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Abstract

In this paper, we introduce Suzuki Z-contraction type (I) maps, Suzuki Z-contraction type (II) maps, for a
single selfmap and prove the existence and uniqueness of fixed points. Our results extend / generalize the
results of Kumam, Gopal and Budhia [22] and Padcharoen, Kumam, Saipara and Chaipunya [25] from the
metric space setting to b-metric spaces. We provide examples in support of our results.
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1. Introduction

In 1975, in the direction of generalization of contraction condition, Dass and Gupta [I8] initiated a
contraction condition involving rational expression and established the existence of fixed points in com-
plete metric spaces. In 2008, Suzuki [28] proved two fixed point theorems, one of which is a new type of
generalization of the Banach contraction principle and does characterize the metric completeness.

On the other hand, in the direction of generalization of metric spaces, Bourbaki [I5] and Bakhtin [9]
initiated the idea of b-metric spaces. The concept of b-metric space or metric type space was introduced by
Czerwik [16] as a generalization of metric space. Afterwards, many authors studied the existence of fixed
points for a single-valued and multi-valued mappings in b-metric spaces under certain contraction conditions.

For more details, we refer 1], 3, [4, 5], 6 [10] 11, [12] 13| [14] 17, 20} 23, 27].
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Definition 1.1. [16] Let X be a non-empty set. A function d : X x X — [0,00) is said to be a b-metric if
the following conditions are satisfied: for any z,y,2z € X

(1) 0 <d(z,y) and d(z,y) = 0 if and only if x =y,
(1) d(z,y) = d(y, ),
(7it) there exists s > 1 such that d(z, z) < s[d(z,y) + d(y, 2)].
In this case, the pair (X, d) is called a b-metric space with coefficient s.
Every metric space is a b-metric space with s = 1. In general, every b-metric space is not a metric space.
Definition 1.2. [11] Let (X, d) be a b-metric space.

(1) A sequence {x,} in X is called b-convergent if there exists z € X such

that d(xy,z) — 0 as n — oco. In this case, we write lim z, = x.
n—oo

(73) A sequence {z,} in Xis called b-Cauchy if d(z,, xm,) — 0 as
n,m — oo.

(7i7) A b-metric space (X, d) is said to be a complete b-metric space if every
b-Cauchy sequence in X is b-convergent in X.

(iv) A set B C X is said to be b-closed if for any sequence {z,} in B such
that {z,} is b-convergent to z € X then z € B.

In general, a b-metric is not necessarily continuous.
In this paper, we denote R™ = [0, 00) and N is the set of all natural numbers.

Example 1.3. [19] Let X = NU {oo}. We define a mapping d : X x X — R™ as follows:

0 if m=mn,
d(m, n) = |-L — 1| if one of m,n is even and the other is even or oo,
’ 5 if one of m,n is odd and the other is odd or oo,
2 otherwise.

Then (X, d) is a b-metric space with coefficient s = %

Definition 1.4. [11] Let (X, dx) and (Y, dy) be two b-metric spaces. A function f : X — Y is a b-continuous
at a point x € X, if it is b-sequentially continuous at z. i.e., whenever {x,} is b-convergent to = we have
fxyn is b-convergent to fux.

The following lemmas are useful in proving our main results.

Lemma 1.5. [§] Suppose (X,d) is a metric space. Let {xy} be a sequence in X such that d(zy,Tnt1) — 0
as n — oo. If {xn} is not a Cauchy sequence then there exist an € > 0 and sequences of positive integers
{my} and {n} with ny > my, > k such that d(xy,, , zn,) > €. For each k > 0, corresponding to my, we can
choose ny, to be the smallest positive integer such that d(xm,, Tn,) > €, d(Tm,, Tn,—1) < € . In this case,

(1) klirgo d(Tpm,, Tn,,) =€,

(i) klggo d(xnkfl’ ‘ka) =6

(ZZZ) ]cli)ngo d(xmk-‘rla xnk) - 67
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(iv) lm d(zpm,+1,Tn,—1) =
k—roc0
Lemma 1.6. [20] Suppose (X,d) is a b-metric space with coefficient s > 1 and {xy} be a sequence in X such
that d(zy, pt1) = 0 asn — co. If {x,} is a not Cauchy sequence then there exist an € > 0 and sequences of
positive integers {my} and {ny} with ny, > my > k such that d(zy,, ,zn,) > €. For each k > 0, corresponding
to my,, we can choose ny to be the smallest positive integer such that d(zp, ,Tn,) > €, d(Tm,, Tn,—1) < € and

(i) € <liminfd(zp,,xn,) < lUmsup d(xm,, , Tn,) < se,
k—oo k—o0

(i)

