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ABsTRACT. In this paper, we introduce the notion of generalized weakly
Za,a,u,t,m,p—Ccontraction maps with respect to the Cg—simulation function
and prove the existence of PPF dependent fixed points of nonself maps in
Banach spaces. For such maps, PPF dependent fixed points may not be unique.
We provide an example to illustrate this phenomenon.

1. INTRODUCTION AND PRELIMINARIES

In fixed point theory, Banach contraction principle is one of the well known
basic fundemental result and it gives an idea for the existence of fixed points with
uniqueness in complete metric spaces. In 1997, Alber and Gurre-Delabriere [1]
introduced weakly contractive maps which are extensions of contraction maps and
obtained fixed point results in the setting of Hilbert spaces. Rhoades [9] extended
this concept to metric spaces. Based on this idea, many authors generalized and
extended the contraction maps and weakly contractive maps by introducing new
functions like a—admissible maps, C'—class function, simulation function etc., for
more details we refer [2, [10] [14] [1]].

Throughout this paper, we denote the real line by R, RT = [0,00), and N is the
set of all natural numbers, Z is the set of integers.

In 2011, Choudhury, Konar, Rhoades and Metiya [I6] introduced the notion of
generalized weakly contractive mapping as follows and proved the existence of fixed
points of generalized weakly contractive mappings in complete metric spaces.

Definition 1.1. [16] Let (X, d) be a metric space, T a self-mapping of X. We shall
call T a generalized weakly contractive mapping if for any z,y € X,

Y(d(Tz, Ty)) < Y(m(z,y)) — ¢(max{d(z,y),d(y, Ty)}),
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where

(i) ¥ : RT = RT is a continuous monotone increasing function with
P(t) =0 < t=0,

(ii) ¢ : RY = R is a continuous function with ¢(t) =0 <= t =0,

(iti) m(z,y) = max{d(z,y), d(z,Txz),d(y, Ty), 3|d(z, Ty) + d(y, Tz)]}.

Theorem 1.1. [I6] Let (X,d) be a complete metric space, T a generalized weakly
contractive self-mapping of X. Then T has a unique fixed point.

In 2012, Samet, Vetro and Vetro [30] introduced the concept of a—admissible
mappings as follows.

Definition 1.2. [30] Let (X, d) be a metric space. Let T : X — X and
a: X x X = Rt be two functions. Then T is said to be an o—admissible mapping
if

alz,y) > 1 = a(Tz,Ty) > 1 (1.1)
forall x,y € X.

In 2013, Karapmmar, Kumam and Salimi [23] introduced the notion of triangular
a—admissible mappings as follows.

Definition 1.3. [23] Let T be a self-mapping of X and let o : X x X — R* be a
function. Then T is said to be a triangular a—admissible mapping if

alz,y) >1 = a(Tz,Ty) > 1 and

alz,z) > 1, alz,y) > 1 = a(z,y) >1 (1.2)

forall x,y,z € X.
In 2014, Ansari [2] introduced the concept of C'—class function as follows.

Definition 1.4. [2] A mapping G : RT x RT — R s called a C—-class function
if it is continuous and for any s,t € RT, the function G satisfies the following
conditions:

(i) G(s,t) < s and

(ii) G(s,t) = s implies that either s =0 ort = 0.

The family of all C—class functions is denoted by A.

Example 1.1. [2] The following functions belong to A.
(i) G(s,t) = s —t for all s,t € RT.
(ii) G(s,t) = ks for all s,t € RT where 0 < k < 1.
(iii) G(s,t) = iz for all st € R* where r € RT.
(iv) G(s,t) = sB(s) for all s,t € RT where f: Rt —[0,1) is continuous.

In 2015, Khojasteh, Shukla and Radenovi¢ [24] introduced the notion of sim-
ulation function and proved the existence of fixed points of Zy—contractions in
complete metric spaces.

Definition 1.5. [24] A function ¢ : RT x Rt — R is said to be a simulation
function if it satisfies the following conditions:

(1) €(0,0) = 0;

(o) C(t,8) < s—t forallt,s > 0;

(G3) if {tn}, {sn} are sequences in (0,00) such that lim t, = lim s, > 0, then

n—oo n—oo

lim sup ((ty,, s,) < 0.

n—oo
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We denote the set of all simulation functions in the sense of Definition [I.5] by
Zy.

Example 1.2. |24, 22] Let ¢; : RT — RT be a continuous function with ¢;(t) = 0
if and only if t = 0 for i = 1,2,3. Then the following functions ¢ : RT™ x R* — R
belong to Zy.

(i) ((t,s) = 77 —t for allt,s € RT.

(ii) C(t,s) = As—t for allt,s € RT and 0< X< 1.
(iii) C(t,8) = ¢p1(8) — d=(t) for all t,s € RY, where ¢1(t) <t < ¢o(t) for all t > 0.

Definition 1.6. [24] Let (X, d) be a metric space, T : X — X be a mapping and
(€ Zy. Then T is called a Zy— contraction with respect to C if

((d(Tx, Ty), d(x,y)) = 0 (1.3)

forall z,y € X.

Theorem 1.2. [24] Let (X,d) be a complete metric space and T : X — X be a
Z g — contraction with respect to (. Then T has a unique fized point u in X and for
every xg € X the Picard sequence {x,} where x,, = Tx,_1 for any n € N converges
to the fized point of T.

In 2015, Nastasi and Vetro [4] proved the existence of fixed points in complete
metric spaces by using simulation functions and a lower semicontinuous function.

Theorem 1.3. [4] Let (X,d) be a complete metric space and let
T:X — X be a mapping. Suppose that there exist a simulation function ¢ and a
lower semicontinuous function ¢ : X — RT such that

(d(Tz, Ty) + ¢(Tx) + ¢(Ty), d(z,y) + ¢(2) + ¢(y)) = 0 (1.4)
for any x,y € X. Then T has a unique fized point u such that p(u) = 0.

In 2018, Cho [14] introduced the notion of generalized weakly contractive map-
pings in metric spaces and proved the existence of its fixed points in complete metric
spaces.

Definition 1.7. [I4] Let (X,d) be a metric space, T a self-mapping of X. Then T
is called a generalized weakly contractive mapping if

Y(d(Tx, Ty) + o(Tx) + o(Ty)) < Y(m(z,y,d,T,¢)) — ¢(l(z,y,d,T,¢)) (1.5)

for all x,y € X, where
(i) ¢ : RY — R is a continuous function and (t) =0 < t =0,
(ii) ¢ : RT — RT is a lower semicontinuous function and ¢(t) =0 < t =0,
(iti) m(z,y,d, T, ¢) = max{d(z,y) + () + ¢(y), d(z,Tx) + p(z) + ¢(Tz),
d(y, Ty) + ¢(y) + ¢(Ty),
sld(z, Ty) + o(x) + ¢(Ty) + d(y, Tx) + ¢(y) +
o(Tx)]},
(v) Uz,y,d, T, ) = max{d(z,y) + () + ¢(y), d(y,Ty)+¢(y) +¢(Ty)} and
(v) ¢ : X = RY is a lower semicontinuous function.

Theorem 1.4. [I4] Let (X,d) be a complete metric space. If T is a generalized
weakly contractive mapping, then there exists a unique z € X such that z =Tz and

o(z) = 0.



PPF DEPENDENT FIXED POINTS OF ... 69

In 2018, Liu, Ansari, Chandok and Radenovi¢ [25] generalized the simulation
function introduced by Khojasteh, Shukla and Radenovi¢ [24] by using C'—class
functions with Cg property.

Definition 1.8. [25] A mapping G : RT x R™ — R has the property Cq if there
exists an Cq > 0 such that

(i) for any s,t € RY, G(s,t) > Cq implies s > t, and

(ii) G(t,t) < Cq for all t € RT.

