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Abstract

The object of the present paper is to characterize a K-contact semi-Riemannian manifold satisfying certain curvature conditions. We
study Ricci semi-symmetric K-contact semi-Riemannian manifolds and obtain an equivalent condition. Next we prove that a K-contact
semi-Riemannian manifold is of harmonic conformal curvature tensor if and only if the manifold is an Einstein manifold. Also we study
&-conformally flat K-contact semi-Riemannian manifolds. Finally, we charecterize conformally semisymmetric Lorentzian K-contact
manifolds.
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1. Introduction

Let M2"*1 be a contact manifold with contact form 1, associated vector field £ and (1, 1) tensor field ¢ ([1],[2]). A semi-Riemannian metric
g is said to be an associated metric if it satisfies: 1(X) = €g(X, ), where € = 1. Then M is said to be a contact semi-Riemannian (or
Pseudo-Riemannian) manifold and (M, ¢,&,1n,g) is called a semi-Riemannian (or Pseudo-Riemannian) structure.

Takahashi [10] introduced the concept of contact semi-Riemannian manifolds. Semi-Riemannian contact metric manifolds have been studied
by Calvaruso and Perrone ([3],[4]) and Perrone ([7],[8]).

A contact semi-Riemannian manifold is said to be K-contact if & is a Killing vector field and Sasakian if it is normal.

A semi-Riemannian manifold is said to be Ricci semi-symmetric if R(X,Y).S = 0, where R(X,Y) is the curvature operator and S denotes the
Ricci tensor. In [9] Tanno studied Ricci symmetric (VS = 0) K-contact Riemannian manifolds. Also Yildiz and Ata[11] studied K-contact
Riemannian manifolds. The paper is organized as follows:

After preliminaries in section 3, we extend the Tanno’s result for semi-Riemannian case.

In a recent paper [7], Perrone showed that a conformally flat K-contact semi-Riemannian manifold is Sasakian. In section 4 we generalize
the result for a K-contact semi-Riemannian manifold of harmonic conformal curvature tensor. In section 5, we have shown that any
&-conformally flat semi-Riemannian K-contact manifold is Sasakian. Finally, we consider conformally semisymmetric Lorentzian K-contact
manifolds.

2. Preliminaries

A contact semi-Riemannian manifold is Sasakian if it is normal, that is,

(X, 9X]+2dn(X,X)E =0. .1
This condition is equivalent to

(Vx9)Y =g(X,Y)E —en(Y)X. (2.2)
In a contact semi-Riemannian manifold the following relations hold ([7],[8]):

n(6) =1,e8(X,§) = n(X), 2.3)
$°X = —X +n(X)¢&, (2.4)
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8(9X,9Y) = ¢(X,Y) —en(X)n(¥), (2.5)

Vx& =eoX, (2.6)
where V is the Levi-Civita connection.

Also in a K-contact semi-Riemannian manifold & satisfies the following relation (see [6]):

Q& =2neé, 2.7)

that is, & is an eigen vector of the Ricci operator Q defined by [7]

S(é,X)=g(Q§,X):2n£g(§,X):2nn(X), (2.8)

where S denotes the Ricci tensor.

Also the curvature tensor R satisfies

R(X,£)E = ¢°X. (2.9)

Further, since £ is Killing in a K-contact manifold, S and r remain invariant under it.

Consequently,

£:85=0 (2.10)
and

£er=0 (2.11)

where £ denotes the Lie derivation.

We state the following:

Lemma 2.1. ([7],[8]) Let (M,n,g,&,9) be a K-contact semi-Riemannian manifold. Then M is Sasakian if and only if the curvature tensor
R satisfies

RX,Y)éE=nX)Y —n(Y)X. (2.12)
Definition 2.2. A contact semi-Riemannian manifold is said to be n-Einstein if

S(X,Y)=ag(X,Y)+bnX)n(Y), (2.13)
where a,b are smooth functions.

Remark 2.3. The basic difference between the Riemannian and semi-Riemannian geometry is the existence of a null vector, that is, a vector
v satisfying g(v,v) = 0, where g is the metric tensor. The signature of the metric g of a Riemannian manifold is (+,+,+,...,.4+,+) and of a
semi-Riemannian manifold is (—,—,—,...,+,+). There are differences of the basic results of K-contact Riemannian and semi-Riemannian
manifolds due the presence of €.

3. Ricci semisymmetric K-contact semi-Riemannian manifolds

It is known that [9] a K-contact Riemannian metric manifold is an Einstien manifold if and only if it is Ricci-symmetric. In this section, we
prove a similar result for the semi-Riemannian case.