@ |m

< liminf d(@ym, 41, Tn,,) < lHmsup d(Tm+1, Tn,) < s2e,
—00 k—oo

(i4i) € <liminf d(@m,, Tnyt1) < Hmsup d(@m,, Tnes1) < 5%,
k—oo k—o0

(iv) & <liminfd(zm, 1, Tn,11) < Umsup d(@m, 11, Tn41) < s%€.
k—o0 k—o00

Lemma 1.7. [2] Let (X, d) be a b-metric space with coefficient s > 1.
Suppose that {xy} and {y,} are b-convergent to x andy respectively. Then we have
! =d(z,y) < hm 1nf d(Zn, yn) < limsup d(z,, yn) < s2d(z,y).

n—oo
In partzcular, ifr =y, then we have lim d(xy,,y,) = 0. Moreover for each z € X we have
n—oo

Ld(z,2) < lin_1>inf d(xn, z) < limsupd(zy, z) < sd(z, z).
n—0o0 n—00

In 2015, Khojasteh, Shukla and Radenovié [2I] introduced simulation function and defined Z-contraction
with respect to a simulation function.

Definition 1.8. [2I] A simulation function is a mapping
¢:RT x RT — (—00,00) satisfying the following conditions:

(ii) C(t,s) <s—tfor all s,t>0;

(z97) if {tn},{sn} are sequences in (0,00) such that lim ¢, = lim s, =1 € (0,00) then

n—o0 n—o0

lim sup ¢ (ty,, sn) < 0.

n—oo

Remark 1.9. [7] Let ¢ be a simulation function. If {¢,}, {s,} are sequences in (0, 00) such that
lim ¢, = hm sp =1 € (0,00) then limsup (kty, s,) < 0 for any k > 1.

n—oo n—0o0

The following are examples of simulation functions.

Example 1.10. [7] Let ¢ : Rt x Rt — (—00,00) be defined by

(i) C(t,s) = As—t for all t,s € RT, where A € [0, 1);
(i) C(t,8) = 155 —t for all s,z € RY;
(i13) ((t,s) = s — kt for all t,s € RT, where k > 1;
(iv) ((t,s) = 5 — (1 +1¢) for all s,t € RT;

(v) C(t,s) = kis where k£ > 1.
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Definition 1.11. [21I] Let (X, d) be a metric space and f : X — X be a selfmap of X. We say that f is a
Z-contraction with respect to ( if there exists a simulation function ¢ such that

Cld(fx, fy), d(z,y)) = 0
for all z,y € X.

Theorem 1.12. [21] Let (X, d) be a complete metric space and f : X — X be a Z-contraction with respect
to a certain simulation function (. Then for every xog € X, the Picard sequence {f™xo} converges in X and
lim f"zy = wu(say) in X and u is the unique fized point of f in X.

n—oo

Recently, Olgun, Bicer and Alyildiz [24] proved the following result in complete metric spaces.

Theorem 1.13. [2])] Let (X,d) be a complete metric space and f : X — X be a selfmap on X. If there
exists a simulation function ¢ such that

Cld(fz, fy), M(z,y)) >0

for all z,y € X, where M (x,y) = max{d(x,y),d(z, fz),d(y, fy), W}, then for every xg € X, the

Picard sequence {f"xo} converges in X and lim f"zg = u(say) in X and u is the unique fized point of f in
n—oo

X.

The following theorem is due to Kumam, Gopal and Budhia [22].

Theorem 1.14. [22] Let (X,d) be a complete metric space and f : X — X be a selfmap on X. If there
exists a simulation function ¢ such that

S, fx) < d(a,y) = C(d(fx. Fy).dz,9)) > 0

forall x,y € X, then for every xo € X, the Picard sequence {x,}, where x, = fx,_1 for alln € N converges
to the unique fixed point of f.

In 2018, Padcharoen, Kumam, Saipara and Chaipunya [25] proved the following theorem in complete
metric spaces.

Theorem 1.15. [25] Let (X, d) be a complete metric space and f : X — X be a selfmap on X. If there
exists a simulation function  such that

1

pd(z, fr) <d(z,y) = ((d(fz, fy), M(z,y)) 20
for all z,y € X, where M (z,y) = max{d(z,y),d(z, fx),d(y, fy), w;}, then for every xg € X, the
Picard sequence {x,}, where x, = fxn,_1 for all n € N converges to the unique fized point of f.

Motivated by the works of Kumam, Gopal and Budhia [23] and
Padcharoen, Kumam, Saipara and Chaipunya [25], we extend Theorem 1.14 and Theorem 1.15 to b-metric
spaces for the maps satisfying Suzuki Z-contraction type maps.