Example 1.3. [25] The following functions are elements of A that have property
Cg for allt,s € RT:
(i) G(s,t) = s —t,Cqg =r,7 € RT,
(ii) G(s,t) = s — CHt O =0,
(ii1) G(s,t) = 153,k > 1,Cq = 43,7 > 2.
Definition 1.9. [25] A function ¢ : Rt x RT — R is said to be a Cg—simulation
function if it satisfies the following conditions:
(C4) €(0,0) = 0;
(Gs) C(t,8) < G(s,t) for all t,s > 0 where G € A has property Cg;
(C6) if {tn}, {sn} are sequences in (0,00) such that lim t, = lim s, >0 and
n—oo n—oo
t, < Sy then limsup ((t,, s,) < Cq.

n— oo

We denote the set of all Cg—simulation functions by Zg.

Example 1.4. [25] The following functions ¢ belong to Zg.
(i) Let k € R be such that k < 1 and ¢ : RT x RT — R be the function defined

by ((t,s) = kG(s,t) —t, here Cg = 0.

(i1) Let k € R be such that k <1 and let ¢ : RT x RT — R be the function defined
by C(t,s) = kG(s,t), here Cq = 1.

(1ii) We define ¢ : RT x RT — R by ((t,s) = A\s — t, where X € (0,1) and
G:RT xRT = R by G(s,t) = s —t for any s,t € RT.
Clearly ¢(0,0) =0 and G € A with Cg = 0.
Clearly ((t,s) = As —t < s —t = G(s,t) and hence ( satisfies ((5).
If {t,},{sn} are sequences in (0,00) such that nh_}rr;o ty = nh_}rr;o Sp=k>0
and t, < s, for alln € N, then
limsup ((ty,, sp) = limsup(As, —t,) =Xk —k=(A— 1)k <O0.

n—roo n— oo

Therefore ¢ satisfies ((s) and hence ¢ € Zg.

In 1977, Bernfeld, Lakshmikantham and Reddy [I2] introduced the concept of
fixed point for mappings that have different domains and ranges which is called
PPF (Past, Present and Future) dependent fixed point, for more details we refer
[6l LT, 17, 19, 21, [26].

Let (E,||.|| p) be a Banach space and we denote it simply by E. Let I = [a,b] C R
and Eg = C(I,E), the set of all continuous functions on I equipped with the
supremum norm ||.|| and we define it by |[[¢]| 5 = s<11[<)b [|6(t)|| 5 for ¢ € Ey.

For a fixed ¢ € I, the Razumikhin class R. of functions in Ej is defined by
R. = {¢ € Ey/ ol g, = l[¢(c)||p}- Clearly every constant function from I to E
belongs to R, so that R, is a non-empty subset of Ejy .

Definition 1.10. [I2] Let R. be the Razumikhin class of continuous functions in
Ey. We say that
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(i) the class R is algebraically closed with respect to the difference if ¢ — 1 € R,
whenever ¢, € R,..

(ii) the class R, is topologically closed if it is closed with respect to the topology
on Eo by the norm ||.||, -

The Razumikhin class of functions R, has the following properties.

Theorem 1.5. [5] Let R, be the Razumikhin class of functions in Ey. Then
i) Eg = UR. .
c€la,b]
ii) for any ¢ € R, and a € R, we have a¢ € R,.
iii) the Razumikhin class R, is topologically closed with respect to the norm defined
on Ey.
iv) NR, ={¢p € Ey|¢:I— E is constant} .
c€la,b]
Definition 1.11. [12] Let T : Ey — E be a mapping. A function ¢ € Eqy is said to
be a PPF dependent fized point of T if T = ¢(c) for some ¢ € I.

Definition 1.12. [12] Let T : Eg — E be a mapping. Then T is called a Banach
type contraction if there evists k € [0,1) such that ||[T¢ — T9||p < k||¢ — Y|l for
all ¢, € Ey.

Theorem 1.6. [I12] Let T : Ey — E be a Banach type contraction. Let R. be
algebraically closed with respect to the difference and topologically closed. Then T
has a unique PPF dependent fized point in R..

Definition 1.13. [28] Let c € I. Let T : Ey — F and o : E x E — R be two
functions. Then T is said to be an a.—admissible mapping if

a(¢(c), ¥(e) 21 = a(Te,Ty) > 1 (1.6)

for all 9,4 € Ey.
In 2013, Hussain, Khaleghizadeh, Salimi and Akbar [2I] introduced the concept
of a.—admissible mapping with respect to u. and proved theorems for the exis-

tence of PPF dependent fixed points and PPF dependent coincidence points for
contractive mappings in Banach spaces.

Definition 1.14. 21| Letc € [ and T : Eg — E. Let a,pp: E x E — RY be two
functions. Then T is said to be an a.—admissible mapping with respect to p. if

a(e(c),(c)) =z u(d(c),¥(c)) = a(To,Ty) = u(To, TY) (1.7)
for all ¢, € Fy.

Note that, if we take u(x,y) = 1 for all z,y € E then a.—admissible mapping
with respect to p. is an a.—admissible mapping. If we take a(z,y) = 1 for all
z,y € Fin then we say that T is a u.—subadmissible mapping.

In 2014, Ciri¢, Alsulami, Salimi and Vetro [I3] introduced the concept of trian-
gular a.—admissible mapping with respect to p. as follows.

Definition 1.15. [13]| Let c € [ and T : Ey — E. Let a,pu: E x E — RT be two
functions. Then T is said to be a triangular a.—admissible mapping with respect
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to pic if
(i) a(¢(c),¥(c)) = u(d(c),¥(c)) = aT¢,Ty) = (T, T)
(G

(i) a(g(c), ¥ (c)) = u(e(c),
= a(e(c), p(c)) = p(o(c) 90(0))

for all ¢4, p € Ey.

Lemma 1.7. [13] Let T be a triangular a.—admissible mapping with respect to fic.
We define the sequence {¢n} by Thn = ¢ny1(c) for alln € NU{0}, where ¢o € R, is
such that a(o(c), Too) = p(o(c), To). Then a(dm(c), on(c)) = pu(¢m(c), dn(c))

for all m,n € N with m < n.

Remark. If pu(z,y) = 1 for any x,y € E in Lemma we get the following
lemma.

Lemma 1.8. Let T be a triangular c.—admissible mapping. We define the sequence
{bn} by Ty, = Pny1(c) for alln € NU{0}, where ¢o € R, is such that
a(po(c), Tdo) > 1. Then a(dm(c), dn(c)) > 1 for all m,n € N with m < n.

Remark. If a(x,y) = 1 for any z,y € E in Lemma we get the following
lemma.

Lemma 1.9. Let T be a triangular u.—subadmissible mapping. We define the
sequence {¢n} by Ton = Pni1(c) for alln € NU {0}, where ¢g € R, is such that
w(go(c), Too) < 1. Then u(pm(c), dn(c)) <1 for all m,n € N with m < n.

Lemma 1.10. [7] Let {¢n} be a sequence in Eo such that ||¢n — 1|l — 0 as
n — oo. If {¢n} is not a Cauchy sequence, then there exists an € > 0 and two
subsequences {¢m,, } and {én,} of {dn} with my > ny > k such that

H(bnk - ¢mk||EO S H¢nk - ¢mk—1||Eo <e€and

i) klggo H(bnk - ¢mk+1||E0 =6 ii) klin;o H(bnkJrl - ¢mk||E0 =6
i) Um [|¢n, = Gmellg, =€ iv) Hm {|¢n, 11— Gm1llg, =€

In Section 2, we introduce the notion of generalized weakly Zg o, u,¢,5,,—contraction
map with respect to a C'g—simulation function { € Zg and prove the existence of
PPF dependent fixed points of these maps in Banach spaces(Theorem which
is the main result of this paper. For such maps, PPF dependent fixed points may
not be unique. In Section 3, we draw some corollaries and an example is provided
to illustrate our main result.

2. EXISTENCE or PPF DEPENDENT FIXED POINTS

We denote

U = {¢|¢:RT — RT is continuous, nondecreasing and £(t) =0 < ¢ =0}

and

® = {n|n:R" = R is continuous and n(t) =0 < t = 0}.

