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1. Introduction

In the literature, the following inequality is well-known as Hermite-Hadamard type integral inequality (H-H
integral inequality) for convex functions [1]:

f(a+b)Sﬁff(x)dxsf(a);f(b).

2

Alomari [2] generalized this classical H-H type integral inequality and Ostrowski type inequality for convex
function on [a, b]. Dragomir [3] proved H-H type integral inequality for convex functions on the coordinates.
Nwaeze [4] proved some generalizations of H-H type integral inequality and Ostrowski type inequality for
coordinated convex functions.

It is necessary to know that preinvexity indicates a generalization of convexity. There are many results for
preinvex functions in the literature [5-13].

In terms of probability theory, H-H type integral inequality gives minimum and maximum bounds for the
expectation value of a random variable. Based on importance of convexity, many researchers studied on this
issue, for examples Kumar [14], Gavrea [15]. In this sense, researchers investigated many problems related
convexity and inequality for stochastic processes [16-22].

Akdemir et al. [23] defined the following preinvex stochastic process with respect to n (P,SP) on the real line:

Definition 1.1([23]). A set I € R is called invex with respect to the continuous function n:I X I - R if
(x+/’ln(y, x)) €l forall x,y € 1,1 € [0,1]. An invex function is also preinvex under following Condition C:
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Condition C: Let I < R be invex with respectton: I X I — R. It is told that the function 7 satisfies Condition C
if
1,y +n(x,y)) = —n(x, );

n(xy+an(x,y) = (1 - Dn(x,y)
forall x,y e I and A € [0,1].

Definition 1.2([23]). The process X:I1 x 2 — R is called P,SP if the following inequality holds almost
everywhere:

X+ An(s,t),) <A-1DX(,)+AX(s,")

forallt,s el € Rand A € [0,1].

Theorem 1.1([23]). If n satisfies Condition C, then almost everywhere

u+n(v,u)

2u+n(v,u) 1 Xw)+Xw,)
X< 5 ) < o X(t,)dt < —

)

In the light of all the above mentioned information, our main aim is to generalize some integral inequalities for
bidimensional preinvex stochastic processes such as H-H type integral inequality and Ostrowski type integral
inequality.

2. Materials and Methods

2.1. Apparatus

In this section, we use as materials the following definitions for bidimensional preinvex stochastic process with
respect to n, and n, (PUZSP); and H-H type integral inequality for these processes:

Definition 2.1([25]). Let the continuous functionsn; : T X T - Randn, : S XS - RbeinvexonthesetsT,S <
R, respectively. Then A:= T x S is called invex set with respect to n; and n, if (u + A1 (t,w), v + A,m,(s, v)) €
A for all (¢,s), (w,v) € A, 14,4, € [0,1].

Definition 2.2([25]). Let A be called invex with respect to the n, and n,. The process X: A X 2 — R is called a
P,IZSP on A if the following inequality holds almost everywhere

X ((tl + Ay (2 t1), 81 + Aﬂz(sz'sl));') < (1= DX((t1,51)) + AX((t2,52),7).
for all (t1,51),(t,,52) € Aand A € [0,1].

Lemma 2.1([25]). Let (2, T, P) be an arbitrary probability space and X: A X 2 — Rbe a P,,ZSP on A, then X can
be known as

(i) mean-square continuous (differentiable) on A,

(ii) monotonic if it is increasing or decreasing,

(iii) mean-square differentiable at a point (t, s) € A,

(iv) mean-square integrable on A: = [uy, uy + 11Uz, ug)] X [v4,v1 + n2(v,,v1)] € A

From here on out, assume that

A= Ay X Ay With Ayi = [ug, ug + 11U, ug)l, Ay = [vg,v1 + 1202, v4)]

and

AT i=2uy 4+ ni(up,u), Ay = n(ug,ug) >0, A= 2v 4 0V, 11), Ayi= (v, v1) > 0.