In Section 2, we introduce Suzuki Z-contraction type (I) maps, Suzuki Z-contraction type (II) maps, for
a single selfmap and provide examples of these maps. In Section 3, we prove the existence and uniqueness of
fixed points of Suzuki Z-contraction type maps. Examples are provided in support of our results in Section
4.
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2. Suzuki Z-contraction type maps

The following we introduce Suzuki Z-contraction type (I) and Suzuki Z-contraction type (II) maps
for a single selfmap in b-metric spaces as follows:

Definition 2.1. Let (X, d) be a b-metric space with coefficient s > 1 and f : X — X be a selfmap. We say
that f is a Suzuki Z-contraction type (I) map, if there exists a simulation function ¢ such that

Q—Sd(:zj,fx) < d(z,y) implies that ((s*d(fx, fy), My(z,y)) >0 (2.1.1)
for all distinct x,y € X, where

d(z, fy) +d(y, fx)

Ml(l‘ay) = max{d(q:,y),d(ﬂs, fx)vd(yafy)a 95

.

Remark 2.2. It is clear that from definition of simulation function that {(u,v) < 0, for all u > v > 0.
Therefore if f satisfies (2.1.1), then

1

Q—d(a:,fx) < d(z,y) implies that sd(fz, fy) < My (x,y),
s

for all distinct z,y € X.

Example 2.3. Let X = (0,1) and let d : X x X — R" defined by
_ 0 if x=y
“%”‘{<mum if 7y,
Then clearly (X, d) is a b-metric space with coefficient s = 2.
We define f: X — X by f(x) = 16(1+m) for all x € (0,1) and ¢ : RT x RT — (—00,0)

by ((t,s) = % —t,t,s > 0. Without loss of generality, we assume that y < x. We have

—_

X

16(1 + 2) )2 < (v +y)* =d(z,y).

)2 < S (x+

1 1

(1+xz)

Here

M (z,y) :maX{d(x,y),d(x,fx) d(y, fy) dlz.fy)+d(y.fz) y

= max{(z + y) (T + 16(1—1—3:)) (y+ 16(1+y))2’
@+ o)+ W mgsy) }

Now we consider

4d(f$afy) = 116(16(f+x) + 16(1+1y) = %6((11;0 + (111/))2
< 15(iey +2)° < 3@ +y)”
< 1d(z,y) < TMi(z,y)

Therefore f is a Suzuki Z-contraction type (I) map.
Definition 2.4. Let (X, d) be a b-metric space with coefficient s > 1 and f : X — X be a selfmap. We say

that f is a Suzuki Z-contraction type (II) map, if there exists a simulation function ¢ such that

1

Q—d(x,fx) < d(z,y) implies that ¢(s'd(fz, fy), Ma(x,y)) > 0 (2.4.1)
s

for all distinct =,y € X, where

d(y, fy)[L +d(z, fr)] d(y, fo)[1 +d(z, fr)] ).

MQ(JJ, y) = maX{d(:L’, y)7 1+ d(x7 y) ’ 82(1 + d(x7 y))
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Remark 2.5. It is clear that from definition of simulation function that ((u,v) < 0, for all uw > v > 0.
Therefore if f satisfies (2.4.1), then

1
—d(z, fr) < d(x,y) implies that s'd(fz, fy) < My (z,y),
s

for all distinct x,y € X.

Example 2.6. Let X = (0,1) and let d: X x X — R defined by

_ 0 if T=y
d(x’y)‘{ (xty)? if vy

It is clear that (X, d) is a b-metric space with coefficient s = 2.

Let f: X — X by f(z) = "0 for gll ¢ € (0,1) and ¢ : RT x RT — (—00,00) by ((t,5) = s —t,t >
0,s > 0. Without loss of generality, we assume that y < x.
¢ have 1 1 (10 ) 1 (10 )
z(l0+2) 4 z(l0+2). 4 9

Here

d(y, fy)[L +d(z, fx)] d(y, fo)[L + d(z, fz)]

Mg(:x,y) = maX{d(ZL‘,y), 1 +d(x,y) ’ 82(1 +d(:r,y))

}

(y+ Yo P+ (o + Z5™)°) (y+ 2™+ (o + 2]
1+ (z+y)? ’ 414 (z+1y)?)

}.

— max{(z + y)2,

Now we consider

(10 + ) N y(10 + y) )2 = i(m(lo + ) N y(10 + y)
256 256 - 16 16 16

‘d(fa, fy) = 16( >
< B L < o) < daloy) < Kie)

Therefore f is a Suzuki Z-contraction type (II) map.