Based on the results of [4l, [14] [I6] we introduce a notion of generalized weakly
2G,0,,¢,n,0—contraction map with respect to ( € Zg as follows.

Definition 2.1. Letce€ I. Let T : Ey — E be a function and ( € Zg. If there exist
EeUneda: EXE—-RY u:ExE — (0,00), and a lower semicontinuous
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function ¢ : E — RT such that

((a(@(c), P(e)E(l|Td — Tl + o(T) + ¢(TY)),
1(9(c), () (E(M(4,4)) = n(N(¢,)))) = Ca

for all ¢, € Ey, where £(t) > n(t) for any t > 0,
M (¢, ) = max{||¢ — Y| g, + (¢(c)) + (¥ (c)), [|6(c) = Td|| e + ¢(d(c)) + (Td),
[v(c) = Tlle + ¢(¥(c)) + o(T),
] slllé(e) =Tyl e +¢(d(e) +o(T9) + [ (c) =Tl g+ (i(c) +(Te)]}

N(¢,¢) = max{[|¢ — ||, +¢(d(c)) + (¥ (c), [[¢(c) = TYl|e +(P(c) + o(T¥)}

then we say that T is a generalized weakly Zq o u.¢,n,0— contraction map with respect
to (.

Remark. (i) If o(x) = 0 for any x € E in the inequality then T is called a

generalized weakly Zg . .¢ n—contraction map with respect to (.

(ii) If o(x) = 0, u(z,y) = 1 = alz,y) for any z,y € E in the inequality then
T is called a generalized weakly Zg ¢ ,— contraction map with respect to C.

(1ii) If p(x) = 0, u(z,y) = 1 = a(z,y) for any x,y € E and £(t) =t for anyt € RT
in the inequality then T' is called a generalized weakly Zg ,— contraction
map with respect to (.

Theorem 2.1. Let c € I. Let T : Fy — E be a function satisfying the following

conditions:

(i) T is a generalized weakly Zg o, p.¢ n,o— contraction map with respect to C,

(ii) T is a triangular a.—admissible mapping and triangular p.—subadmissible

mapping,

(iil) R, is algebraically closed with respect to the difference,

(iv) if {&n} is a sequence in Ey such that ¢, — ¢ as n — 00, a(dn(c), dni1(c
and (i(¢n(c), Pn+1(c)) < 1 for any n € NU{0} then a(¢n(c), d(c)) > 1
w(pn(c),d(c)) <1 for any n € NU{0} and

(v) there exists ¢g € R such that a(po(c), Tdo) > 1 and u(do(c), Too) <1

Then T has a PPF dependent fized point ¢* € R, such that ¢(¢*(c)) = 0.

Proof. From (v) we have ¢g € R, such that a(¢o(c),T¢o) > 1 and
w(do(c), Tpo) < 1. Let {¢,,} be a sequence in R, defined by

Tén = Pny1(c) (2.2)

) =1
and

for any n=0,1,2,3... .
Since R, is algebraically closed with respect to the difference, we have

|pnt1 = @ullB, = l|fn+1(c) — ¢nlc)le (2.3)
for any n =0,1,2,3... .
Since T is triangular a.—admissible and triangular p.—subadmissible mappings,
by Lemma and Lemma we have
a(dm(c), Pn(c)) = 1
and (2.4)
1(@m(c), dn(c)) <1
for any m,n € N with m < n.
If there exists n € NU {0} such that ¢,, = ¢p41 then T, = dpy1(c) = Pn(c)
and hence ¢,, € R, is a PPF dependent fixed point of T
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Suppose that ¢,, # ¢p11 for any n € NU {0}.
If either M(¢n, dnt1) = 0 or N(¢n, drnt1) = 0 then the result is trivial.
Suppose that M (¢n, ¢ni1) # 0 and N(dn, dni1) # 0.
We consider
M(¢na ¢n+1) = maX{||¢n - ¢n+1||Eo + 90(¢7l(c)) + @(én-&-l(c))?
[|6n(c) — ThnllE + @(dn(c)) + o(Thn),
||@nt1(c) = Tons1llE + 0(dnt1(c)) + @(Thnt1),
3160 (c) = Tonialle + o(9n(c) + @(Toni1) +
[fn+1(c) = Tonl|E + (Pn+1(c)) + o(T'én)]}
= max{||¢n — dnt1llE, + (Pn(c)) + ©(dn+1(c)),
|6 — dn+1llE, + @(dnlc)) + @(dnt1(c)),
||dn+1 — Pnt2llE, + @(Dnt1(c)) + @(Pni2(c)),
3160 = dnrallm, + @(0n(€) + P(Pni2(c)) +
[|#n+1 = Gnt1llE, + @(Pnt1(c)) + @(Snta(c))]}
= max{[|¢n — dns1llE, + P(dn(c)) + (Pnt1(c)),
. [|6n+1 — PntallBy + P(Bnt1(c)) + o(dnr2(c))}
an

N(¢n, dn+1) = max{||¢n — dnt1llE, + P(Pn(c)) + ©(Pn+1(c)),
l[@n+1(c) = TPns1llE + @(Pnt1(c)) + @(Thnt1)}
= max{||pn — dnt1l[E, +@(Pn(c)) +@(Pnt1(c)),
l|¢n+1 — Pnt2llBo + @(Dnt1(c)) + @(Pnta(c))}
Suppose that
max{||¢n — Pnt1llE, + ©(Pn(c)) + P(Pn+1(0)); [[Pnt1 — Pnt2llE, + P(Pnt1(c)) +

P(Pn+2(c))}
= H¢n+1 ¢n+2”EO + QD((anrl( )) (¢n+2(c )
Clearly M(d)na ¢n+1) (¢n7 ¢n+1 = ||¢n+1 ¢n+2| |Eo +90(¢n+1(c>)+50(¢n+2 (C))
Since ¢p 41 # Pniya, we have ||dpnt1 — Gniz2||E, > 0 and hence
l|Pn+1 — dnt2l|Eo + (Prnti1(c)) + ©(dnt2(c)) > 0 and which implies that
E(||Pn+1 — PntzllEy + @(Pnt1(c)) + @(dn2(c))) > 0.
Therefore
a( ( ) ¢n+1( ) €(HT¢n - T¢n+1”E + (P(Td)n) + SD(T(anrl))
. = a(dn(c); Pnr1(0))E(|[dnr1 — Pnt2ll By + P(Pnt1(c)) + 0(Pns2(c))) >

Since £(t) > n(t) for any t > 0 we have (M (¢n, dnt1)) — (N (Pn, dnt1)) > 0 and
hence M(¢n(c); ¢n+1(c))(£(M(¢nv ¢n+1)) - n(N(¢n» ¢n+1))) > 0.
From , we have
Ca < C((Pn(0), dnt1()EITdn — Thnsille + (Thn) + @(Thni1)),
( n( )a¢n+1( ))(g(M(d)nad)n-i-l)) ( (¢n7¢n+1))))
G(p(dn(c); Pny1(e))(E(M(Pn, Prt1)) — NN (s Pri1))),
a(¢n(c), dnt1()E([|ITdn — Thnialle + o(Tén) + @(T¢n+1)))~(b
Y
(Cs))
Now by the property Cg , we get
(6n(0), Bn31 () EM (b S21)) — (N (Gr Br51)))
> aon(E) s eDETs — Tonalls + o) + oTonss)
early

§(||¢n+1 - ¢n+2||E0 + (P(Canrl(C)) + Lp((anrQ(C))) = S(M(qu ¢n+1))
> E(M(¢na ¢n+1)) - U(N((bnv ¢n+l))
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> 1(@n(c), Pnt1())(E(M (P, Pnt1)) — N(N(Pn, Pn+1)))
> a(dn(c), bns1(e)E(|Tdn — Thni1lle+ 0(Ton) +0(Thn+1))
2 E(||on+1 — dnr2llBy + P(Pnt1(c)) + @(dni2(c))),
a contradiction.
Therefore
6 —6n 111150+ (6 ()+0(Dn1(0)) > [[6ns1—Dnsallz+(Bn11(c)) +6(Sna(c))
and hence M (¢n, ¢ni1) = N(dn, dnt1) = l[¢n — Pns1ll5, +@(dn(c)) + 0(Pnt1(c))-
Let dy = [[6n — Gnt1ll 5 + 9(6n(€)) + 9(én11(c)).
Then the sequence {d,} is a decreasing sequence and hence convergent.
Let nh_)néo d, =k (say). Suppose that k > 0.

