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1. INTRODUCTION 

 

In [1], for  𝑓 ∈ 𝐶[0,1] , the Bernstein polynomials (𝐵𝑛𝑓) are defined by 

𝐵𝑛(𝑓, 𝑥) ≔ ∑ 𝑓 (
𝑘

𝑛
)𝑛

𝑘=0 𝑏𝑛𝑘(𝑥)  , 𝑛 ∈ ℕ                                                                                                                    (1) 

where 𝑏𝑛𝑘(𝑥) ≔ (𝑛
𝑘

) 𝑥𝑘 (1 − 𝑥)𝑛−𝑘, 𝑘 = 0,1, … , 𝑛. 

In [2], Durrmeyer introduced modified Bernstein polynomials to approximate Lebesgue integrable function 

on [0,1], then he motivated the following integral modification of Bernstein polynomials 

𝐷𝑛(𝑓, 𝑥) ≔ (𝑛 + 1) ∑ 𝑏𝑛𝑘(𝑥)

𝑛

𝑘=0

∫ 𝑓(𝑡)𝑏𝑛𝑘(𝑡) 𝑑𝑡

1

0

.                                                                                                       

In [3], the authors introduced the following new generalized Bernstein-Stancu type operators with shifted 

knots: 

�̃�𝑛
𝛼,𝛽(𝑓, 𝑥) ≔  (

𝑛+𝛽2

𝑛
)

𝑛
  ∑ 𝑓 (

𝑘+𝛼1

𝑛+𝛽1
)

 
𝑛
𝑘=0 𝑇𝑛𝑘(𝑥),                                                                                                   (2) 

where ∈  𝐴𝑛 ≔ [
𝛼2

𝑛+𝛽2
,

𝑛+𝛼2

𝑛+𝛽2
] , and  𝑇𝑛𝑘(𝑥) ≔ (𝑛

𝑘
) (𝑥 −  

𝛼2

𝑛+𝛽2
)

𝑘
(

𝑛+𝛼2

𝑛+𝛽2
− 𝑥)

𝑛−𝑘
,     
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𝑘 = 0,1, … 𝑛 with 𝛼𝑘 , 𝛽𝑘 , 𝑘 = 1,2 positive numbers satisfying 0≤ 𝛼1 ≤ 𝛽1, 0≤ 𝛼2 ≤ 𝛽2. Apparently, 

substituting 𝛼1 = 𝛼2 = 𝛽2 = 𝛽1=0  in (2) one finds the classical Bernstein operators in (1) , substituting 

𝛼2 = 𝛽2 = 0 in (2), one obtains  the  Bernstein-Stancu operators introduced by Stancu in [4] 

𝐵𝑛,𝛼,𝛽(𝑓, 𝑥) ≔ ∑ 𝑓

𝑛

𝑘=0

(
𝑘 + 𝛼1

𝑛 + 𝛽1
) 𝑇𝑛𝑘(𝑥).                                                                                                                           

In [5], for 𝑓 ∈ 𝐶[0,1], authors defined a Durrmeyer variant of Bernstein-Stancu operators 

𝑆𝑛
𝛼,𝛽(𝑓, 𝑥) ≔  (

𝑛+𝛽2

𝑛
)

2𝑛+1
∑  𝑛

𝑘=0 𝑇𝑛𝑘(𝑥)(𝑛 + 1) ∫ 𝑇𝑛𝑘(𝑡)𝑓 (
𝑛𝑡+𝛼1

𝑛+𝛽1
) 𝑑𝑡

 

𝐴𝑛
,                                                       (3)                              

𝐴𝑛 ≔ [
𝛼2

𝑛+𝛽2
,

𝑛+𝛼2

𝑛+𝛽2
] , and  𝑇𝑛𝑘(𝑥) ≔ (𝑛

𝑘
) (𝑥 − 

𝛼2

𝑛+𝛽2
)

𝑘
(

𝑛+𝛼2

𝑛+𝛽2
− 𝑥)

𝑛−𝑘
, 𝑘 = 0,1, … 𝑛 

with 𝛼𝑘 , 𝛽𝑘 , 𝑘 = 1,2 positive numbers satisfying 0≤ 𝛼1 ≤ 𝛽1, 0≤ 𝛼2 ≤ 𝛽2. They obtained the direct and 

converse results of approximation by these operators. In [6-11], many authors have studied some special 

cases of the operators 𝑆𝑛
𝛼,𝛽(𝑓, 𝑥). 

In this manuscript, we give a Voronovskaja-type theorem for the operators defined in (3). 