3. Main results

Theorem 3.1. Let (X,d) be a complete b-metric space with coefficient s > 1 and f : X — X be a Suzuki
Z-contraction type (I) map. Then f has a unique fized point in X.

Proof. We take xg € X and let {z,} be the Picard sequence, that is, z,, = fz,—1 = f"xo for n € N. If there
exists n € N such that d(z,, fz,,) = 0 then z = x,, becomes a fixed point of f, which completes the proof.
So, without loss of generality, we suppose that d(x,, fx,) >0

forallm=0,1,2,....

Since )
gd(azn, fxn) < d(xp, Tni1),
from (2.1.1), we have
((s* d(@ni1, Tng2), My(@n, ny1)) = (s d(fon, frni1), Mi(2n, 2as1)) > 0, (3.1.1)

where

Ml (xn7 xn—l—l) = maX{d(xna xn—l—l)a d(.’l’fn, fxn)7 d($n+1, fwn-l—l)? %[d(xnv fxn-i-l) + d(xn—&-lv ff]?n)]}
= max{d(@n, Tn11), d(@pi1, Tnio), 2Ensn2)y
= max{d(Zn, Tny1), d(Tni1, Tng2)}-
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If d(xn, Tnt1) < d(Tpt1, Tngo) then My(xyn, Tpt1) = d(@ny1, Tnta). Therefore from (3.1.1), we have

0 < C(54d(1:n+13 $n+2)a Ml (:L'n’ anrl)) = C(S4d($n+1, :L‘nJr?)? d($n+1a $n+2))
< d(xn-‘rlv xn+2) - 34d(xn+17 (L’n_|_2),

which is a contradiction. Therefore d(xy,, Tpt1) > d(@py1, Tnto) for alln =0,1,2,... .
Hence {d(zn,xn+1)} is a decreasing sequence of nonnegative real sequence. Thus there exists r > 0 such

that lim d(x,, Xpi1) = 7.
n—oo

Suppose that r > 0. By using the condition ((3) with ¢,, = d(xpn+1, Tnt+2) and s, = d(xy, Tp4+1), we have

0 <limsup <(54d($n+1a Tnt2), M1(Tn, Tni1))
n—00

= limsupC(s4d(xn+1,$n+2), d(wp, Tpi1)) <0,
n—oo
a contradiction. Therefore
lim d(zn,zp41) = 0. (3.1.2)
n—oo

Now we prove that {z,} is a b-Cauchy sequence.

On the contrary, suppose that {x,} is not b-Cauchy.

Case (i). s =1.

In this case, by Lemma 1.5 there exist an ¢ > 0 and sequence of positive integers {n;} and {my} with
ng > my > k such that d(zp,,,xn,) > € and d(zy, , Tn,—1) < € satisfying (i)-(iv) of Lemma 1.5.

Suppose that there exists a k > k1 such that

1
§d($mw Tmyt1) > ATy, , Ty )- (3.1.3)

On letting as k — oo in (3.1.3), we get that e <0,
which is a contradiction.
Therefore $d(zm, , Tmy+1) < d(Tmy, Tp, ) and from (2.1.1), we have

C(d(fxmka fxnk)a Ml(xmkawnk» >0,

where

! (T s fTmy,) + d(Tmy, fon, )]}

Ml (xmkaxnk) = max{d(xmk,mnk), d(xmka fxmk)7 d<mnk7 fxnk)v 5[

On taking limits as k — oo and using (3.1.2), we get

T}Ln;o M (2m,,, Tn,) = max{e,0,0,e} =e.

By using (¢3) with ¢, = d(m, +1, Tn,+1) and s, = M1 (Tm,, Tn, ), we have

0 <lim sup((d(a:mk+1,xnk+1), Ml(xmkvwnk» < 0,
k—o0
a contradiction.
Case (ii). s > 1.
In this case, by Lemma 1.6 there exist an ¢ > 0 and sequences of positive integers {n;} and {my} with
ng > my > k such that d(xy,, ,zn,) > € and d(xy,, , Tn,—1) < € satisfying (i)-(iv) of Lemma 1.6. Suppose
that there exists a k& > kq such that

1

%d(azmk,:vmkﬂ) > d(Xm,,, Tn,,)- (3.1.4)
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On letting limit superior as k& — oo in (3.1.4), we get that ¢ < 0, which is a contradiction. Therefore
(T, Ty 41) < d(Tmy,, T, ) and from (2.1.1), we have

