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Abstract

In the present paper, we give a new analogue of Baskakov operators and we call them (p, q)-Baskakov operators
which are a generalization of g-Baskakov operators. We obtain their respective formulae for central moments.
Also, we study the rate of convergence and approximation properties for these operators using the modulus of
smoothness.
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(p, q9)-Baskakov Operatorleri

Oz

Bu calismada g-Baskakov operatériiniin bir genellesmesi olan (p, q)-Baskakov operatorii olarak adlandirilan
Baskakov operatoriiniin yeni bir tiirii tanitilmistir. Merkezi momentler i¢in formiiller elde edilmistir. Ayn1 zamanda
stireklilik modiilii kullanilarak bu operatdrlerin yaklagim 6zellikleri ve yakinsama oran1 ¢alisiimistir.

Anahtar kelimeler: (p, q)-analiz, Korovkin teoremi, Baskakov operatorleri, Siireklilik modiilii.

1. Introduction

The quantum calculus (g-calculus) which is an ordinary calculus without taking limits has a lot of
applications in various areas such as quantum theory, mathematics, theory of relativity and mechanics.
Jackson [1] introduced g-functions in the beginning of the twentieth century and developed g-calculus.
In the approximation theory, g-Bernstein polynomials were first presented as the applications of g-
calculus by Lupas [2]. g-analogues of the well known operators have been proposed and their
approximation behavior has been discussed (see [3-19]). After that various generalization of the g-
Baskakov operators were intoroduced and their approximation properties have been studied in [4-7].

Recently, the (p, g)-calculus which the extension of the g-calculus to post-quantum calculus
has been discussed by researchers in approximation theory. The (p, q)-calculus has been used efficiently
not only in the approximation theory but also in different sciences areas such as differential equations,
hypergeometric function, lie group, field theory and physical sciences. Many researchers have
transferred well-known positive linear operators to the (p,q)- calculus and advantages of (p,q)
analogue of them have intensively investigated [20-30]. Some basic definition and fundamental
theorems in (p, q)-calculus was presented by Sadjang [20]. Mursaleen et. al. introduced (p, q)-Bernstein
polynomials and studied their approximation properties [21]. Aral and Gupta [22] proposed the (p, q)-
analog of the Baskakov operators 0 < g <p <1 by

n-—1
Bpp,q(fix) = Zico b f () f (M) , for x € (0, o0]

q*nlpq
where
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pacy _ [ntk—1 k+n(n-1)/2  k(k-1)/2 __ x*
o =[""E] v Qe

We recall significiant some basic notations, definitions on the concept of (p, g)-calculus for 0 < g <
p < 1. The (p, q)- integers of the number n are given as

N_gn
[Mlp,q = pp_z , pELand [n]q=[nlq

where [n], means g-integers for n = 0,1,2, .... Also we have [0],, , := 0. The (p, q)-factorial is given
by:

[n]p,q! = [Tl]p,q[n - 1]p,q [1]p,q , n=12,3,-; [0] p,q! = 1.

The (p, q)-analogues of (a + b)" are expressed as

(a @ b)z.q = ZZ:() [z]p'q p(”l—V)(TY—V—l)/zqv(v_l)/szan_v; (a @ b)g'q .
where
N [M]p,q!
TR L — O < < .
[V]p'q V1p,q![n—Vlp,q! SVETn

are the (p, q)-binomial coefficients.
Here we note that if p tends to 1, all the concepts defined above reduce to the g-analogs.
We take the (p, q)-derivative of a function f, denoted by D, ,f, that is,

_ fpx)-f(gx)
(Dpof) ) = “oax x#0

and (D,,,f)(0) = £'(0) provided f'(0) exists.
The (p, q)-partial derivative of a function f(x, y) of two variables is given as

Op,qf (x,¥) _ foxy)-flaxy)
ap,qx (p_q)x

, x#0

with respect to x. The (p, q)-partial derivative of f(x, y) with respect to y is given similarly.