Theorem 2.1([25]). Let X: A x 2 - R, be a PUZSP on A. If X is mean-square integrable on A, then almost
everywhere
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V1 +A;

AL A e A} 1 AY
x( (2 2] )< f x((e22) ) ae f x( (2 5) . )a
<<2 2) )‘21\; (( 2 s 2 %))
U V1

u+Ay v1+Ay

< f f X((t,s),) dsdt
SALA, 18)) 48
Uq v

U +Ag v1t+Ay
1
(x(tv)) + X((6v2))) dt + = (X(1,9),) + X((uz,9),) ) ds
< X((uli 11]1):') + X((ull UZ),') + X((uZJ vl)") + X((u12J UZ)")
< ; ; :

(2)

< —
4A;,

3. Results and Discussion

This section consists of two parts. In the first subsection, we obtain a generalization of H-H type integral
inequality for bidimensional preinvex stochastic processes. In the second subsection, we derive a generalization
of Ostrowski type integral inequality for bidimensional preinvex stochastic processes.

3.1. Generalization of H-H type integral inequality for bidimensional preinvex stochastic processes

In this subsection, we generalize H-H type integral inequality for bidimensional preinvex stochastic processes.
For this reason, we need the following generalization of H-H type integral inequality for preinvex stochastic
processes on the real line:

Lemma3.1. Let X: [u,u + n(v,u)] X 2 - R, be a A,SP and mean-square integrable on [u, u + (v, u)]. Then
almost everywhere
u+n(vu)

N O [ (2tees + 10t | |
- ;x(( > ))s j X (t,))dt

¢ 3)

n—-1

n(v,u)
X(u,)+2 ) Xty ) +XWw,) ),

<
2n

wheretk=u+k@,k=0,1,2,...,n;u<v,neN.

Proof. Using preinvexity of X on each sub-interval [t,_q, tx_1 + n(tk, tk—1)] € [v,u + n(v, W], k = 1,2, ..., n,
then for all 2 € [0,1]

X(tg—1 + AN(ty, tg—1),) < AX(tg,) + (1 = 2A) X(tg—1,). (4)

Integrating (5) with respect to A on [0,1]
1

X(ti—1,) + X(tye,
fX(tk—1 + (L, te-1),)dA < (fia )2 (t )- )
0
Changing of variable t = t;,_; + An(ty, tx—_1) in (4)
tr—1+1(tktk—1) ( )
ti, Ly
| e s T (x e 0) + X (60)). ©)

tk-1
Taking the sum over k from 1 to n on (5), we get
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n te-1+n(tete-1) u+n(v,u)

Z f X(t,)dt = f X@)de< ) M(X(tk_l,-) + X(te))
— k=1

u

U=

—maX{U(tk:tk 1)}Z(X(tk 1) + X ()

l\)

n-1
RCAD (X(to,-) FX(t) + Z(X(tk—p') + X () + X(tpog,) + X(tn,-)>

2n — (7)

"(; ) (X( )42 Z X(te) + X (v, )>
Because of preinvexity of Xon [tg_q,te—q +n(tk, tx—1)], then for 2 € [0,1]
¥ <2tk—1 + n(tk, tk—1)’.> _x (tk—1 + An(ty, te-1) 4 tr—1 + AN(ty, tk—1) ’_>

2 2 2

1 )
=3 [X(tk—1 + AN(tis ti—1)) + X (-1 + AN(ti, tx—1),)]-
Applying on (7) by using similar way in (4)-(6)

n u+n(v,u)
) 2t 1 + n(tg, ty-

T’(‘l) u) X<< k-1 772( k' bk 1)>,,) < f X(t,)dt (9)

n k=1 u

From (6) and (8), we obtain (3).
Remark 3.1. In Lemma 3.1 for n = 1, then we obtain (1).