C(S4d(fxmkv fxnk)v My (:kavxnk)) >0,

where
1
M, (xmka l‘nk) = max{d(xmka l‘nk)’ d(xmm fxmk)v d(ZL‘nk, fxnk)7 ?S[d(xnk’ flimk) + d($mka fxnk)]}
On taking limit superior as k — oo and using (3.1.2), we get

lim M (Zm,, Tn,) < max{se,0,0, se} = se.
n—oo

Now we have '
0 < hin sup C(s4d(fa;mk, frn,), Mi(zm,,2n,))
—00
< limsup[Mi (2, Tn, ) — s4d(:vmk+1, Tppt1)]
k—o0
= limsup M1 (@m,,, Tn,) — s*lim inf d(Tmy+1, Trp+1)
k—o0

k—oo
< s€ — 348%,

which is a contradiction. Therefore by Case (i) and Case (ii), we have {z,} is a b-Cauchy sequence in X.
Since X is b-complete, there exists x € X such that lim z, = z.

n—oo
Now we prove that z is a fixed point of f. Suppose that = # fx. We now show that

1 1
either (a) : Q—Sd(:nn,:an) < d(zp,z) (or) (b): Q—Sd(fvn+1,a:n+2) < d(rpy1,7) (3.1.5)
hold.
On the contrary, suppose that

1 1
2—d(xn, Tpt1) > d(zp, x) and 2—d(:1:n+1,xn+2) > d(xp+1, ) hold for some n = {0,1,2,...}.
s s

By b-triangular property, we have

d(wp, xn—i—l) [d(xm r) + d(, xn-‘rl)]
%[d(xm Tnt1) + d(Tnt1, Tnt2)]
d(xna 33n+1) + d(xm $n+1)]

[
(Tns Tn+1),

A IA

s
S
1
2
d

which is a contradiction. Therefore the inequality (3.1.5) holds.
Subcase (a). Suppose 5=d(zy, Tnt1) < d(Tn, ).
Since id(mn, fxyn) < d(xy,z), from the inequality (2.1.1), we have

C(S4d(fw7h f.’L'), Ml (‘TTM .’L')) 2 07

where

My (xn’ 33) = max{d(ﬂgna l‘), d($na fflf'n)’ d(SL‘, fZE), %[d(:ﬂn, fl‘) + d(ZE, fﬂjn)]}

On taking limit superior as n — oo, we get

lim sup M; (2, ) < max{0,0,d(z, fz), Q—st(:n,fx)} =d(z, fz).

n—oo
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Therefore
0 <limsup((s*d(fan, fx), Mi(zn, )
n—oo
= limsup M1 (z,, z) — liminf s*d(2,,4 1, f7)
n—o00 n—00

< d(l‘, fl‘) - 54 d(l“,fét)’

S
a contradiction. Therefore x = fz.
Subcase (b). Suppose +d(zni1,Tnt2) < d(Tni1,2).
Since id(xnﬂ, frnt1) < d(xpi1, ), from the inequality (2.1.1), we have

C(S4d(f$n+17 fx)v Ml ($n+1, l’)) > 0.

Following on the similar lines as in Subcase (a), we have x is a fixed point of f.
We now show that f has unique fixed point in X. Let & and y be two fixed points of f with = # y. Since
isd(a:, fx) < d(z,y), from the inequality (2.1.1), we have

<<84d(f.%', fy)7Ml(x7 y)) > 07

where

Therefore
0 < 1imsup§(s4d(fx fy), Mi(z,y))

= hm sup M(z,y) — hm mf std(z,y)
n—oo
< d(z,y) - s'd(=,y),
a contradiction.
Therefore x is the unique fixed point of f in X. O

Even though, the proof of the following theorem is as that of Theorem 3.1, the importance of the rational

term % in the inequality (2.4.1) is established in Example 4.3.

Theorem 3.2. Let (X,d) be a complete b-metric space with coefficient s > 1 and f : X — X be a Suzuki
Z-contraction type (II) map. Then f has a unique fized point in X.

Proof. Take xg = ¢ € X and let {x,} be the Picard sequence, that is, z, = fx,—1 = f"zo for all n € N.
Without loss of generality, we suppose that d(z, fx,,) >0 forn =0,1,2,....
We have 5-d(zy, f2n) < d(Tpn, Tn41). From (2.4.1), we have

C(84d($n+1, Tny2), Mo(2y, $n+1)) = C(34d(f$m fni1), Ma(2n, $n+1)) >0 (3~2~1)

where

d n ) n 1 d sy n d n 9 n 1 d sy n
M2(-’17n7$n+1) = maX{d(xn,CEnH)a (@ns1 {id?;zgx—:_’_gi fe )] (= +1(1f_‘1_7d()£7:x7$il){1 )]}

= max{d(Tn, Tny1), d(Tny1, Tny2)}.