In this paper, we define a new and different from ones exists in literature (p, q)-Baskakov
operators and discussed approximation results and compute rate of convergence of the sequences of this
operators.

2. Material and Method

For f € C[0,), 0 < g <p <1 and each positive integer m, Simsek and Tung [31] introduced the
following operators:

_ V' 1 a%,qq’m,p,q (x,u)
Lm,p,q (f, X) = szo [Vpg! 3 qu”

2 (). (1)

where @, .4 are positive numbers and {,, , , } generating real functions defined on I x [0, o) where
I c [0, ) is an interval, have this conditions:

(i) Forallm e Nand x € I, @ q(x,0) # 0and @, 4 (x, 1) = 1.

(ii) 9p.qPm,p.q(x W)

P exist and are continuous functions of x for all v € N, and m € N.
p.q

u=0
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(iii) M >0,meN and forall v € Ny, x,u > 0,
p.q%

As a result of (iii), we can see clearly that L, ,, , are positive linear operators on B(I) which is
denoted the space of bounded functions on 1.
In order to use the Korovkin’s theorem, we need to give the test functions

k " .
er,i(k) = (1+(1_i)k) , T €Ng,i=10,1,2.

The test function is used by many operators. For example, e, ; are used for (p, q)-Bernstein,
(p, g9)-Szasz-Mirakyan, (p, q)-Lupas and (p, q)-Baskakov operators.
For the numbers a,, , , 4 indicated in (1), we assume the following:

v v]h
eri< Mpg ) =bs 1 eNg myeEN,
" \@myvpq Am,p,q

where a,, ,, , are positive numbers independent of v.
Theorem 2.1. [31]
Let Ly, pq(f; x) is given by (1). We have the following equalities forany x > 0and0 < g <p <1,

Linpq (eo_i; x) =1;

_ 1 0pgPmpq W)
Lm.p.q(el.i'x) =

Xmp.q Op,qu u=1
1 9%.q 9p,qPm,p,qg W)
meq(ezl,x)—a {q—a 2 +—a " .
mp.q pa¥” =1 p.q u=p

Now, we construct the new type of (p, q)-analogue of Baskakov operators. For m € N and 0 <
q <p <1, we take the function

((1+x)© 1)
Pmpq(X,U) = Teux)z;f’ x € [0, ) @

for every m € Nand x € [0,), @y, 4(x,0) # 0 and @, , 4(x, 1) = 1. By the definition of (p, q)-
partial derivatives, we have

ap,q Pm,p.q (x,u) _ Pmpaq (x, pu) — Pm,p.q (x, qu)

Op,qU B r —qu
(+0608,  (1+060),

_((1+x)6pux);’}q ((1+x)©qux)py
(»-qu

— [m]p qxp((1+x)ex)pq

- ((1+x)Opux)piFt

Therefore, we obtain

0p,qPm,p,q(x W) __ [mlyp, qu((l"'x)ex)
dp,qit T (1+0)Opun)IiFt
By induction, we obtain that

a;)},qq’m,p,q(x: u) [m ]p qvx p 2 ((1 +x)© x)p q
Op,qu” (1 +x) ©pYux)yy” ’

veEN
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where [m]p‘q‘v = [m]p'q [m + 1]p,q [m + Z]p,q m4+v— 1]p,q.

If we write u = 0 in the last equality, then we get

v+1)

v(
 [mlpexp 2 ((1+X) O 0N,
B 1+ x);,’fg"

az}},q ¢m,p,q (x’ u)
Op,qu”

u=0
and
v _ v(v+1)
1 0p,qPmpq(xw) = ((1+x) ex);nq m+v 1] A4V @A)
Vipg!  Opqu” u=0 ’ k .4

The right hand of equality (3) is a rational function of x because of it does not have any singular
points in [0, ). So the conditions (ii) and (iii) hold since 0 < g <p <1 and x € [0, ). So, the
functions ¢, , 4 (x, u) given by (2) generate some positive and linear operators.