2. MAIN RESULT 

 

In this section, we give some lemmas in order to prove our main result. For the sake of shortness, throughout 

the paper we use the following notations  

𝐻𝑠(𝑛) = ∑(𝑛 + 𝑖),   𝐺𝛽𝑖

𝑠

𝑖=2

(𝑛) = (𝑛 + 𝛽𝑖) for 𝑖 = 1,2.                                                                                                

Now, we give the following lemma which is proved in [5]. 

Lemma 1. [5] We have the following equality         

∫  𝑇𝑛𝑘(𝑡)𝑑𝑡 =  (
𝑛

𝑛+𝛽2
)

𝑛+1 1

(𝑛+1)
  ,     𝑘 = 0,1,2 … 𝑛

𝑛+𝛼2
𝑛+𝛽2
𝛼2

𝑛+𝛽2

.                                                                                     (4) 

Lemma 2.  Let 𝑒𝑗 = 𝑡𝑗 , 𝑗 = 0,1,2,3,4,  we obtain  

(i)  𝑆𝑛
𝛼,𝛽

 (𝑒0, 𝑥) = 1, 

(ii) 𝑆𝑛
𝛼,𝛽

 (𝑒1, 𝑥) =  
𝑛2 

𝐺𝛽1
(𝑛) 𝐺𝛽2(𝑛)

𝑥  + 
𝑛2+2𝑛𝛼2

 𝐺𝛽2(𝑛)𝐻2(𝑛)
 + 

𝛼1

𝐺𝛽1(𝑛)
, 

(iii) 𝑆𝑛
𝛼,𝛽

 (𝑒2, 𝑥) =  
𝑛4−𝑛3

 [𝐺𝛽1
(𝑛)]

2
𝐻3(𝑛)

𝑥2 + {
4𝑛4+8𝑛3𝛼2

[𝐺𝛽1
(𝑛)]

2 
𝐺𝛽2

(𝑛)  𝐻3(𝑛)
+ 

2𝑛2𝛼1

[𝐺𝛽1
(𝑛)]

2
 𝐻2(𝑛)

} 𝑥  

                               + 
2𝑛4−2α2𝑛4−2α2

2𝑛3+6𝑛3α2+6𝑛2α2
2

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
 + 

2𝑛2α1+4𝑛α1α2

[𝐺β1
(𝑛)]

2
𝐺β2

(𝑛) 𝐻2(𝑛)
+

α1
2

[𝐺β1
(𝑛)]

2, 

(iv) 𝑆𝑛
α,β(𝑒3, 𝑥) =  

𝑛6−3𝑛5−2𝑛4

[𝐺β1
(𝑛)]

3
𝐻4(𝑛)

𝑥3 +  {
9𝑛6+18𝑛5α2−9𝑛5−18𝑛4α2

[𝐺β1
(𝑛)]

3
𝐺β2

(𝑛) 𝐻4(𝑛)
+  

3𝑛4α1−3𝑛3α1

[𝐺β1
(𝑛)]

3
𝐻3(𝑛)

} 𝑥2  

                            + {
18𝑛6−9𝑛6α2−6𝑛5α2

2+54𝑛5α2+66𝑛4α2
2

[𝐺β1
(𝑛)]

3
[𝐺β2

(𝑛)]
2

𝐻4(𝑛)
+

12𝑛4α1+24𝑛3α1α2

[𝐺β1
(𝑛)]

3
𝐺β2

(𝑛)𝐻3(𝑛)
+ 

3𝑛2α1
2

[𝐺β1
(𝑛)]

3
𝐻2(𝑛)

} 𝑥  
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                            + 
3𝑛6α2

2−12𝑛6α2+6𝑛6− 24𝑛5α2
2+24𝑛5α2−24𝑛4α2

3+36𝑛4α2
2+24𝑛3α2

3  

[𝐺β1
(𝑛)]

3
[𝐺β2

(𝑛)]
3

𝐻4(𝑛)
  

                            + 
6𝑛4α1−6𝑛4α1α2−6𝑛3α1α2

2+18𝑛3α1α2+18𝑛2α1α2
2

[𝐺β1
(𝑛)]

3
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
 +

3𝑛2α1 
2 +6𝑛α1

2α2

[𝐺β1
(𝑛)]

3
𝐺𝛽2

(𝑛) 𝐻2(𝑛)
+

α1
3 

[𝐺β1
(𝑛)]

3, 

(v) 𝑆𝑛
α,β(𝑒4, 𝑥) =

𝑛8−6𝑛7+11𝑛6−6𝑛5

[𝐺β1
(𝑛)]

4
𝐻5(𝑛)

𝑥4 + {
24𝑛7α2−4𝑛8α2−44𝑛6α2+24𝑛5α2+16𝑛8−48𝑛7+32𝑛6

[𝐺β1
(𝑛)]