Since ¢, # dn41 we have d, = [|¢y — Gnt1l|E, +0(Pn(c)) + ©(Pnt1(c)) >0
and which implies that {(dn) = £(|[¢n — ¢ntallE, + (¢n(c) + @(Pnr1(c))) > 0.
Similarly n(d,) > 0. Clearly M (¢, ¢nt1) = N(én, dn+1) = dpn, and hence

(1(Pn (€); Pny1(c))(§(dn) — n(dn)) > 0.

Similarly d, 1 > 0 and which implies that (¢, (c), dn11(c))é(dps1) > 0.

From (2.1, we have

Co < (((Pn(c), dnt1(0)E(l[Pnt1 — PnrallEy + ©(Pnr1(c) + e(Pnt2(c))),
1P (€); Pny1(c))(€(dn) — n(dn))) 2.5

= (((n(c), Pn+1(c))E(dnt1), 1(Dn(c), Pns1(c))(€(dn) — n(dn)))
G((dn(€), Pnr1(c))(€(dn)=n(dn)), a(n(c), dn+1(c))E(dnt1)). (by(Cs))
Now by the property Cqa , we get that

lé(l(bn(f)’ ¢n+1(c))(£(dn) - n(dn)) > a(d)n(c)a ¢n+1(c))£(dn+l)'

early

§(dn) > &(dn) —n(dy)
> (P (c); dnt1(c))(€(dn) —
> a(¢n(c)a Dnt1 (C))g(dn-i-l)
Z §(d7z+1)~

On applying limits as n — oo, we get that

A (0 s V(&) =110 = J o) s o) =64 > 0.

On applying limit superior to ([2.5)), we get that

Ca < limsupC(Oé((bn(C)’¢n+1(6))€( nt1)s (Dn(c), Pnt1(c))(€(dn) — n(dn)))

n—oo

< Cg, (by (¢s))
a contradiction.

Therefore k = 0 and hence nl;n;o[||¢n — Int1llE, + ©(Pn(C) + ©(Pnt1(c))] = 0.
That is

n(dn))

i (16— uallz, =0 and lim (0 (c)) = 0. (2.6)

We now show that the sequence {¢,} is a Cauchy sequence in R,.
Suppose that the sequence {¢,} is not a Cauchy sequence.
Then there exists an ¢ > 0 and two subsequences {¢,, } and {¢,,} of {¢,} with
my > ng > k such that ||¢n, — dm,||Es = € [|Pn, — Pmu—1llE, < € and by
Lemma we have,

lim ||¢nk - ¢mk||E0 =€ and

koo .

klgf;o ||¢nk - ¢mk+1||E0 = €= klggo ‘|¢nk+1 - ¢77lk||E0 (2.7)

= k]i)H;o H¢nk+1 - ¢mk+1||E0 .
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Let dyym, = ||¢nk ¢>mk|\Eo + @(Pn (€) + ©(dm, (€))-
Then from and (| it follows that

lim dpym, =€= hm dnk+1mk+1
k—o00

Since € is contlnuous we get that
kh_)rgog(dnkJrlkarl) = 6(6) > 0. (28)
We consider
M(¢nk’¢mk) = ma‘X{||¢nk - (rbmkHEo + So(qsnk( )) 30((725 k(c))?
|#n () = Tn, ||+ ©(fn,(c) + ©(Tn,),
|@my (¢) = Tom, |5 + (¢m, () + w(T¢mk)»

3llén,(c) = Tom,|IE + 90( ni (€) + @(Tém,.) +
|@m, (€) = T, ||E + 2(Dm, () + o(Thn, )]}
= max{|[¢n, — dm, |5, +¢(dn, () + (¢mk(0))
|fn = Pnit1ll 2y + @(Dn,(€) + 0(Pny41(c)),
||¢mk - ¢mk+1”Eo + @(¢mk( )) ((bkarl( ))7
3l1n. = dmurllEy + (Dn(€) + @(Pmy+1(c)) +
[ Pmi = Pnit1ll 2 + 2(Em,.(€) + (D, 11(0))]}
= maX{dnkmk’dnknkJﬂ‘l? dmkmk+1’ l[d”kmk"l‘l + dmknk-‘rl]}
On applying limits as k — oo, we get that kl;ngo M (bn,s dm,,) = €.

We consider
N(Pnys Pmy.) = max{||¢n, — Gmy B, + P(Pny () + @(dmy (),
@y (€) = Thm, || &+ ©(Pm, (c) + O(T P, ) }
= max{|[¢n, — dm|lEo + ©(Dn, () + @(dm, (),
||¢mk - ¢mk+1||Eo + QD((ZSWJC (C)) + ¢(¢mk+1(c))}
= max{dnkmk’ dmkmk"rl}'
On applying limits as k — oo, we get that lem N(bny» bmy,) = €.
Since £, n are continuous, we have ~
khﬁngo g(M(ankaQbmk)) =¢(e) >0 and klglc}o n(N((bnka(bmk)) =1(e) > 0.

Therefore

Hm (§(M(Pny, D)) = NN (fn, @my))) = E(€) —n(e) > 0. (2.9)

k—o0
(since £(t) > n(t)
for ¢ > 0)
From and , there exists k1 € N such that

EM (b Sm)) = (N (s b)) > LL51D > 0
and (2.10)
g(dnk+1mk+1) > 77(25) >0
for any k > k.
From , we have
(Pny, (€); Py (€)E(dny+1mp+1) = E(dny41my+1) > 0 and 2.11)
(Dny, (€); Py (€))(E(M (D> ) — NN (D, Dimy.))) > 0 .
for any k > kq.
For any k > kq, from we have
Ce < ((a(Pn,(¢); oy ())E([|Thny, — Thdmy e + @(Ton,) + o(Thm,)),
(P (€), Piny () (E(M (P, Dy ) — N(N (D Pimy))))
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= ((a(Pni (€); by, ()E(||Pnit1 = dmptallBo + P(Dnit1(€)) + P(Dmit1(c))),

14(0n,(€), Emy. (€))(E(M (Pny s Dy ) — (N (D, Pinic))))
- C(a(¢nk (c)7¢mk (C ) ( nk“rlmk"t‘l)

(2.12)
G(1(Dny (€); Py () (E(M (D, D)) — NN (Dnye, Pmy)))
a(¢nk( ) ¢mk( )) ( nk+1mk+1))
(by (2.11)) and (¢5))
Now by the property Cg, we have
/‘L((bnk (C)7 ¢mk (C))(g(M(ank ) ¢mk)) - U(N(dmk ) d)mk)))

> a(¢nk (C)v ¢mk (C))é-(dnk+1mk+1)‘
(2.13)

Clearly

g(M(¢nk7¢mk)) > é-(M((bnk’(bmk)) - ( (¢nk?¢mk)>
> 1(@ny, (€); Py (€))(E(M (¢nk’¢mk)) — (N (P> D))
> a(¢nk (C)7¢mk (C)) ( nk+1mk+1 by-

> g(dnk“’lmk“rl)
On applying limits as k — oo, we get that

Jm (6, (0): 6y (D EM G Su) = 1N (B S))
= im0, (), Gy () s 1m11) = £(6) > 0.

On applying limit superior as k — oo to (2.12)), by (2.13) ,(2.14)) and ({s) we get
Ca < hlrcn sup C(a(QSVLk (C), ¢mk (C))g(dnk“rlmk"ﬂ‘l)?
—00

11(Dn (€), Gy () (E(M (P, Py ) = NN (D Sy ))))

(2.14)

< CGa

a contradiction.