Theorem 3.1. A K-contact semi-Riemannian manifold is Ricci semi-symmetric if and only if the manifold is an Einstein manifold.

Proof. Let M be a Ricci semi-symmetric K-contact semi-Riemannian manifold. Then

RS=0,

which implies

S(R(X,Y)U,V)+S(U,R(X,Y)V)=0. 3.1
Putting Y = U = & in (3.1) we obtain

S(R(X,E)E,V)+S(E,R(X,E)V)=0. 3.2)
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Using (2.4) and (2.9) in (3.2) yields
S(=X+n(X)&,V)+S(E,R(X,§)V) =0,

which implies

=S(X,V)+n(X)S(E,V)+S(E.R(X,§)V) =0. (33)
Interchanging X and V in (3.3) we obtain

—S(V,X)+n(V)S(E,X) +S(E,R(V,E)X) =0. (34)
Subtracting (3.3) from (3.4) it follows that

nX)S(E.V)=n(V)S(E.X) +S(E,R(X,E)V) +S(R(V.£)E,X) =0. (3.5)
Putting V = & in (3.5) we obtain

n(X)S(&.&) —n(&)S(E.X) —S(&,R(E.X)E) =0.

Using (2.3) and (2.9) in the above equation yields

n(X)S(€,8) —S(&.X) - S(E,X)+n(X)S(£.£) =0,

which implies

S(X,€) = 2nn(X). (3.6)
Consequently from (3.2) we get

—S(X,V)+2nn(X)n(V) +2neg(R(X,E)V,E) = 0. 3.7)
It follows that

S(X,V)+2mm(X)n (V) —2neg(—X +n(X)E,V) =0,

which in terms implies that

S(X,V) =2neg(X,V), where €=g(X;,X;).

Converse part follows easily. O

In view of Theorem 3.1 and the fact that Ricci symmetric (VS = 0) implies Ricci-semisymmetric (R.S = 0), we may conclude the following:

Theorem 3.2. In a K-contact semi-Riemannian manifold M the following conditions are equivalent
(i) M is an Einstein manifold

(ii) M is Ricci-symmetric

(iii) M is Ricci semi-symmetric.

4. K-Contact Semi-Riemannian Manifolds With Harmonic Conformal Curvature Tensor

This section deals with a K-contact Semi-Riemannian manifold with divC = 0.

Definition 4.1. The conformal curvature tensor is given by

1
COYNZ=RUYIZ = 5 S0 DX =S 2)Y +8(1,2)0X —g(X,2)QV |+ 5 s gV, Z)X — ¢(X, 2)Y),
where Q is the Ricci operator and r is the scalar curvature.
It is known that([5],[6])

2(n—1)
2n—1

{(VxS)(¥,2) = (Vy$)(X,Z) - %[g(Y,Z)dr(X) —8(X,Z)dr(Y)]},

(divC)(X,Y)Z =
where ‘div’ denotes divergence.

Definition 4.2. A Riemannian or a semi-Riemannian manifold is said to be of harmonic conformal curvature tensor if
(divC)(X,Y)Z =0,

where ‘div’ denotes divergence.

We prove the following:

Theorem 4.3. A K-contact semi-Riemannian manifold is of harmonic conformal curvature if and only if the manifold is an Einstein manifold.
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Proof. Let M be a semi-Riemannian K-contact manifold satisfying divC = 0. It is known that divC = 0 implies

1
(VxS)(¥,2) = (Vy$)(X,Z) = - [s(Y,2)dr(X) — g(X,Z)dr(Y)]. @.1
From (2.10) and (2.11) it follows that

(VgS)(Y,Z):—S(Vyé,Z)—S(Y,Vzé). 4.2)

dr(E) = 0. 43)
Consequently putting X = & in (4.1) we get
(VeS)(V,Z) = (Vy$)(§,2) = ﬁ[g(sz)dr(é) —8(§,2)dr(Y)]. 4.4

Thus from (4.2) and (4.3) it follows that

~S(V,2) = S(Y,V28) ~ (VyS)(§.2) = — 5_e(&.2)dr(Y). 45)
That is,
~S(1,928) - VyS(§,2) +S(&,VvZ) =~ _en(Z)dr(Y). “.6)

Using (2.6) and (2.8) in (4.6) we get,
eS(Y,0Z) +2nVyn(Z) — 2nm (Vy Z) = %n (Z)dr(Y), @.7)

which implies

eS(Y,0Z) +2n(Vyn)Z = %n (2)dr(Y). 4.8)
Hence
S(Y,0Z) +2ne(Vyn)(Z) = ﬁn(Z)dr(Y). 4.9)