4
𝐺β2

(𝑛)𝐻5(𝑛)
 

                           + 
4𝑛7𝛼2−12𝑛6𝛼2+8𝑛5𝛼2)(𝑛+5)+(4𝑛4𝛼1−12𝑛5𝛼1+8𝑛4𝛼1)𝐺𝛽2

(𝑛)(𝑛+5)

[𝐺𝛽1
(𝑛)]

4
𝐺𝛽2

(𝑛)𝐻5(𝑛)
} 𝑥3        

                           +{
6𝑛8α2

2−36𝑛7α2
2+66𝑛6α2

2−36𝑛5α2
2−48𝑛8𝛼2+144𝑛7α2−96𝑛6α2+72𝑛8−72𝑛7

[𝐺𝛽1
(𝑛)]

4
[𝐺β2

(𝑛)]
2

𝐻5(𝑛)
 

                           + 
(−12𝑛7α2

2+36𝑛6α2
2−24𝑛5α2

2+36𝑛7𝛼2−36𝑛6α2)(𝑛+5)+(6𝑛6α2
2−6𝑛5α2

2)(𝑛+5)(𝑛+4)

[𝐺𝛽1
(𝑛)]

4
[𝐺β2

(𝑛)]
2

𝐻5(𝑛)
  

                             +
(36𝑛6α1+72𝑛5α1α2−36𝑛5α1−74𝑛4α1α2)(𝑛+β2)(𝑛+5)+(6𝑛4α1 

2 −6𝑛3α1
2)(𝑛+β2)2(𝑛+5)(𝑛+4)

[𝐺𝛽1
(𝑛)]

4
[𝐺β2

(𝑛)]
2

𝐻5(𝑛)
} 𝑥2              

                         + {
−4𝑛8α2

3+24𝑛7α2
3−44𝑛6α2

3+24𝑛5α2
3+48𝑛8α2

2−144𝑛7α2
2+96𝑛6α2

2−144𝑛8𝛼2+144𝑛7α2+96𝑛4

[𝐺𝛽1
(𝑛)]

4
[𝐺β2

(𝑛)]
3

𝐻5(𝑛)
 

                         +  
(12𝑛7α2

3−36𝑛6α2
3+24𝑛5α2

3−72𝑛7α2
2+72𝑛6α2

2+72𝑛7α2)(𝑛+5)

[𝐺𝛽1
(𝑛)]

4
[𝐺β2

(𝑛)]
3

𝐻5(𝑛)
 

                          + 
(−12𝑛6α2

3+12𝑛5α2
3+24𝑛6α2

2)(𝑛+5)(𝑛+4)+4𝑛4α2
3𝐹5(𝑛)

[𝐺𝛽1
(𝑛)]

4
[𝐺β2

(𝑛)]
3

𝐻5(𝑛)
  

                           +  
−36𝑛6α1α2+72𝑛6α1+216𝑛5α1α2−24𝑛5α1α2

2+264𝑛4α1α2
2

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
2

𝐻4(𝑛)
 +

24𝑛4α1 
2 +48𝑛3α1

2α2

[𝐺β1
(𝑛)]

4
𝐺β2

(𝑛)𝐻3(𝑛)
    

                        + 
4𝑛2α1

3

[𝐺β1
(𝑛)]

4
𝐻3(𝑛)

} 𝑥 

                       + 
𝑛8α2

4−6𝑛7α2
4+11𝑛6α2

4−6𝑛5α2
4−16𝑛8α2

3+48𝑛7α2
3−32𝑛6α2

3+72𝑛8α2
2−72𝑛7α2

2

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
4

𝐻5(𝑛)
 

                       + 
24𝑛6−96𝑛8α2

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
4

𝐻5(𝑛)
 + 

(−4𝑛7α2
4+12𝑛6α2

4−8𝑛5α2
4+36𝑛7α2

3−36𝑛6α2
3−72𝑛7α2

2+24𝑛7α2)

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
4

𝐻5(𝑛)
 

                      + 
(6𝑛2α2

4−6𝑛α2
4−24𝑛2α2

3+12𝑛2α2
2)(𝑛+5)(𝑛+4)

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
4

𝐻5(𝑛)
 + 

(4α2
3−3α2

4)𝐹5(𝑛)

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
4

𝐻5(𝑛)
 

                     + 
12𝑛6α1α2

2−48𝑛6α1α2+24𝑛6α1−96𝑛5α1α2
2−96𝑛5α1α2−96𝑛4α1α2

3+144𝑛4α1α2
2+96𝑛3α1α2

3

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
3

𝐻4(𝑛)
 

                 + 
12𝑛4α1 

2 −12𝑛4α1
2α2−12𝑛3α1

2α2
2+36𝑛2α1

2α2+36𝑛2α1
2α2

2

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
+

4𝑛2α1 
3 +8𝑛α1

3α2

[𝐺β1
(𝑛)]

4
𝐺β2

(𝑛)𝐻2(𝑛)
+

α1
4

[𝐺β1
(𝑛)]

4 . 