If we take ap,ypq = [mly 4 and using (3) in the operators Ly, , , given by (1), then we can obtain

o)

Lm,p,q(f; x) = ((1 + x) ) x)‘gfq z [m +:}/ - 1]p . xV (1 + x)—m—vp@f ([[’::l]]p'q )
v=0 ’ p.q

3. Results

In this part, we give some classical approximation results of the operators Ly, , ;. Let 0 < g, < pp, <
land 1 —q, = 0(%), 1—pnm = o(%) when m — co. In the sequel for j € Ny, m € N, we use
notations:

.um,j(x: p.q) = Lm,p,q ((61() - el(x))j; x)a
I, =1[0,4], A>0.

We obtain the following lemmas by simple calculations from Theorem 2.1.

Lemma 3.1. For x € [0, ), the following identities hold for 0 <g<p<1,n€N

Lm,p,q(eoix) =1;

xp((1+x)©xX)pg

((1+x)Opyat

qri[m+1],4 x*((1 +x) S 1)), p  x((1+x)© 1)},
mlpg (A +x) ©p2055%  [mlpq (1 +x) ©p20)pa?

Lm,p,q (31; x) =

Lm,p,q (62; x) =

where e, (t):=t",r=0,1, 2.

Lemma 3.2. Using Lemma 3.1., we have

xp((l +x) © x):q

m,1(X, D, = m - X,
tm,1 (X, D, q) (G0 epx)p;
qp3[m + 1]p,q xz((l +x) © x)g}q p x(1+x)© X)qu
tm,2(x,0,q) =

mlyq (A +x)©p20)55%  [mlpq (1 +x) ©p20)pg"
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2x2p((1 +x) O x)m
((1+x) ©po)pat

14 x2

Lemma 3.3. Forall t,x € I, , we have

|Lm‘p‘q(er;x) — er(x)| <A um2(x,p,q), T € N,.

Proof. The assertion is obvious for r = 0. We assume that » € N. For t,x € I, with A > 0,

|er(t) - er(X)l = |t — x”tr—l + +x7-_1|
<ley(t) —e (O)||ATL + -+ AT
=7rA" e (1) — ey ().

Taking into account that L, , , is monoton and by the Cauchy -Schwarz inequality, the
following holds

2
|Lm_p_q (eq;x) — er(x)| <TA" Ly q(ler () — e (0)];x) < rAr_l\/Lm,p,q ((el ()—e; (%)) ;x)
for all m € N. Thus, we obtain

|Limpq(ersx) — e, ()| < rAT1 /Mm,z(x, P, q)

Lemma 3.4. For each x € I, we have

im Lp,p o (erx) =e.(x), r=0,1,2.
m-—-0oo

Proof.
AmPmm+ 11, 4. x*(( +X)9x) P x((1+x)ex)m

tm,2 (%, Py @) = Holhos o]

[(Mppam ((1 +x)© pmx) Pmdm ((1 +x)© pmx)m+1
2x2pm((1 +x) O x)m

(1+0 6 pmx)’"“
So, we have

4 x2,

AmPim (@i + PmMlpg,) X2 (A + %) © O 0

Um,2 (x, Pm, Qm) =

[m]pm,qm (1+x)6 prznx ;ﬁ:ém
p x(1+x) 6 x)m 2x2pm((1 +x)0x)"
n m Pm.9m + xz
[ PmAm ((1 + X) e X)m+1 ((1 + X) e pmx);nrrt‘llm
qmPmx*(L+ ) © 07 4 2x%pm (1 + X) o x)m
= xX° —

(1 +2) © Prpins, 1+ O zomx)’"+1

N g +1p3, x*((1+x)© x)pmer P x((l +x) 6 x);nm o

[m]pmer ((1 + X) e p%x)glnttzlm [m]pmer ((1 + x) e pTZle);Jnnt‘l?m

A+ Opma), - wpa(A+0 6%, 1 H(A+06x),
(1+x0 6 pmx)m+2 (A+x) 6 pmx)er1 [Mlpman (L+2)©x)575

1 X((l + X) e x)pm dm
[m]pm,qm @+xe x);’nn:-ém

_|_
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2 m(m+1) 2 m+2
x LLLCLED. 1 x*(2-2q5%°) +x
< ——=+x> - 2x°ppq, > +
pamts mm [m]pm,qm gmt?

