aae, + aae,, then (aae,)fb = aa(e,fb)foralla, f €I anda,b € M. Then
any multiplicative isomorphism (¢, ¢) of T onto an arbitrary gamma ring is additive.

Proof. The result follows directly from the Theorem 2.1.

Corollary 2.2 Let T be a prime I'-ring containing a ¥, -idempotent and a ¥; -unity element,

where ¥; € I'. Then any multiplicative isomorphism (¢, @) of I onto an arbitrary gamma
ring is additive.
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