 

Proof.  Using equality (4) in the Durrmeyer variant of Bernstein-Stancu operators (3) for 𝑗 = 0, we get  
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𝑆𝑛
𝛼,𝛽

(𝑒0, 𝑥) = (
𝑛 + 𝛽2

𝑛
)

2𝑛+1

∑  

𝑛

𝑘=0

𝑇𝑛𝑘(𝑥)(𝑛 + 1) ∫ 𝑇𝑛𝑘(𝑡) 𝑑𝑡                                                                                

 

𝐴𝑛

 

=  (
𝑛 + 𝛽2

𝑛
)

𝑛

∑  

𝑛

𝑘=0

𝑇𝑛𝑘(𝑥)                                                                                                       

= 1.                                                                                                                                               

So the proof of (i) is finished. Using the direct computation, we obtain (ii) as follows 

𝑆𝑛
𝛼,𝛽

(𝑒1, 𝑥) = (
𝑛 + 𝛽2

𝑛
)

2𝑛+1

∑  

𝑛

𝑘=0

𝑇𝑛𝑘(𝑥)(𝑛 + 1) ∫ 𝑇𝑛𝑘(𝑡) (
𝑛𝑡 + 𝛼1

𝑛 + 𝛽1
) 𝑑𝑡                                                            

 

𝐴𝑛

 

 

                     = (
𝑛+𝛽2

𝑛
)

2𝑛+1 𝑛

𝑛+𝛽1
∑  𝑛

𝑘=0 𝑇𝑛𝑘(𝑥)(𝑛 + 1)(𝑛
𝑘

) ∫  (𝑡 −  
𝛼2

𝑛+𝛽2
)

𝑘
(

𝑛+𝛼2

𝑛+𝛽2
− 𝑡)

𝑛−𝑘
𝑡 𝑑𝑡

 

𝐴𝑛
  

 

 + (
𝑛 + 𝛽2

𝑛
)

𝑛 𝛼1

𝑛 + 𝛽1
∑  

𝑛

𝑘=0

𝑇𝑛𝑘(𝑥)  .                                                                                   

If we take 𝑡 = 𝑢 +
𝛼2

𝑛+𝛽2
 in the last equality, then we get 

 

𝑆𝑛
𝛼,𝛽(𝑒1, 𝑥) =  (

𝑛 + 𝛽2

𝑛
)

2𝑛+1 𝑛

𝑛 + 𝛽1
∑  

𝑛

𝑘=0

𝑇𝑛𝑘(𝑥)(𝑛 + 1)                                                                                          

                           x (
𝑛 

𝑘
) {∫  

𝑛
𝑛+𝛽2

0

𝑢𝑘+1 ( 
𝑛

𝑛 + 𝛽2
− 𝑢)

𝑛−𝑘

𝑑𝑢+
𝛼2

𝑛 + 𝛽2
∫  

𝑛
𝑛+𝛽2

0

𝑢𝑘 ( 
𝑛

𝑛 + 𝛽2
− 𝑢)

𝑛−𝑘

𝑑𝑢},         

𝑆𝑛
𝛼,𝛽(𝑒1, 𝑥) = (

𝑛 + 𝛽2

𝑛
)

2𝑛+1 𝑛

𝑛 + 𝛽1
∑  

𝑛

𝑘=0

(
𝑛

𝑘
) (𝑥 − 

𝛼2

𝑛 + 𝛽2
)

𝑘

(
𝑛 + 𝛼2

𝑛 + 𝛽2
− 𝑥)

𝑛−𝑘

(𝑛 + 1)                                 

         x {( 
𝑛

𝑛 + 𝛽2
)

𝑛+2 𝑘 + 1

(𝑛 + 1)(𝑛 + 2)
+

𝛼2

𝑛 + 𝛽2

1

𝑛 + 1
( 

𝑛

𝑛 + 𝛽2
)

𝑛+1

}                                   

𝑆𝑛
𝛼,𝛽(𝑒1, 𝑥) =  

𝑛2 

𝐺𝛽1
(𝑛) 𝐺𝛽2

(𝑛)
𝑥 + 

𝑛2 + 2𝑛𝛼2

 𝐺𝛽2
(𝑛)𝐻2(𝑛)

+  
𝛼1

𝐺𝛽1
(𝑛)

 .                                                                                   

Thus, we have the proof of (ii). Finally, we apply the same process in (ii), as a result, we get (iii), (iv), and 

(v) easily. 