Therefore the sequence {¢,} is a Cauchy sequence in R,.

Since FEj is complete, there exists ¢* € Ey such that ¢,, — ¢*.

Since R, is topologically closed, we have ¢* € R..

Clearly ||¢*|[z, = [|¢*(c)|| . (since ¢* € R.)

Since ¢ is lower semicontinuous function, we have

o(#"(0)) < liminf (0, (c)) = 0 and henee (6" (c)) = 0.

We now show that T'¢* = ¢*(c). Suppose that T'¢* # ¢*(c).

From we have a(¢,(c), pnr1(c)) > 1 and p(pn(c), pni1(c)) <1

for any n € NU {0}.

From (iv) we get that a(¢,(c), ¢*(¢)) > 1 and p(¢n(c), d*(c)) <1

for any n € NU {0}.

We consider

M(6,6%) = max{lén — 6*l1 5, + 9(6n(c)) + 9(6"(0)),
[6n() — Téallm + 9(6n(©)) + $(Ton),
16°(c) — Té* |l + 9(#*(c)) + o(T4"),
Ul16n(c) — T6*[[5 + 9(6n(©)) + 9(T6") +

19 (c) = Ténlle + 0(¢"(c) + (Thn)]}
= max{||¢n — ¢*[|5, + (dn(c)) + @(¢7(c)),

6n — Gnsil 5 + 260 (0)) + (D1 (c),
6°(c) - T* [l + p(6*(c)) + o(T4"),
l16n(c) — T6*[[5 + 9(6n()) + 9(T6") +



PPF DEPENDENT FIXED POINTS OF ... s

19" = bntalle, + (67 (c) + @(Pnia(0)]}

and

N(¢n,¢") = max{||pn — ¢" ||z, +@(dn(c)) + ©(¢7(c)),
llg™(c) = To*[|5 + ¢(¢*(c)) + ©(T'¢")}-

If either M (¢, »*) = 0 or N (¢, d*) = 0 then T'¢* = ¢*(c),

a contradiction.

Therefore M (¢, ¢*) > 0 and N(¢,,d*) >0

Clearly M (¢, ¢*) > N(¢n, ¢*).

Since £(t) > n(t) for t > 0 we have (M (¢n, ¢*)) > E(N(dn, 0*)) > (N (Pn, ¢*))

and hence {(M (¢n, ¢*)) — n(N(¢n, ¢*)) > 0.
Clearly

1(dn(c), ¢ () (E(M(dn, ¢")) — n(N(¢n, ¢"))) > 0. (2.15)

If ||T¢n - T¢*||E + @(T¢n) + SO(TQS*) =0 then ¢n+1(c) = T¢n = T¢*
On applying limits as n — oo, we get ¢*(c) = To*,
a contradiction.
Therefore ||T¢, — Té*||g + @(TPn) + @(TP*) > 0 and hence
§UIT¢n —To" || + o(Ton) + ©(T9")) > 0
Clearly
a(0n(e), 6" @)E(ITon — To" 15 + 9(Tn) + (1) > 0. (216)

From we have
Ca < ((a(@n(c), 9" ()§([|[Tdn — To™|| & + w(stn) e(T'¢*)),
(1(Pn(c), ¢ () (E(M (dn, 7)) —n(N (6, ¢*))))
G(1(n(c), 0™ () (E(M (Pn, 07)) — n(N(Pn, ¢7))),
a(¢n(c), " ()E([|Tén — To*||& + ©(Thn) + @(T'9"))).
Now by the property Cg, we get that

1(dn(c), ¢ () (E(M (dn, 8*)) — n(N (dn, 7))
> a(on(c), ¢ ()| Tdn — T || + ¢(T'dn) + @(T¢*))(~2 )
On applying limits as n — 0o to M (¢y,, ¢*) and N(¢,, ¢*), we get that
Tim M(6n,6) = [[6°(c) = T6*| |5+ 9(T6") = lim N(@n,6°).
Since £ is continuous, we get that
Tim_ &(M(0,6%)) = £(16°(c) = Té* 1+ ¢(T6")) > 0. (since Tg* # ¢*(0))
Clearly
E(M(n, 0")) > E(M( n,¢*)) — (N (¢n, ¢*))
Pn(c), 0* () (E(M (Pn, ¢7)) — n(N(¢n, ¢")))
O (c), 0" ()E([Ton — To* || + (T'dn) + 0(T9"))
1 T¢n — To*||E + p(Thn) + 0(T¢"))
E(|pn+1(c) = To*||E + p(dnt1(c)) + o(T'9")).
On applying limits as n — 0o, we get
1im_ a(én(c), 0" ()E(IT6n — T6 |5 + 9(Td) + ¢(T6"))
=i ju(0(€), 6" (€) (M (6:6")) — (N (0. 6"))
=&(ll¢™(c) = T¢"[|p + (T'9")) > 0
From we have
Ca < C(a(dnlc), ¢* ()& Tdn — To*|| g + 0(Thn) + @(T'9")),
1(@n(c), d*(e))(E(M (Pn, ¢%)) — (N (Pn, ¢%)))).
On applying limit superior as n — oo, by ((s) we get that

> pu(
> of
> &(
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Ca < hﬂsolip C(a(n(c), " ()EITdn — To*||g + ©(Ton) + ©(T¢*)),

< CGa
a contradiction.
Therefore T¢* = ¢*(c) and hence ¢* € R, is a PPF dependent fixed point of T
such that p(¢*(c)) = 0. O

3. COROLLARIES anD EXAMPLES

Corollary 3.1. Let c € I. Let T : Ey — E be a function satisfying the following

conditions:

(i) T is a generalized weakly Z¢ o e n—contraction map with respect to ¢,

(ii) T is a triangular a.—admissible mapping and triangular p.—subadmissible

mapping,

(iil) R, is algebraically closed with respect to the difference,

(iv) if {dn} is a sequence in Ey such that ¢, = ¢ as n — 00, a(dn(c), Pnt1(c)) > 1
and 11(6n(€), bn41(0)) < 1 for any n € NU{0} then a(gn(c), 6(c)) > 1 and
1(6n(c), 6(c)) < 1 for any'n € NU{0} and

(v) there exists ¢po € Re such that a(po(c), Tpo) > 1 and u(do(c), Téo) < 1.

Then T has a PPF dependent fized point in R..

Proof. By taking ¢(z) = 0 for any € E in Theorem [2.1| we obtain the desired
result. (]

By choosing a(x,y) = 1 = u(z,y) for any x,y € E in Corollary [3.1] we get the
following corollary.

Corollary 3.2. Letc e I. Let T : Ey — E be a function satisfying the following
conditions:
(i) T is a generalized weakly Z¢ ¢ ,— contraction map with respect to ¢ and
(ii) R. is algebraically closed with respect to the difference.
Then T has a PPF dependent fixed point in R..

By choosing £(t) = t for any t € RT in Corollary we get the following
corollary.

Corollary 3.3. Letce€ I. Let T : Ey — E be a function satisfying the following
conditions:
(i) T is a generalized weakly Z¢ ,— contraction map with respect to ¢ and
(ii) R. is algebraically closed with respect to the difference.
Then T has a PPF dependent fixed point in R..

By choosing a(z,y) = 1 = u(x,y) for any z,y € E, £(t) =t for any t € RT and
Ce = 0 in Theorem [2.I] we get the following corollary.

Corollary 3.4. Letce€ I and ( € Zg. LetT : Ey — E be a function satisfying
the following conditions:

(i) if there exist n € ® and a lower semicontinuous function ¢ : E — RT such
that

CUITe — TY||e + ¢(T'¢) + p(T), M(d,1) —n(N(¢,¢))) = 0
for any ¢, € Ey, where n(t) <t for any t > 0,

M (¢, ) = max{||p—t|[m,+(d(c))+¢(1(c), [|o(c) =Tl p+p(d(c)) +(T),
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1b(c) = T + o(¥(c) + @(T),
3l16(0) =T+ ((c)) +o(TY) +|4(c) = To|| £ +o((c)) +(T)]},
N(:iﬁ,w) = max{||p—|| g, +0((c))+o(¥(c)), [[¥(c) =Tl B+ (1(c)) +o(Te)
(ii) R. is algebraically closed with respect to the difference.
Then T has a PPF dependent fized point ¢* € R, such that p(¢*(c)) = 0.