Consequently, we obtain

i i 5 G, P, Gm) = 0.

Finally from Lemma 3.3, we arrive at the required result.
Corollary 3.5. Let f € C(I,). Then we have

lim Lm‘pm‘qm(f,x) =f(x), x€l,.

m—oo

Now, we recall the usual modulus of continuity for function f € C(I,). The first modulus of
continuity is defined by

w(f;8)=sup |f—f(s)l, 6§>0.

u,s€ly,lu—-s|<é

Thus, it implies for any 6 > 0

- £ < (1+ 25D w(r,8) (4)
is satisfied.

Theorem 3.6. Let f € C(l4), then the inequality

1
[ (3 0) = FGO] < 0(£,8) (1+5VHmaCopr D)

holds for any § > 0.

Proof. Since Ly, , 4(1; x) = 1, then we obtain

|Linpg (F;X) = FO| < Linp g (IF () = F(O]; %) (5)
for all m € N. Now using (4) in inequality (5) we obtain
F®) = Fl < w(t —xD) < (1+ ) w(r,8), 6)

For all & > 0. Using the Cauchy-Schwartz Inequality and (6) it follows that

1
|Lm,p,q(f; x) — f(x)| < w(f' 5) (Lm,p,q(]-;x) + g Lm,p,q(lt - xlix)> <
1 1 1
< 0(f,8) (1 +5[mpa(C = 0% 0] [Lmpq(1i0)] ) =
= w(f,6) (1 + %\/Lm'p'q (t%,Xx) = 2XLp p g (6, X) + X% Ly g (1, x))

— o(f,5) (1 +% Himz2 (%, P, q))

Thus, forany 6 > 0
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|Lnpa (50 = F®| < 0(F,8) (143 Vltm2 0, D)

Let us obtain the rate of convergence in terms of the Lipschitz class Lipy(a) (M >0, 0 <a <1). A
function f belongs to Lipy« if

If () — f(s)l < Ml|u—s|®
is satisfied for all u, s € I,.

Theorem 3.7. Let f € Lipy (a) and x € I, we have

L pig (F3 ) = F O] < M(pt 2 G0 ).

Proof. Since f € Lipy (a) and the operator L, ,, 4 is linear and monotone, we have

Linpa(F3 ) = FQ)| < Linpq(If © = FIx)

v(v+1)

- [vlp,
< Lnpa (0 = (A +0 005, ) [PV wa+nmv e |f (ﬁ - f@)| <
v=0 Pa Mlpq
© a
— v+ | [V
<M((1+x) ex);’fqz [m+v 1] X1 +x)™™"p 2 []ﬂ—x
=0 v p.q [m]p,q
If we consider the Holder’s inequality for p = E and g = ﬁ , the following inequality holds,
|Lm.p.q (f;2) — f(x)|
S ] %
— v+ [ [v
<M|((1+x)© )7, z "y 1] XV(1+4x) ™ Vp 2 ( Pa _ x)
=0 v p.q [m]p,q
- 2=a
m m+v-—1 v A o ’ a/2
@+nevg, ) [MTV 7Y a0 | = M)
v=0 ’

This ends the proof.
4. Graphical Analysis
In this part, with the help of MATLAB, we illustrate several graphs and make comparisons in terms of

the convergence by allocating different values of parameters of operators for the function of f(x) =
sinx.
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Figure 1. Approximation by (p, q) Baskakov operators to f(x) for x € [3,10] and fromv =0tov =
30 and m = 5.
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Figure 2. Approximation by (p, q) Baskakov operators to f(x) for x € [3,10] and fromv =0tov =
50 and m = 5.
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Figure 3. Approximation by (p, q) Baskakov operators to f(x) for x € [3,10] and fromv =0tov =

10 and m = 5.
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