Now, we can give a generalization of H-H type integral inequality for bidimensional preinvex stochastic
processesas follows:

Theorem 3.1. LetX: A x 2 - R, bea PZSP on A. If X is mean-square integrable on A, then almost everywhere
n U1ty
Ay Z j ) (e2) Var+ Z f )d
2n "2 o)
Uq 121

k=1
U +Ay v1+Ay

< X t S‘j ) dl(is
I‘HA‘U (( v )’ )

vi+Ay vit+Ay

Ay Ay
< (x(6vn)) + X((6v2) ) dt o f (X((u1,9),) + X((uz,9),) ) ds

V1

n—1 U1ty n—1v1tAy
Ay Ay
= X : = X :
+ o z f ((¢,s1), )dt + o Z f ((tx,5), )ds,
k=1 Uq k=1 21

where t, = uy +kAT1_‘, Sk =v; + kAT’;, k=012,..,n,n€N.

Proof. By using Lemma 3.1, we get
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n U1+A; n—-1
v Ay Ay
72 (%)= f Xe(s;)ds < 52| X(01,) +2 Z X, (si7) + X, (w3, .
k=1 vl k=1
Thus
; n A; 171+A;
. ZX((t, - ))_ f X ((t,5), )ds
= " (11)
<- s X((t v;), )+ X((t,vp), )+22X((t sy ) |-
Integrating all sides of (11) on A,,, we have
n U1tAy u+Ay v1+Ay
o™ z f <<t —) )dt A X ((t1,51), )dtds
u1+Au v1+Ay n—1 U1ty (12)
A
<o j X ((t,s),)dt + j X ((t,vy), )dt +2 2 f X ((t,s), )dt ),
Uuq U k=1 Uq
and
n U1+A1_l_ U1+A;
u t
?Z X<<7,5> ,')ds < f f X ((t,s), )dtds
k=1 Uy 21
v1+Ay v1+Ay n—1v1tiy (13)
A
< ﬁ f X ((ul,s),' )ds + j X ((uz,s),')ds +2 2 f X ((tk,s),' )ds .
21 121 k=1 v,

Adding (12) and (13), we obtain (10). That completes the proof of Theorem 3.1.
Remark 3.2. In Theorem 3.1 for n = 1, then we obtain (2).
Corollary 3.1. Using Theorem 3.1, we have almost everywhere

DS, (A A ([ A
2((55) ) 2 (E2))

v1+Ay u+Ay

<[ xRS Vs + x((e22), as
_E <7,S>, S-l-E f <t,7>, t;
ii) v1+Ay u+Ay
% (X((ul,s),' )+ X((uz,5), )) ds + % (X((t, v;), ) + X((t,vy), )) dt

< X((ug,v1)) + X((uy,v2) ) + X((uz, v1), ) + X((ug, v),)

n—-1

+ Z (X((uli Sk)" ) + X((uZI Sk);' ) + X((tki vl)'- ) + X((tk' UZ)" )) '
k=1
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3.2. Generalization of Ostrowski type integral inequality for bidimensional preinvex stochastic processes

In this subsection, we generalize Ostrowski type integral inequality for bidimensional preinvex stochastic
processes. For this reason, we need the following generalization of Ostrowski type integral inequality for preinvex
stochastic processes on the real line:

Lemma3.2. Let X: [u,u + n(v,u)] X 2 - R, be a A,SP and mean-square integrable on [u, u + n(v,u)]. Then
almost everywhere
u+n(v,u)

f X (t,)dt —n(v,u)X(s,;) <

u

n-1
n(v, u) . . .
| X)) + 2 ;X(tk, Y+ X(w) |. (14)

foralls € [u,u+n(v,u)], ty =u+ kn(:u)  k=012,..,n;, uy <uy, n€N.