If d(zp, Tnt1) < d(Tpy1, Tnpo) then Mao(zy, pi1) = d(Tp1, Tnto)-
Therefore from (3.2.1), we have

0 < {(s*d(@ns1: Tng2), Ma(2n, 2ng1)) = C(s*d(Tni1, Tng2), d(Tnt1, Tnya))
< d(l'n—‘rla xn+2) - 34d($n+17 xn+2)a

a contradiction. Therefore d(xy,, zpt1) > d(Tpt1,Tnt2) for all n = 0,1,2,... . Hence {d(xp,xnt1)} is a
decreasing nonnegative sequence of reals.



G.V.R. Babu, D. R.Babu, Adv. Theory Nonlinear Anal. Appl. 4 (2020), 14-28. 23

Thus there exists » > 0 such that li_>m d(Tp, Tpt1) = 7.
n o)
Suppose that r > 0. By using the condition ((3) with ¢,, = d(xp11, Tnt+2) and s, = d(xy, Tp4+1), we have

0 < limsup C(54d(mn+1,xn+2), Ms(xp, xp41)) = lim supC(s4d(xn+1,xn+2), d(zp, Tnt1)) <0,
n—oo n—oo
a contradiction. Therefore
lim d(xy,zp+1) = 0. (3.2.2)

n—o0

We now prove that {x,} is a b-Cauchy sequence. On the contrary suppose that {x,} is not b-Cauchy.
Case (i). s=1.

In this case, by Lemma 1.5 there exist an ¢ > 0 and sequence of positive integers {n;} and {m;} with
ng > my > k such that d(zp,,,xn,) > € and d(zy, , Tn,—1) < € satisfying (i)-(iv) of Lemma 1.5.

Suppose that there exists a k > k1 such that

1
id(ﬂ?mk,,fmk_i_l) > d(xm,, Tny,)- (3.2.3)

On letting as k — oo in (3.2.3), we get that € <0,
which is a contradiction.
Therefore $d(zm, , Tmy+1) < d(Tm,, Tn,) and from (2.4.1), we have

C(d(fxmka fxnk)a M2(xmkaxnk)) >0,

where

d(xn, fon, ) [1+d(@m, . fxm
My (v, Tn,) = max{d(Tm,, Tn,), (Eny ff-‘rkd)(gfmkv(jnkk) = k)]’

d(xnk,frmk)[l—l—d(wmk,fxmk ]}
1+d(zmy, ,Tny,)

On taking limits as k — oo and using (3.2.2), we get

€
Jim M (%, , Tn, ) = max{e,0, 1—+€} =e.

By using ((3) with t,, = d(@m, +1, Tn,+1) and s, = Ma(Tm,, Tpn, ), we have

0 < lim SUPC(d('xmk—H, xn;ﬁ-l): M2(xmk;$nk)) <0,
k—o0
which is a contradiction.
Case (ii). s > 1.
In this case, by Lemma 1.6 there exist an ¢ > 0 and and sequence of positive integers {ny} and {my} with
ng > my > k such that d(zy,, , zn,) > € and d(xy,, , Tn,—1) < € satisfying (i)-(iv) of Lemma 1.6.
Suppose that there exists a k > k1 such that

1
gd(xmk,l'mk_Fl) > d(Xm,,, Tn,,)- (3.2.4)
On taking limit superior as k — oo in (3.2.4), we get that € <0,

which is a contradiction.

Therefore 3-d(Tm, , Tmy+1) < d(Tm,,, Tn,) and from (2.4.1), we have

C(s*d(fTmys Fong)s Mo(Tmy, Ty, )) > 0,

where
d(znk 7ff'7nk )[1+d(5’3mk 7fxmk )]
1+d(:cmk ,xnk)
(xnk 7f$'mk)[1+d(1’mk fx’VV‘Lk. )] }
82(14-d(zm,, Tny,))

My (zpm,, Tn,) = max{d(zm,,Tn,),
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On taking limit superior as k — oo and using (3.2.2), we get

2

s
lm My(2m, , pn,) < max{se,0 <

b oo ) 2(174_6)}:56.