We note that
(Vyn)(Z) =Vyn(Z) —n(VyZ) (4.10)
= SVYg(ZaéC:') —Sg(VyZ,g)
=¢g(Z,Vy&)
=£g(Z,e9Y)
=3g(Z,97).
So from (4.10) it follows that
S(Y,9Z)+2neg(Z,¢Y) = ;—nn(z)dr(Y). 4.11)

Putting Z = ¢Z in (4.11) we get

S(Y,0%Z) +2neg(0Z,9Y) = %n(qﬁZ)dr(Y). (4.12)

Again using (2.4) and (2.5) in (4.12) we get

S(Y,—Z+n(Z2)&)+2neg(Z,Y)—2nn(Z)n(¥Y) =0. (4.13)
That is,
—S(Y,Z2)+n(Z2)S(Y,E)+2neg(Z,Y) —2nn(Z)n(Y) =0. 4.14)

Using (2.8) in (4.14), we obtain
S(Y,Z) = 2neg(Y,Z), where €= g(X;.X;). (4.15)

Conversely, if the K-contact manifold is an Einstein manifold, then it can be easily seen that the conformal curvature tensor is harmonic.
This completes the proof. O

Since VC = 0 (conformally symmetric) implies divC = 0, therefore we can state the following:

Corollary 4.4. A conformally symmetric K-contact semi-Riemannian manifold is an Einstein manifold.
Note: A conformally symmetric K-contact Riemannian manifold has been studied by Zhen [13].
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5. £-Conformally Flatness

&-conformally flat K-contact manifolds have been studied by Zhen et al. Since at each point p € M" the tangent space T},(M") can be
decomposed into the direct sum T,(M") = ¢(T,(M")) ® {&,}, where {&,,} is the one-dimensional linear subspace of T,,(M") generated by

&), the conformal curvature tensor C is a map
C: TP(M") X Tp(M”) X TP(M”) — (])(TP(M”)) @{ép}

Definition 5.1. [12] A K-contact semi-Riemannian manifold is said to be & conformally flat if the projection of the image of C onto {&p} is

zero, that is, C(X,Y)€ = 0, where C is the conformal curvature tensor.

Proposition 5.2. A &-conformally flat K-contact semi-Riemnnian manifold is an 1-Einstein manifold.

Proof. Let M*"+1 be a &-conformally flat K-contact semi-Riemannian manifold. Then C(X,¥)& = 0 implies that

R(XvY)éf [S(Yaé)X7S(X7§)Y+8(Y’€)QX7g(X7§)QY]+zn [g(Y7§)ng(X,<§)Y}=O.

1 r
(2n—1) (2n—1)
Putting Y = & in (5.1) and using (2.3), (2.8) and (2.9) we obtain,

r€

- m[x—n(x)ﬂ

1
X HM(X)E = 5 20X~ 20m(X)E + 20X — 2im(X)¢]
which implies
1 re 1 re
oX = E{l —4n+ E}X—i_ 5{6"— 1- ﬂ}n(X)é
That is,

SX,Y) = ag(X,Y)+bn(X)n(Y),

where
1 re
=-{1-4 —
a 8{ n+ ™
and

1 re
b=—-{6n—1——}1.
£ {on 2n }
Consequently M is n-Einstein.
Theorem 5.3. A &-conformally flat K-contact manifold is Sasakian.
Proof. In view of (5.3) and (2.3) we obtain the following:

0X =aX +bn(X)E,

S(X,8) = ag(X,§) +ben(X)
and
r=02n+1)a+b.

From (5.4) and (5.5), it follows that

2
a+b= i
€

Using (2.3),(5.6),(5.7)and (5.8) in (5.1) we have

a b
2ne  2n(2n—1)e

ROXY)E = | 5 S mNX (XYY,

Using (5.9) in (5.10) we obtain
RX,Y)E =nX)Y —n(¥)X.
Therefore from Lemma 2.1 we conclude the theorem.