/|

By choosing ¢(z) = 0 for any € E in Corollary we get the following
corollary.

Corollary 3.5. Let c€ I and ( € Zg. Let T : Ey — E be a function satisfying
the following conditions:
(1) if there exists n € ® such that
for any ¢, € Ey, where n(t) <t for any t > 0,
M (6, ) = max{][é — ¥l o, |6(c) — Tol|. [16(e) — T,
Ulié(e) — Tl + (e — Tl s},
N (@, %) = max{]|¢ — ¥l ,» 1) - T¥l[}
and
(ii) R is algebraically closed with respect to the difference.
Then T has a PPF dependent fixed point in R..

By choosing ((t,s) = As — t,G(s,t) = s —t for any s,t € RT,Csc = 0 and
A € (0,1) in Theorem we get the following corollary.

Corollary 3.6. Let c € I. Let T : Ey — E be a function satisfying the following
conditions:

(i) if there exist E € U,p e ®,a: EXx E - R, p: Ex E — (0,00),A € (0,1)
and a lower semicontinuous function ¢ : E — RY such that

a(d(c), Y()S(ITo = Tl s + ¢(Te) + p(T)) (3.1)
< Au(9(c), () (E(M (o, ¥)) —n(N (e, ¢))) '

for any ¢,¢ € Ey, where £(t) > n(t) for any t > 0,
M(¢,) = max{[|p — g, + p(d(c)) + w(¥(c)), |[¢(c) — Tol|e + ((c)) +

o(T'9),
l[P(c) = TY[|e + (¥(c) + ¢(T),
3[l16(c) =Tl +0(6(0) +o(Te) +[1o() =Tl s +((c)) +9(TH)]},
N(¢,1) = max{[|¢ —P||m, + (¢(c)) + @(¥(c)),
[¥(c) = Tlle + ¢(¥(c) + o(T¥)},

(ii) T is a triangular a.—admissible mapping and triangular p.—subadmissible

mapping,

(iil) R, is algebraically closed with respect to the difference,

(iv) if {dn} is a sequence in Ey such that ¢, — ¢ asn — 00, a(dn(c), dni1
and M(¢n(c)’ ¢n+1(c)) <1 fOT any n € NU {0} then a(¢n(c)7 ¢(C)) >
w(pn(c),d(c)) <1 for any n € NU{0} and

(v) there exists ¢po € R. such that a(po(c), Tpo) > 1 and pu(do(c), Too) < 1.

Then T has a PPF dependent fized point ¢* € R, such that ¢(¢*(c)) = 0.

1(c)) =21
1 and

By choosing £(t) = t, t € R in Corollary we get the following corollary.

Corollary 3.7. Let c€ I. Let T : Ey — E be a function satisfying the following
conditions:
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(i) if there eristn € ®,a: EXE - RY, p: Ex E — (0,00),A € (0,1) and a
lower semicontinuous function ¢ : E — RY such that

a(6(0). ¥()(IT0 = Tul|e + ¢(T9) + ¢(Tv) 52
< (ol vl (M (8,9) ~ n(N(6.0)

for any ¢,¢ € Ey, where n(t) <t for any t > 0,
M(¢,¢) = max{|l¢ — ¢[|5, + ¢(d(c)) + ¢(¥(c)), [¢(c) — Tl + w(o(c)) +

¢(T9),

19(0) — Tl + 9(6(0)) + 9(T),

L1l16(6) Tl p+0(6(0)) +o(T) + [0(e) Tl L5+ o)+ #(TH)]}.
N6, 1) = max{][ — ¢l| s, + 2(6(0)) + p(5(c),

19(c) — Tells + o($(c)) + 9(TH)},

(ii) T is a triangular a.—admissible mapping and triangular p.—subadmissible

mapping,

(iil) R, is algebraically closed with respect to the difference,

(iv) if {on} is a sequence in Ey such that ¢, — ¢ asn — 0o, a(dn(c), dni1(c)) > 1
and w(gn(c), pnt1(c)) <1 for any n € NU{0} then a(pn(c),d(c)) > 1 and
w(pn(c),d(c)) <1 for any n € NU{0} and

(v) there exists ¢pg € R. such that a(po(c), Tpg) > 1 and pu(do(c), Too) < 1.

Then T has a PPF dependent fized point ¢* € R, such that p(¢*(c)) = 0.

By choosing If ¢(z) = 0 for any « € E in Corollay we get the following
corollary.

™)

Corollary 3.8. Let c € I. Let T : Ey — E be a function satisfying the following
conditions:

(i) if there existn € ®,a: EX E —-RY, u: Ex E — (0,00) and X € (0,1) such
that

a(¢(c), Y())I|ITe — Tlle < Mule(c), Y(e)) (M (e, ¥) — n(N(e,1))) (3.3)
for any ¢, € Ey, where n(t) <t for any t > 0,
M (6, %) = max{|l6 — ||, 16(c) — Tél|, [[9(c) — Tl .
lle(e) = TYlle + |l (c) — T¢ll]},
N(6,9) = max{||é — ¥l [6(c) — Thlx},

(ii) T is a triangular a.—admissible mapping and triangular p.—subadmissible

mapping,

(iil) R, is algebraically closed with respect to the difference,

(iv) if {dn} is a sequence in Ey such that ¢, — ¢ asn — 00, a(dn(¢), dni1(
and p(én(c), dn+1(c)) < 1 for any n € NU{0} then a(dn(c), ¢(c)) = 1
w(pn(c),d(c)) <1 for any n € NU{0} and

(v) there exists ¢g € R. such that a(pg(c), Tdo) > 1 and u(po(c), Tdo) < 1.

Then T has a PPF dependent fixed point in R..

c)>1
and

By choosing a(z,y) = 1 = u(x,y) for any z,y € E in Corollay [3.6] we get the
following corollary.

Corollary 3.9. Let c€ I. Let T : Ey — E be a function satisfying the following
conditions:

(i) if there exist £ € U,n € ®, A € (0,1) and a lower semicontinuous function
¢ : E — R* such that

§(1To = TYlle + ¢(Te) + ¢(TY)) < AE(M (¢, %)) —n(N(¢,v))) (3-4)
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for any ¢, € Ey, where £(t) > n(t) for any t > 0,
M(¢,) = max{[|l¢p — g, + #(d(c)) + ©(¥(c)), |[¢(c) — Tol|le + ((c)) +

o(Te),
[[Y(c) = TYl|E + p(¥(c) + o(TY),
sU16(0) =Tyl p+9(6(c)+o(TY)+|[1(c) =Tl 2 +e(1(c) +o(TP)]},
N(¢,¢) = max{[|¢ — ¥[|g, + p((c)) + p(P(c)),

|[v(c) = T¥lls + ¢(¥(c) + e(T4)},
(ii) R is algebraically closed with respect to the difference.

Then T has a PPF dependent fized point ¢* € R, such that p(¢*(c)) = 0.
By choosing ¢(z) = 0 for any € E in Corollay[3.9]we get the following corollary.

Corollary 3.10. Letce€ I. Let T : Ey — E be a function satisfying the following
conditions:
(i) if there exist { € U,np € @ and X € (0,1) such that

EITo —Tol|p) < AEDM (9, ) = n(N(,))) (3.5)
for any ¢, € Ey, where £(t) > n(t) for any t > 0,
M (¢, ) = max{||¢ — ||k, [|6(c) = Tol| s, [[P(c) — TY||p,
3ll16(c) = Tl|e + |4 () — Tél|&]},
N(¢,v) = max{[|¢ — ¥[|g,. |[(c) — TY[| g},
(ii) R is algebraically closed with respect to the difference.
Then T has a PPF dependent fixed point in R..