Now we have
0 < limsup((s*d(fzmy, fon,), M2(Tm,,, Tn,))

k—o0

< lim Sup[MQ(xmk ) ﬂfnk) - S4d($mk+1, xnk+1)]
k—ro0

= lim sup Ma (%, , Tp,, ) — s liminf d(@pm, 41, Tny+1)
k—oo k—o0

<._<;e—s46

which is a contradiction. Therefore by Case (i) and Case (ii), we have {x,} is a b-Cauchy sequence in X.
Since X is b-complete, there exists x € X such that lim z, = z.

n—oo
Now we prove that z is a fixed point of f. Suppose that z # fx. We now show that either

(a) : =

—d(xp, Tpy1) < d(xp,x) or (b) :

1
7% —d(Tpt1, Tnr2) < d(Tpt1,T) (3.2.5)

2s

hold.
On the contrary suppose that

1
Q—d(mn,an) > d(xp,x) and Q—d(xn+1,xn+2) > d(xp41, ) for some n ={0,1,2,...}.
s S
By b-triangular property, we have

(2, Tns1) < sld(@n, ) + d(@, Tn41)] < $550d(@n, Tnt1) + d(@nt1, Toy2)]

S
%[d($nu xn—&—l) + d(fL’n, xn—l—l)] (xny xn—l—l)v

which is a contradiction. Therefore the inquality (3.2.5) holds.
Subcase (a). Suppose 5-d(zp, Tnt1) < d(Tn, ).
Since 5=d(zn, fzn) < d(2y, ), from the inequality (2.4.1), we have

C(S4d(f$n7 fiL‘), M2 (wi ZL’)) Z 07

where

Mo, 2) = max{d(zy, 2), d(z, fz)[1 4+ d(zp, fzn)] dz, fz,)[1 + d(xn, fo,)]

}.

1+ d(xp,x) ’ s2(1 + d(zp, v))
On taking limit superior as n — oo, we get
d
lim sup Ma(zp, ) < max{0,d(z, fx), (:c;fm)} = d(z, fz).
n—oo
Therefore
0 <limsup((s*d(fan, fr), Ma(2s, 1))
n—oo
= limsup Ma (2, x) — liminf s*d(z,1 1, f7)
n—00 n—o0

<d(z, fx) — gt d@.f)

S b
a contradiction. Therefore x = fx.
Subcase (b). Suppose 2—1Sd(xn+1,xn+2) < d(zpy1,1).
Since 5=d(Tpt1, fTnt1) < d(Tpt1,2), from the inequality (2.4.1), we have

((s"d(feppn, fr), Ma(2ni1,2)) > 0.

On the similar lines as in Subcase (a), here also it follows that z is a fixed point of f.
Uniqueness of fixed point of f follows as in the proof of Theorem 3.1. O
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4. Examples

The following is an example in support of Theorem 3.1.

Example 4.1. Let X =R and let d: X x X — R* defined by

0 if x=uy,
B 4 if x,y€10,1],
d(z,y) = 5+T+y if x,y € (1,00),

66 otherwise.
Then clearly (X,d) is a complete b metric space with coeﬂicz’ent s = g—i. Here we observe that when x =
P z=1€l,00) and y € (0,1), we have d(z,2) =5+ x+z =10 and d(z,y) +d(y,2) =L + L =12 4
that d(x, z) # d(x,y) + d(y,z). Hence d is a b-metric with s = 25 but not a metric.

: _ [ 2 i zel01) CRT x RT _ 99

We define f: X — X by f(x) = % if el o0). and ¢ : RT x RT — (—o00,00) by ((t,s) = 1555 — t,

t,s € RT.

Then ( is a simulation function. Without loss of generality, we assume that y < x.

Case (i). z,y €[0,1).

Since 5-d(z, fr) = 2(52) < 4 = d(z,y), we have d(fz, fy) = 0 and clearly the inequality (2.1.1) holds in
this case.

Case (m) x,y € (1,00).

Since o=d(z, fz) = $2(52) < 5+ (lery) = d(x,y), we have d(fx, fy) = 4,d(z,y) = 5+ (Hy), d(z, fr) =
52, d(y, fy) = 82, d(z, fy) = §,d(y, fz) = & and

My(z,y) =max{d(z,y),d(z, fz),d(y, fy, 3;1d(z, fy) + d(y, f2)])}

_ 1 66 66 12166 66 _ 1
—maX{S—{—(x_s_y),ﬁ,%,ﬁ[*—{— ]}—5+(z7

We consider

99 99 1 25,

C(s"d(fe, fy). Mi(e,9)) = 355 M (@) = s"d(f. fy) = 1555+ s

Case (iii). = € (1,00),y € .

Since &d(z, fr) = $2(58) < 58 = d(x,y).

d(fx, fy) = 58, d(z,y) = §,d(z, fo) = 58, d(y, fy) = §. d(z, fy) =5+ 515y, d(y, fz) = 4 and
My(z,y) =max{d(z,y),d(z, fz),d(y, fy), 351d(z, fy) + d(y, f2)]}

66 66 66 12 12 1
35,98, 985 35 10 T+ m+y)+ 4]} = 25[9+(x+y)]‘

= max{

We consider

C(S4d(fx,fy),M1(ﬂc,y)) = 100M1( ) 84d(f.1‘ fy)

= 1o0(2[9 + (Iiy)]) (3)*(58) = 0.