Proof. Fix s € [ty_1,tx—1 + Nty tk—1)], kK =1,2,...,n. Because of preinvexity of X on [ty_q,tx—1 +
n(s, ty-1)], k = 1,2,...,n, we obtain

t—1+71(S,tk-1)

[ x@a <0 (ke +x659) (15)
tk—1
Using preinvexity of X on [s,s + n(tx,s)], k = 1,2, ..., n, we get
s+1(tg,s)
f X(t,)dt < ”( L (X( )+ X(te,))- (16)
S
Adding the inequalities (15) and (16), we get
tr—1+0(S,tg—1) s+ (tg,s) tr—1+N(tetr-1)
j X(t,)dt + j X(t,)dt = f X(t,)dt
th—1 s tk—1
n(s, tk—1) n( ) 17)
_¢(X(tk )+ X(5,)) + Bk (X( )+ X ()
n(t, ti-1) ( v,u)
< %{X@k-m + Xt} + X (5.

Taking the sum over k from 1 to n on (17), we get (14).

Now, we can give a generalization of Ostrowski type integral inequality for bidimensional preinvex stochastic
processes as follows:

Theorem 3.2. LetX: A x 2 - R, bea PUZSP on A. If X is mean-square integrable on A, then almost everywhere

U +Ay v1+Ay

f f X ((t, s), ) dtds

( ) v1+Ay vi+A; o vitAy
Ay(n+1 ) s
< uT f X ((uly S):- )ds + f X ((UZ: S),' )ds + n—-l-lz f X ((tk,S),' )dS

1% v k=1 -

us+Ay u+Ay o UG
Ay(n+1

+% f X ((t,vy), )dt + j X ((t,vy), )dt — Z j X (650 )dt )

Uq Uq k=1 1y

where t; and s are defined as in Theorem 3.1.

850



Okur/ Cumhuriyet Sci. J., 41(4) (2020) 845-853

Proof. By using Lemma 3.2 for X,(t, ) = X((t,s),) at t = u,, we obtain

u+Ay n-1
A
f X (@t s),)dt —ny(uz, u)X((uy,8),) < ﬁ (X((ul, )y ) +2 Z X ((t,5)) + X((ug, ), )). (19)
Uuq k=1

Integrating all of (19) with respect to s on A,,, we get

v1+Ay, v1+Ay,

vy HAG Uy +AS f X ((ul,s),' )ds + (1 + 2n) f X ((uz,s),' )ds

Au V.
f f X ((t,s),)dsdt < ZI t vt
“ +2 Z f X((tk,s),')ds
k=1 2

; (20)

and for X;(t,) = X((t,s),) att = uy,

|

v1+Ay, v1+Ay,
v HAG Uy A /(1 + 2n) f X((ul,s),')ds + f X((uz,s),')ds\’
!

[ [ x@snase <3 e 1)
hoom k +2 Z f X ((ty, s), )ds
Adding (20) and (21),
v1+Ay vty
v +A; U AL /(n +1) j X ((ul,s) )ds +(n+1) f X ((uz,s) )ds\’
<A ¥y
f j X ((t,5), )dsdt < 51 s L (22
+2 X ((sg,8),)ds )
\ 2] v
By using the similar way for X;(s,) = X((¢t,s), ) ats = v, and s = v, with Lemma 3.2, respectively,
u+Ay Uy +Ay
Uy NG v+ i ((n +1) f X((t,vy),)dt+ (n+1) f X ((t,vo), )dt\
f f X ((t,s),)dtds < [2\—;’ll t LA [. (23)
+2 X ((tg,s),)ds )

The desired inequality (18) is obtained by adding (22) and (23).

Corollary 3.2. According to Theorem 3.2 for n = 1, 2, respectively, we get almost everywhere
i) U +Ay v1+Ay

f f X ((t,s),)dtds

_ u+Ay _ v1+12(V2,01)
< A7” f (X((t, v), ) + X((t,v,), )) dt + AT“ f (X((ul,s),-) + X((up, 8), )) ds

ii) uq+Ay v1+Ay

f f X ((t,s),)dtds
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A; u+Ay A;
<3 <3X((t, 7)) +2 <X (t, 7) ) +3X((t,vp), )) dt

Uy

1% +A;
+

Aa . Au ) .
+?f 3X((uy, ), ) +2X (75> +3X((uz,s),) |ds.
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