By choosing £(t) = t for any t € RT in Corollary we get the following
corollary.

Corollary 3.11. Letce I. Let T : Ey — E be a function satisfying the following
conditions:
(i) if there exist n € ® and X € (0,1) such that
1T~ Tolle < A(M(6,) — (N (6,4)))
for any ¢,v € Ey, where n(t) <t for any t > 0,
N (6, ) = max{]|é — Bl s 16(c) — Tol 1, |[6(c) — T,
Lllg(e) — Tl + l(e) — Tl s},
N(¢, ) = max{[|¢ — ¥[|g,, |[¥(c) — TY[| £}
and
(ii) R is algebraically closed with respect to the difference.
Then T has a PPF dependent fixed point in R..

We present the following example in support of Theorem which suggests
that under the hypotheses of Theorem T may have more than one fixed point.

Example 3.1. Let E=R, c=1€ =32/ CR, Ey=C(I,E).
We define T : By - E,a: EXE—RY u: Ex E — (0,00) by

-2 if ¢(c) <
To=1q 3= 4 0 <g(c) < 3

_J 1 if ©>vy
o@,y) = { 0 if <y,

and

1 .
_) 2 if v>y
w,y) { 2 if z<uy.
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We first prove that T is an a.—admissible mapping.

For any ¢,v € Ey, we suppose that a(d(c),¥(c)) > 1.

From the definition of a, we get ¢(c) > ¥(c).

Case (i): Suppose that 0 < ¢(c),1(c) < 3.

Clearly 3¢(c) — 4 > 3¢(c) — 4 and which implies that 3¢(§)_4 > 31/’(;)_4.
Therefore T > T and hence a(T'p, Ty) > 1.

Case (i): Suppose that ¢(c),¢(c) > 3.

Clearly T = —5 = T and which zmplzes that a(To, T) >
Case (iii): Suppose that ¢(c),¥(c) <O0.

Clearly T¢p = —2 = T4 and which implies that a(T'¢, T1) > 1
Case (): Suppose that 0 < ¢(c) < 3 and 1(c) <0

Since ¢(c) > 0 we have T = 2 C) i> 9=Ty

and which implies that (T, Ti/)) > 1.

Case (v): Suppose that ¢(c) > % and ¢¥(c) <0

Clearly Top = —% > —2 =T and which implies that a(T'¢, T) > 1

Case (vi): Suppose that ¢(c) > & and 0 < (c) < 3

Since ¥(c) <1 we have T¢ = —% > w =T and

which implies that a(T'¢, T) > 1.

From the above cases, we get that T is an a.—admissible mapping.

For any ¢,1,v € Ey, we suppose that a(p(c),(c)) > 1 and a(y(c),v(c)) > 1.
From the definition of a, we get ¢(c) > ¢ (c) > v(c).

Therefore ¢(c) > v(c) and hence a(é(c),v(c)) > 1.

Therefore T is a traingular a.—admissible mapping.

Similarly, we can prove that T is a triangular p.—subadmissible mapping.

Let A\ = % Then A € (0,1).
We define p : E — Rt by

0 if <0
o) ={ = if 0<z<3

: 1
0 if T> 5.

Clearly ¢ is a lower semicontinuous function.

We define n : R — R by n(t) = § for any t € R*. Clearly n € ®.

Let gf), w S Eo.

If ¢(c) < (c) then from the definition of «, the inequality trivially holds.
Without loss of generality, we assume that ¢(c) > (c).

From the definition of a, we get T > T1p.

We consider

176 — TYl[5 + ¢(T¢) + ¢(T) < Té — Ty + T+ Top = 2 T,

Therefore

a(¢(c), ¥(0))(ITd — TY[|p + o(Th) + o(T¥)) <2 T¢. (3.6)

Also we have

M(¢,¢) = max{||¢ — ¢[| 5, +(d(c)) + @ (¥(c)), [|¢(c) = Tolle + ¢ (¢(c) + (T9),
l(e) = Tl|e + @(¥(c) + ¢ (T1),

sl16(c) =Tl p+o((c)) +o(T) v (c) =Tl p+p(b(c)) +(T¢)]}

> max{||¢ — |z, +¢(¢(c) +@(¥(c)), [[¥(e) =Tl | e+ (¥ (c)) +(T)}

which implies that
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M(¢,9) = n(N(¢,4)) > 3 max{||¢ — ¥||r, + ¢(d(c)) + ¢ ((c)),
[[(c) = TY[|e + o (c) + w(TY)}
> 3 max{||p(c) — ¥ (c)|le + ¢(¢(c) + (¥ (c)),
[[(e) = TY||e + @((c) + o(T¥)}
= 3 max{p(c) — ¥(c) + p((c)) + (¥(c)),
l[¥(c) = TY[le + o(¥(c) + o(T¥)}
(since ¢(c) > (c))
Therefore

M(6,9) — n(N(6,9)) = $ max{g(c) - (e) + p(6(0)) + ((0)),
19(0) = Tull + (416 + oT0).
3.7
Case (i): Suppose that T = (c).
If ¥ € R, then ¢ is a PPF dependent fixed point of T and hence the result holds.
Let us suppose ¢ ¢ R..
We define ¢y : I — E by ¥1(x) =(c), = € I. Clearly 1 € R..
From the definition of T, we have

—2 if i(c) <0
Topy = % i 0<di(e) <3
That is

1 it o) > L
Therefore Ty = T = (c) = P (c).
Hence 11 is a PPF dependent fized point of T in R. and the result follows.
Case (ii): Suppose that (c) < T.
From the definition of T we have 1(c) < —2 and hence Ty = —2.
Since ¢(c) > p(c) we have ¢(c) <0 or 0 < ¢(c) <+ or ¢(c) > 3.
Suppose that ¢(c) < 0. Clearly Te = —2.
From we have
M(6,9) = n(N (6, ) = L max{o(e) — () + 9(6(0)) + p(1(c),
19(0) — Thlls + p(b(e)) + 9(T)}
= S max{g(c) —1(c), T¥ — ¥(c)}
(since 9(6(0) = p(¥(0)) = p(T) = 0)
> 3 max{0, Ty — ¢(c)} > § max{0, T — ¢(c)}.
(since ¢(c) 2 (c) = —(c) = —¢(c))
If ¢(c) < T then T — ¢(c) > 0 and hence

-2 if (c) <0
Twl{ WO 0<P(e) < L

M (¢,%) — n(N(6,)) > (T — ¢(c)) = —1 — 2.
Clearly
Mi(6(c), () (M (¢,%) — n(N(d,9))) > =3 — L2 > 2 T
(since —1 — ‘Mc) > —4 = ¢(c) < 14)

If ¢(c) > T then Ty — ¢(c) < 0 and hence

Suppose that 0 < ¢(c) < &. Clearly T = W.

From we have

M(¢, ) —n(N(¢,4)) > 3 max{e(c) — v(c) + p(o(c)) + ¢ (¥(c)),
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llv(c) = TY[|e + @(¥(c) + ¢(T¥)}
= 3 max{¢(c) — ¥(c) + ¢(c), Tv — ¥(c)}
(since o(1(c)) = ¢(T4) = 0)

(v
3 max{2¢(c) — ¥(c), Ty — ¥(c)}
3 max{2¢(c) — ¢(c), TP — ()}
3 max{y(c), Ty —y(c)}
LTy — () = -1 - 42 > -1 - 20
(since P(c) < =2 and Ty —1(c) > 0)

Clearly
(). () (M (&,9) —n(N(6,4)) = —§ — “F > 2 T,

(since —% — ¢51) > 36(c) —4 <= ¢(c) < &)
Suppose that ¢(c) > 1 . Clearly T = —
From we have
M(d,9) = n(N(¢,9)) > 3 max{e(c) — v(c) + p(o(c)) + ¢ (¥(c)),

[(c) =T[5 + (ib(c) + (T4)}
= g max{¢(c) —¥(c), Ty — ¢(c)}
(since p(¢(c)) = (1b(c)) = ¢(T) =0)

= 5(#(c) = ¥(c))

(since ¢(c) > T we have ¢(c) —P(c) > Ty — (c) > 0)

> 0.