Since conformally flatness implies &-conformally flat, therefore we obtain the following:

Corollary 5.4. A conformally flat K-contact semi-Riemannian manifold is Sasakian.
The above corollary has been proved by Perrone in his paper [7].
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6. Conformally semisymmetric Lorentzian K-contact manifolds

The Ricci tensor Sy, of n-Einstein Lorentzian K-contact structure (1,gy) is given by [7]

Sp= (2 +1)gL+( +2n+1)n®n7 (6.1)
where the scalar curvature r;, = r+4n is a constant when n > 1, and gy, is Einstein if and only if r;, = —2n(2n+ 1). From (6.1)

T, T
SLX.Y) = (5 + DLX.Y) + (5 +2n+ )N(X)n(Y) = Age(X.Y) +Bn(X)n(Y), 62)

where A = (3£ 4 1), B = (5% +2n+ 1) are constants.
The conformal curvature tensor C is given by

L

CL(X,Y)Z=R.(X,Y)Z— m

[82(Y,2)QL(X) — gL(X,Z)QL(Y) + SL(Y,Z)X — SL(X,Z)Y]+ eL(Y,Z)X —gL(X,2)Y], (6.3)

2n—1
where Q. is the Ricci operator defined by g7(0X,Y) = S1.(X,Y), for all vector fields X, Y. Using (6.2) in (6.3) we get

CL(X,Y)Z = Ru(X,Y)Z — ﬁ[&(yz){(i X

2n
1+ amn(x)E}
—gL(x,zmz Timn()E)
(6.4)
{5+ D8V.2) + (GE + 1+ 2nn(V)n(2)}X
—{(GE + DeL(X.2) + (32 +1+2n)0(X)n(2))}Y]

+ W)[&(Y Z)X —gL(X,2)Y],

+(

)Y 4 (2

from which it follows that

1
CLX.¥)Z = RL(X.Y)Z ~ =255 + 1)L (V. 2)X

2n
_2(%+ Der(X,2)Y
+ (% +2n+ 1)gL(Y,Z)n(X)E — (;TL, +1+2n)gr(X,Z)n(Y)& 7

vk (5= +1+20m(X)n(2)7]

+ WL_U[&(KZ)X —g(X,Z)Y].

+1+2n)n(Y)n(2)X —

The above equation implies

CLX.Y)Z = Ru(X.V)Z~ {5 1(52 )
- m}{gL(Y,Z)X —8L(X,Z)Y} ©6)

o D 2N (XS~ e (X2 (0
+n¥)N2)X —n(X)n(Z)Y}.

Putting X = Z = & in (6.6) we infer that

CL(8,Y)E =RL(G,Y)G -

+1)- M)+ ¥} - 5 CE an s D {n(1)E - ). ©7)

-1 (Zn 2n( 2n(2n—1)
As we are interested to study conformally semisymmetric Lorentzian K-contact manifolds, therefore

(RL(X,&).CL)(U,V)W =0. (6.8)
This implies

RL(X,E)CL(U, V)W — CL(RL(X,E)U,V)W — CL(U,RL(X,E)V)W = CL(U,V)RL(X, &)W =

for all vector fields U, V, X, W. Putting U =W = & in (6.8) we get

RL(X,E)CL(E,V)E = CL(RL(X,E)E,V)E —CL(E,RL(X,E)V)E — CL(E,V)RL(X,E)E =0. (6.9)
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From (6.7) we get

CL(&,V)E=a{V-n(V)E}, (6.10)
where a = %}W = constant. Hence

RL(X,8)CL(E,V)E = (1 —a){RL(X,E)V +n(V)X —n(X)n(V)E}. (6.11)
Similarly,

CL(RL(X,6)G,V)E = —RL(X,V)E + (2a—1){n(V)X —n(X)V} (6.12)
CL(E,RL(X,E)V)E = (1 —a){RL(X,E)V —g(V.X)e +n(X)n(V)E} (6.13)
and

CL(E,V)RL(X,8)E = —RL(8,V)X +afgr(V.X)E —n(X)V} +(1-a){n(X)V —n(X)n(V)E}. (6.14)

Using (6.11), (6.12), (6.13), (6.14) in (6.9) we obtain
RL(X,V)E+RL(E, V)X —a{2n(V)X —=3n(X)V +28L(X,V)E —n(X)n(V)E}+{n(V)X —n(X)V +8.(X,V)E —n(X)n(V)E} =0. (6.15)

Interchanging X and V in (6.15) we get

RL(V.X)E+RL(E,X)V —a{2n(X)V =3n(V)X +2g.(V,.X)E —n(V)N(X)E} +{n(X)V —n (V)X +gL(V.X)E —n(V)n(X)E} =0. (6.16)
Substraction (6.16) from (6.15) we get

R V)E = 22X -0 (V]

It is clear that for a = 1, R..(X,V)§ = n(V)X — n(X)V and hence Weyl Conformally semi-symmetric Lorentzian n-Einstein K-contact
manifold is a Sasakian manifold. Again a = 1 is equivalent to 7, = 4n. Thus in view of the above we can state the following:

Theorem 6.1. A conformally semisymmetric Lorentzian K-contact N-Einstein manifold is a Sasakian manifold, provided r; = 4n.
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