Now, we give the following lemma for using the Voronovskaja-type theorem. 

Lemma 3. Let 𝛼𝑘 , 𝛽𝑘 , k=1,2 be positive numbers such that 0≤ 𝛼1 ≤ 𝛽1, 0≤ 𝛼2 ≤ 𝛽2. 

We obtain the following limits 
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 (i)  lim
𝑛→∞

𝑛𝑆𝑛
α,β

((𝑡 − 𝑥)2; 𝑥) = −2𝑥2 + 2𝑥,                                                                                                             (5) 

 (ii) lim
𝑛→∞

𝑛2𝑆𝑛
α,β

((𝑡 − 𝑥)4; 𝑥) = 28𝑥4 − 24𝑥3 + (12𝛼2 + 12)𝑥2.                                                                     (6) 

Proof. (i) From Lemma 2, we get 

lim
𝑛→∞

𝑛𝑆𝑛
α,β

((𝑡 − 𝑥)2; 𝑥) = lim
𝑛→∞

[{
−2𝑛4 + 𝑛3(6+β1

2+4β1)+𝑛2(5β1
2+12β1)+6β1

2𝑛 

[𝐺β1
(𝑛)]

2
𝐻3(𝑛)

} 𝑥2               

                                    +
2𝑛5 + 𝑛4(4𝛼2+4𝛼1−2𝛼1𝛽1−2β1−6)+𝑛3(−12𝛼1−12𝛼2−10𝛼1𝛽1−4𝛼1β2−4𝛼2β1−2𝛼1β1β2−6β1)

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
           

                             + 
𝑛2(−12𝛼1𝛽1−12𝛼1β2−12𝛼2β1−10𝛼1β1β2)

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
+

−12𝑛𝛼1𝛽1𝛽2

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
} 𝑥         

                             + 
𝑛5(4α2

2−12𝛼2+α1 
2 +2α1+2 )+𝑛4(10α2

2+6𝛼2+5α1 
2 +6α1+5α1 

2 β2+2α1𝛼2+2α1β2

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
                                                                                        

           

                               +
𝑛3(6α2

2+6α1 
2 +10α1 

2 β2+α1 
2 β2

2+12α1𝛼2+6α1β2+4𝛼1𝛼2β2)+𝑛2(5α1 
2 β2

2+12α1 
2 β2+12𝛼1𝛼2β2)+6α1 

2 β2
2𝑛

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
] 

                         = −2𝑥2 + 2𝑥. 

(ii)  Using linearity of the operators 𝑆𝑛
α,β(𝑓(𝑡); 𝑥) and Lemma 2, we have 

         𝑆𝑛
α,β(𝑓(𝑡); 𝑥) = 𝐼1

𝛼,𝛽(𝑛)𝑥4 + 𝐼2
𝛼,𝛽(𝑛)𝑥3 + 𝐼3

𝛼,𝛽(𝑛)𝑥2 + 𝐼4
𝛼,𝛽(𝑛)𝑥 + 𝐼5

𝛼,𝛽(𝑛),     

       where 

       𝐼1
𝛼,𝛽(𝑛)=  

𝑛8−6𝑛7+11𝑛6−6𝑛5

[𝐺β1
(𝑛)]

4
𝐻5(𝑛)

−
4𝑛6−12𝑛5−8𝑛4

[𝐺β1
(𝑛)]

3
𝐻4(𝑛)

+
6𝑛4−6𝑛3

 [𝐺𝛽1
(𝑛)]

2
𝐻3(𝑛)

−
4𝑛2 

𝐺𝛽1
(𝑛) 𝐻2(𝑛)

+ 1, 

 

      𝐼2
𝛼,𝛽(𝑛)= 

24𝑛7α2−4𝑛8α2−44𝑛6α2+24𝑛5α2+16𝑛8−48𝑛7+32𝑛6

[𝐺β1
(𝑛)]

4
𝐺β2

(𝑛)𝐻5(𝑛)
+  

4𝑛7𝛼2−12𝑛6𝛼2+8𝑛5𝛼2)

[𝐺β1
(𝑛)]

4
𝐺β2

(𝑛)𝐻4(𝑛)
 

                     + 
4𝑛4𝛼1−12𝑛5𝛼1+8𝑛4𝛼1

[𝐺β1
(𝑛)]

4
𝐻4(𝑛)

−
36𝑛6+72𝑛5α2−36𝑛7−72𝑛4α2

[𝐺β1
(𝑛)]

3
𝐺β2

(𝑛)𝐻4(𝑛)
−

12𝑛4α1−12𝑛3α1

[𝐺β1
(𝑛)]