Clearly
Au(d(c), () (M (,9) = n(N(9,9))) > 0> —1=2(—3) =2 T¢.
Case (iii): Suppose that 1(c) > T1p.
From the definition of T we have 0 < ¢h(c) < 3 or =2 < ¥(c) <0 or ¢(c) > 3.
Sub-case (i): Suppose that 0 < ¥(c) < % Clearly Ty = % < 0.
Since ¢(c) > p(c) we have either 0 < ¢(c) < & or ¢(c) > 3
Suppose that 0 < ¢(c) < &. Clearly T = W
From we have
M(¢,9) — (N (¢,9)) = 5 max{g(c) — v(c) + p(e(c)) + ¢ (¥(c)),
lv(e) = Tlle + @(¥(c) + o(Te)}
= 5 max{g(c) —1(c) + ¢(c) +1(c),9(c) — T+ ¢(c)}
(since T < 0 we have p(T¥) =0)
= Lmax{2¢(c),2¢(c) — TY} > Lmaz{2¢¥(c),2¢(c) —

(since ¢(c) >
¥(e))

=1(c) — Tw (since T < 0)
Clearly

A (c), () (M (6, 90)—n(N (6, %)) > L5
mWwwz<>mw““>wm—4¢¢was

c) o c 3p(c)—4 _ P(c)+4
T T O T N )

23)

23

Suppose that ¢(c) > 5. Clearly Tp = —
From we have

M(¢,9) — (N (¢,9)) = 5 max{g(c) — ¥ (c) + p(¢(c) + ¢ (¥(c)),
lv(e) = Tlle + @(¥(c) + o(Te)}
= 3 max{g(c) — ¥(c) +v(c),¥(c) = T¥ +v(c)}

1
2°
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(since ¢(c) > % and Ty < 0 we have p(1p(c)) = @(T) =0)
= 3 max{g(c), 2¢(c) — T¥} > gmaz{y(c), 2¢(c) — T}
(since ¢(c) >

¥(c))

= 1(c) (since Ty < 0)
Clearly
Au(9(0), () (M (6,0) = n(N(9.1))) 2 U — T = ) - (0

= YO > (1) =2 To.
(since 1/)(24-4 > -1 = ¢Y(c) >

~12)
Sub-case (ii): Suppose that —2 < (c) < 0. Clearly Ty = —2.
Since ¢(c) > p(c) we have either —2 < ¢(c) <0 or 0 < ¢(c) < £ or ¢(c) >
Suppose that —2 < ¢(c) < 0. Clearly T¢p = —2.
From we have
M(d,9) = n(N(¢,9)) > 3 max{e(c) — y(c) + ¢(o(c)) + ¢ (¥(c)),
[¥(c) = T + (1b(c) + (T)}
= g max{p(c) — ¥(c), 9 (c) - Tw}
(since ¢(c),(c), Ty < 0 we have p(TY) = p(d(c)) = (¥(c)) =0)
> L max{0,¢(c) + 2} = M. (since Y(c) +2>0)
Clearly
A((e), () (M(6,4) = n(N(§,0))) = UG > —4 =2 T¢.
(since (C)+2 > -4 = Plc) >
—18)
Suppose that 0 < ¢(c) < &. Clearly T = 3¢(;)_4.
From we have
M(d,9) —n(N(¢,9)) > 3 max{e(c) — y(c) + p(o(c)) + ¢ (¥(c)),
[(c) =T[5 + (b(c) + (Te)}
= ymax{¢(c) — ¥(c) + ¢(c), ¥ (c) — Ty}
(since ¢(c), T < 0 we have o(T1)) = ¢(¢(c)) =

0)

> %max{¢(c),z/}(c) +2} > %max{w(C)J/J(c) +2}

(since P (c)+

2>0)

_ w(02)+2.
Clearly
Mi((e), () (M (¢, 1) = n(N(,)) = “4*2 > 2 T,

fsince 6(c) > 1(c) and 2 > 3p(c) =4 = P(e) <
18
1)
é’zppose that ¢(c) > % Clearly To = f%.
From we have

M(d, ) —n(N(¢,9)) > 3 max{e(c) — ¥(c) + p(o(c)) + (¥(c)),
[e(c) = TYl| e + @(¥(c) + o(TY)}
3 max{sb( ) = ¥(e), ¥(c) — Ty}
(since ¥(c), Ty <0 and ¢( ) = 5 we have p(T)) = p(¢(c)) = ¢(1(c)) =0)
> L max{0,9(c) + 2} = 292 (since ¢(c) +2 > 0)
Clearly
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Au(@(e), () (M (6,4) = n(N(9,0))) = "G+ > 2 76,
(since W > —1 <= ¢(c) >
—6)
Sub-case (iii): Suppose that ¢(c) > 3. Clearly Trp = —1.
Since ¢(c) > (c) we have ¢(c) > 5. Clearly T = —1.
From we have
M(¢,%) —n(N(¢,4)) > 3 max{¢(c) — p(c) + p(6(c) + (¥(c)),
[[(e) = TY||e + (ib(c)) + o(TY)}
= 3 max{g(c) — ¥(c), ¥ (c) — Ty}
(since Ty < 0 and 3(c), d(c) > 5 we have (T) = p(d(c)) = p(¥(c)) = 0)
1 max{0,9(c) + 1} = w(zc) + 1. (since ¥(c) + 3 >0)

Clearly
Mu($(c), () (M (6,9) — n(N(d,9))) > &2 + 1 >2 T,

(since wle) +§ > -1 =

() > -3)

From all the above cases, we get

Au(@(c), () (M (¢, 9) = n(N(¢,)))

(T)).

Therefore the inequality 18 holds.

Let {¢n} be a sequence in Ey such that a(pn(c), pni1(c)) > 1 and

1(On(0), bur1(€) < 1 for any n€ NU {0},

Then from the definition of a, we have ¢, (c) > ¢py1(c) for any n € NU{0} and
hence convergent. Since R is complete, there exists r € R such that

dn(c) = T as n — oo.

We define v: I — E by y(x) =r,x € I. Then v € R, and v(c) = r.

Therefore ¢, (c) = v(c) as n — co. Clearly ¢n(c) > v(c) for any n € NU{0}.
From the definition of a and p, we get a(pn(c),v(c)) > 1 and u(dn(c),v(c)) <1
for any n € NU{0}. Therefore the condition (iv) is satisfied.

For any n € R, we define ¢, : I — E by

> a(¢(c), P())([To — TY|le + ¢(T)) +

[ n2? if xe (3]
9n(2) _{ n i re(l2

$2
Clearly ¢, € Ey, ||onllE, = ||0n(c)||g and hence ¢, € R, for any n € R.
Let Fog = {¢n | n € R}. Then Fo C R, and Fy is algebraically closed with respect to
the difference.
Clearly ¢2(c) > T'do and hence a(pa(c), To2) > 1 and p(p2(c), Tpy) < 1.
Therefore the condition (v) is satisfied.

Therefore T' satisfies all the hypotheses of Corollary [ which in turn T satisfies
all the hypotheses of Theorem with ((t,8) = As — t,G(s,t) = s — t,&(t) =t for
any s,t €ERT,Cqg =0 and A = 7€ (0,1) and hence ¢p_o € R is a PPF dependent
fized point of T such that ¢(¢p_s(c)) = 0.

We define v1 : I — E by

[ =2z if xe[3,1]
(@) { de—d4  if zellL2.
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Clearly ||71|lg, = 2 = ||n1(c)||g and hence v1 € R..
We observe that Ty1 = ~v1(c). (since v1(c) = =2 < 0, we have Ty = =2 = v1(c))
Therefore v1 € R, is another PPF dependent fixed point of T such that ¢(1(c)) = 0.
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