Case (w) z=1,y€l0,1).
Since 5-d(z, fz) =0 < 4 = d(z,y).
(fx fy) gg’d(may) =4, d(l’, fl') - Oad(y7 fy) ggad(xafy) gg’d(yafx) =4 and

M(z,y) = max{d(w,y),d(z, fx),d(y, fy), 3[d(x, fy) + d(y, f2)]}

= max{4,0, 52, 2[5 + 4]} = 4.

We consider

C(s*d(fx, fy), Mi(z,y)) 219090M1( y% s*d(fz, fy)
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From all the above cases, f is a Suzuki Z-contraction type (I) map. Therefore f satisfies all the hypotheses
of Theorem 3.1 and 1 is the unique fixed point of f.

Remark 4.2. Theorem 3.1 and Example 4.1 extend and generalize Theorem 1.14 to b-metric spaces. Also
Theorem 3.1 extends Theorem 1.15 to b-metric spaces.

The following is an example in support of Theorem 3.2.

Example 4.3. Let X =[0,00) and let d : X x X — RT defined by

0 if =y,
_ 4 7«f €T,y € [0’ 1 ?
% otherwise.

Then clearly (X,d) is a complete b-metric space with coefficient s = i%g. Here we observe that when x =

%,z = % € (1,00) and y € (0,1], we have

1 125 _ 27 27 _ 54

d(m,z):5+x+z 73

so that d(z,z) # d(z,y) + d(y, z). Hence d is a b-metric with s = 13 but not a metric.
. 2 ifzelo)

We define f: X — X byf(:v)—{ m22+1 if zell,o0).

We define ¢ : RT x RT — (—00,00) by ((s,t) = 155t — s,t > 0,5 > 0. Then ( is a simulation function.

Without loss of generality, we assume that x > y.

Case (i). z,y €[0,1).

>d(z, fr) = (3%)(—0) <4 =d(z,y). Since d(fz, fy) = 0 the inequality (2.4.1) holds in this case.

Case (ii). x,y € (1,00).
We have 5-d(z, fz) = (459 )(%)§5+$:d($7y)7
A(f, Fy) = 4, d(w,y) =5+ —— d(z, fz) = 2, d(y, fy) = - d(y, f2) = -
z, ]y z,y x—i—y’ x’x_lO’ Y, JY 10 Yy, Jr 10
and d(y.fy)[1+d(x.f2)] d(y.fz)[1+d(z,fz)]
My(x,y) = max{d(z,y), ST 5, y82?1+d(xz =
27 [1+27 0[1_,_27
_maX{5+m+ya 6+ 7( ) (6+ I+y)}
—5+r+y

We consider

C(s*d(fx, fy), Ma(w,y)) = {g5Ma(w,y) — s'd(fx, fy)

= 100(5 + 7) (%8)4(4) > 0.

T+y —
Case (iii). v € (1,00),y € [0,1).
We have lsd(x fx) = (%)(%) < % d(z,y),
7 7 7 7
S, o) = 5odly) = 30 dw, f2) = 16, d(w, fy) = 5, dly, o) = 4

and
d(z,fx)] d T d(z,fz
My(z,y) = max{d(z,y), d(y, ff_)’_[;a;) of )]7 (ysf(l-:;(zyf )]}
27 10[1+27 4[1+(7)
10 1+27 ) (189)2(1+%)}

= max{ %}
4

T GE)Y
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We consider

99 99 4 489 , 27
4 ot 4
It — Ty (24 2y >
Gt i o) M) = 105 Male) = e ) = 15 ) ~ ()" Gg) 20
Case (). =1,y € [ ,1).
We have =d(z, fz) =0 < 4 = d(z,y),
7 27
and Ay S [14d@ D) dl.fo)1+d fo)
Mg(l‘,y) = max{d(x,y), = f—l—d(:v,yf’ = ’ ys :(Cler(wg . }

_ 27 4 o

= maX{47 50° (?l%w} = 4.
We consider

99 99 489 4,27

C(s'd(fx, fy), Ma(z,y)) = —=Ma(z,y) — s'd(fz, fy) = = (4) = (=) (19) 2

100 100 4807 *10

From all the above cases, f is a Suzuki Z-contraction type (II) map. Therefore f satisfies all the hypotheses
of Theorem[3.9 and 1 is the unique fized point of f.

Here we observe from Case (iii) that, if we omit the term % from the inequality (2.4.1),

then the inequality (2.4.1) fails to hold so that Theorem is not possible to apply.
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