3
𝐻3(𝑛)

 

                    + 
24𝑛4+48𝑛3α2

[𝐺𝛽1
(𝑛)]

2
𝐻3(𝑛)

+
12𝑛2𝛼1

 [𝐺𝛽1
(𝑛)]

2
𝐻2(𝑛)

−
4𝑛2+8𝑛α2

𝐺β1
(𝑛)𝐺β2

(𝑛)𝐻2(𝑛)
−

4𝛼1

𝐺β1
(𝑛)

 , 

  

     𝐼3
𝛼,𝛽(𝑛)= 

6𝑛8α2
2−36𝑛7α2

2+66𝑛6α2
2−36𝑛5α2

2−48𝑛8𝛼2+144𝑛7α2−96𝑛6α2+72𝑛8−72𝑛7

[𝐺𝛽1
(𝑛)]

4
[𝐺β2

(𝑛)]
2

𝐻5(𝑛)
  

                    +
 −12𝑛7α2

2+36𝑛6α2
2−24𝑛5α2

2+36𝑛7𝛼2−36𝑛6α2

[𝐺𝛽1
(𝑛)]

4
[𝐺β2

(𝑛)]
2

𝐻4(𝑛)
 + 

6𝑛6α2
2−6𝑛5α2

2

[𝐺𝛽1
(𝑛)]

4
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
 

                    + 
36𝑛6α1+72𝑛5α1α2−36𝑛5α1−74𝑛4α1α2

[𝐺𝛽1
(𝑛)]

4
𝐺β2

(𝑛)𝐻4(𝑛)
+

6𝑛4α1 
2 −6𝑛3α1

2

[𝐺𝛽1
(𝑛)]

4
𝐻3(𝑛)
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                   + 
−36𝑛6α2−72𝑛6+216𝑛5α2−24𝑛5α2

2+264𝑛4α2
2

[𝐺𝛽1
(𝑛)]

3
[𝐺β2

(𝑛)]
2

𝐻4(𝑛)
 – 

48𝑛4α1+96𝑛3α1α2

[𝐺𝛽1
(𝑛)]

3
𝐺β2

(𝑛)𝐻3(𝑛)
 −

12𝑛2α1
2

 [𝐺𝛽1
(𝑛)]

3
𝐻2(𝑛)

 

                   + 
−12𝑛4α2−12𝑛4−12𝑛3α2

2+36𝑛3α2+36𝑛2α2
2

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
+

12𝑛2α1+24𝑛α1α2

[𝐺β1
(𝑛)]

2
𝐺β2

(𝑛)𝐻2(𝑛)
+

6α1 
2

[𝐺𝛽1
(𝑛)]

2, 

     𝐼4
𝛼,𝛽(𝑛) = 

−4𝑛8α2
3+24𝑛7α2

3−44𝑛6α2
3+24𝑛5α2

3+48𝑛8α2
2−144𝑛7α2

2+96𝑛6−144𝑛8α2+144𝑛7α2+96𝑛4

[𝐺𝛽1
(𝑛)]

4
[𝐺β2

(𝑛)]
3

𝐻5(𝑛)
 

                      +
12𝑛7α2

3−36𝑛6α2
3+24𝑛5α2

3−72𝑛7α2
2+72𝑛6α2

2+72𝑛7α2

[𝐺𝛽1
(𝑛)]

4
[𝐺β2

(𝑛)]
3

𝐻4(𝑛)
+

−12𝑛6α2
3+12𝑛5α2

3+24𝑛6α2
2

[𝐺𝛽1
(𝑛)]

4
[𝐺β2

(𝑛)]
3

𝐻3(𝑛)
 

                    +
4𝑛4α2

3

[𝐺𝛽1
(𝑛)]

4
[𝐺β2

(𝑛)]
3 +

−36𝑛6α1α2+72𝑛6α1+216𝑛5α1α2−24𝑛5α1α2
2+264𝑛4α1α2

2

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
2

𝐻4(𝑛)
                       

                     

                   −
  12𝑛6α2

2−48𝑛6α2+24𝑛6−96𝑛5α2
2−96𝑛5α2−96𝑛4α2

3+144𝑛4α2
2+96𝑛3α2

3

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
3

𝐻4(𝑛)
 

             −
−24𝑛4α1

2α2 + 24𝑛4α1 − 24𝑛3α1α2
2 − 72𝑛3α1α2 + 72𝑛2α1α2

2

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
+

24𝑛4α1 
2 + 48𝑛3α1

2α2

[𝐺β1
(𝑛)]

4
𝐺β2

(𝑛)𝐻3(𝑛)
 

                  + 
3𝑛2α1 

2 +6𝑛α1
2α2

[𝐺β1
(𝑛)]

3
𝐺β2

(𝑛)𝐻2(𝑛)
+

4𝑛2α1
3

[𝐺β1
(𝑛)]

4
𝐻2(𝑛)

+
α1

3

[𝐺β1
(𝑛)]

3, 

 

𝐼5
𝛼,𝛽(𝑛) = 

𝑛8α2
4−6𝑛7α2

4+11𝑛6α2
4−6𝑛5α2

4−16𝑛8α2
3+48𝑛7α2

3−32𝑛6α2
3+72𝑛8α2

2−72𝑛7α2
2+24𝑛6−96𝑛8α2

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
4

𝐻5(𝑛)
 

               + 
−4𝑛7α2

4+12𝑛6α2
4−8𝑛5α2

4+36𝑛7α2
3−36𝑛6α2

3−72𝑛7α2
2+24𝑛7α2

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
4

𝐻4(𝑛)
+

6𝑛2α2
4−6𝑛5α2

4−24𝑛2α2
3+12𝑛6α2

2

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
4

𝐻3(𝑛)
  

              + 
  12𝑛6α1α2

2−48𝑛6α1α2+24𝑛6α1−96𝑛5α1α2
2−96𝑛5α1α2−96𝑛4α1α2

3+144𝑛4α1α2
2+96𝑛3α1α2

3

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
3

𝐻4(𝑛)
 

             + 
α1

4

[𝐺β1
(𝑛)]

4 + 
−12𝑛4α1 

2 α2+12α1 
2 𝑛4−12𝑛3α1 

2 α2
2+36𝑛2α1 

2 α2+36𝑛2α1 
2 α2

2

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
 +

4𝑛2α1 
3 +8𝑛α1

3α2

[𝐺β1
(𝑛)]

4
𝐺β2

(𝑛)𝐻2(𝑛)
 

             + 
(4𝑛4α2

3−3𝑛4α2
4)

[𝐺β1
(𝑛)]

4
[𝐺β2

(𝑛)]
4. 

 It is obvious that 

lim
𝑛→∞

𝑛2 {𝐼4
𝛼,𝛽(𝑛) + 𝐼5

𝛼,𝛽(𝑛)} = 0.                                                                                                                               (7) 

Therefore, we have 

 lim
𝑛→∞

𝑛2 {𝐼1
𝛼,𝛽(𝑛) + 𝐼2

𝛼,𝛽(𝑛) + 𝐼3
𝛼,𝛽(𝑛)} = 28𝑥4 − 24𝑥3 + (12α2 + 12)𝑥2.                                                  (8) 

Adding the limits (7) and (8), we have the limits (6). 

In [6], Gadzhiev proved the weighted Korovkin-type theorem. We give the Gadzhiev’s results in weighted 

spaces. Let µ(𝑥) = 1 + 𝑥2. 𝐵µ[0, ∞) denotes the set of all functions from  [0, ∞) to ℝ, satisfying the growth 

condition |𝑓(𝑥)| ≤  𝑁𝑓µ(𝑥) . In this inequality,  𝑁𝑓   is a constant depending only on 𝑓. 𝐵µ[0, ∞) is a normed 
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space with a norm ‖𝑓‖µ = 𝑠𝑢𝑝 {
|𝑓(𝑥)|

µ(𝑥)
 ; 𝑥 ∈ ℝ}. 𝐶µ

∗[0, ∞) denotes the subspace of continuos functions in 

𝐵µ[0, ∞) for which lim
 |𝑥 |→∞

|𝑓(𝑥)|

µ(𝑥)
  exists finitely. 

And now we give a Voronovskaja-type theorem for 𝑆𝑛
α,β

(𝑓(𝑡), 𝑥) operators. 

Theorem 1. For any 𝑓 ∈ 𝐶µ
∗[0, ∞) such that 𝑓′, 𝑓′′ ∈ 𝐶µ

∗[0, ∞). We get the following limit  

lim
𝑛→∞

 𝑛 (𝑆𝑛
α,β

 (𝑓(𝑡); 𝑥) − 𝑓(𝑥)) = (-𝑥2 + 𝑥) 𝑓′′(𝑥) + ((−2 − β1)𝑥 + 1 + α2)𝑓′(𝑥). 

Proof. Using Taylor’s expansion of 𝑓, we have 

𝑓(𝑡) =  𝑓(𝑥) +  𝑓′(𝑥)(𝑡 − 𝑥) +  
1

2
 𝑓′′(𝑥)(𝑡 − 𝑥)2 + 𝜌(𝑡, 𝑥)(𝑡 − 𝑥)2, 

where 𝜌(𝑡, 𝑥) → 0  as 𝑡 → 𝑥. From linearity of the operators 𝑆𝑛
α,β(𝑓(𝑡), 𝑥), we get 

𝑆𝑛
α,β

 (𝑓(𝑡); 𝑥) = 𝑓(𝑥) + 𝑓′(𝑥)𝑆𝑛
α,β(𝑡 − 𝑥) + 

1

2
 𝑓′′(𝑥)𝑆𝑛

α,β((𝑡 − 𝑥)2; 𝑥) 

                           +𝑆𝑛
α,β(ρ(𝑡, 𝑥)(𝑡 − 𝑥)2). 

  Thanks to Lemma 2, we obtain the following operators by making the necessary process, 

𝑆𝑛
α,β

 (𝑓(𝑡); 𝑥)=  𝑓(𝑥) +  𝑓′(𝑥) {
−𝑛(2+β1)−2β2

𝐺β1
(𝑛)𝐻4(𝑛)

𝑥 +
𝑛2+2𝑛𝛼2

𝐺β1
(𝑛)𝐺β2

(𝑛)𝐻2(𝑛)
+

𝛼2

𝐺β1
(𝑛)

}   

                         +
1

2
𝑓′′(𝑥) [{

−2𝑛3 + 𝑛2(6+β1
2+4β1)+𝑛(5β1

2+12β1)+6β1
2

[𝐺β1
(𝑛)]

2
𝐻3(𝑛)

} 𝑥2 

                         + {
2𝑛4 + 𝑛3(4𝛼2+4𝛼1−2𝛼1𝛽1−2β1−6)

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
 

                            −  
𝑛2(12𝛼1+12𝛼2+10𝛼1𝛽1+4𝛼1β2+4𝛼2β1+2𝛼1β1β2+6β1)

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
 

                             +
12𝛼1𝛽1+12𝛼1β2+12𝛼2β1+10𝛼1β1β2−12𝛼1β1β2

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
} 𝑥 

                            + 
𝑛4(4α2

2−2𝛼2+α1 
2 +2α1+2 )+𝑛3(10α2

2+6𝛼2+5α1 
2 +6α1+5α1 

2 β2+2α1𝛼2+2α1β2)

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
   

                            + 
2(6α2

2+6α1 
2 +10α1 

2 β2+α1 
2 β2

2+12α1𝛼2+6α1β2+4𝛼1𝛼2β2)

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
 

                           +
𝑛(5α1 

2 β2
2+12α1 

2 β2+12𝛼1𝛼2β2)+6α1 
2 β2

2𝑛

[𝐺β1
(𝑛)]

2
[𝐺β2

(𝑛)]
2

𝐻3(𝑛)
] + 𝑆𝑛

α,β(ρ(𝑡, 𝑥)(𝑡 − 𝑥)2; 𝑥).                                (9) 

Applying Cauchy-Schwarz inequality to the last term of (9) we obtain 

𝑛 𝑆𝑛
α,β(ρ(𝑡, 𝑥)(𝑡 − 𝑥)2; 𝑥) ≤   𝑆𝑛

α,β(ρ(𝑡, 𝑥)2; 𝑥)
1

2 ( 𝑛2 𝑆𝑛
α,β((𝑡 − 𝑥)4; 𝑥))

1

2
 ,      

and 
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lim
𝑛→∞

  𝑛 𝑆𝑛
α,β(ρ(𝑡, 𝑥)(𝑡 − 𝑥)2; 𝑥)                                                                                                                                        

                                                           ≤ ( lim
𝑛→∞

 𝑆𝑛
α,β(ρ(𝑡, 𝑥)2; 𝑥))

1

2
 ( lim

𝑛→∞
𝑛2 𝑆𝑛

α,β((𝑡 − 𝑥)4; 𝑥))

1

2
. 

Inasmuch as lim
𝑛→∞

 𝑆𝑛
α,β(ρ(𝑡, 𝑥)2; 𝑥) = 0 and from (ii) of Lemma 3,   lim

𝑛→∞
𝑛2 𝑆𝑛

α,β((𝑡 − 𝑥)4; 𝑥) is finite. 

Therefore, we get  

lim
𝑛→∞

 𝑛 𝑆𝑛
α,β(ρ(𝑡, 𝑥)(𝑡 − 𝑥)2; 𝑥)=0, 

lim
𝑛→∞

 𝑛 (𝑆𝑛
α,β

 (𝑓(𝑡); 𝑥) − 𝑓(𝑥)) = ((−2 − β1)𝑥 + 1 + α2)𝑓′(𝑥) +  (-𝑥2 + 𝑥) 𝑓′′(𝑥). 

Hence, the theorem is proved.  
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