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Abstract

In this article the electromagnetic waves scattered from an inhomogeneous medium are considered when
the electromagnetic waves are polarized in the case of transverse electric. Using the Rellich lemma, the
uniqueness of the solution of the direct scattering problem is proved. In order to show the existence of
the solution of this problem, the operator equations are constructed and the Riesz theory which provides
the existence of the inverse operator is used. Furthermore, for solution of the inverse scattering problems,
an interior boundary value problem is considered. Finally, a linear integral equation is obtained whose
the solution yield the support of the scattering object.
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1. Introduction

The scattering problems of time-harmonic waves which are acoustic or electromagnetic waves are
the basic problems in the scattering theory. These problems have been considered by many writers as
direct and indirect scattering problems [2-19, 22-24 ].

Before the inverse scattering problems with regard to the direct scattering problems, the most
important questions are the uniqueness and the existence of the solution of the direct scattering problem.
Gerlach and Kress [17] , Colton, Kress and Monk [8] have proved the uniqueness of the solution by using
Green’s theorems and the unique continuation property of solution. Furthermore, they have showed the
existence of solution by using the jump relations of the single-layer and double-layer in the potential
theory and the integral equations. For the transmission boundary value problem, this results have been
proved by Colton and Piana [9] .

In the inverse scattering theory, the most importance thing is scattered far-field model. In the 1980’s,
the inverse scattering problem of determining the unknown scattering obstacle from information about the
far- field data was considered by Angel, Colton and Kirsch [2] , Tobocman [23] and many more
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mathematicians. Integral equations or Green’s formulas were used to reformulate the inverse obstacle
problem by these researchers.

For the solution of the inverse scattering problem, a method is the linear method which was
suggested, firstly, by Colton and Kirsch [10]. Then the method is used by Colton, Kress and Monk [8],
Colton and Piana [9], Colton, Piana and Potthast [11], Colton, Giebermann and Monk [12], Colton, Coyle
and Monk [13], Cakoni, Colton and Monk [3], Cakoni, Colton and Haddar [4], Cakoni and Colton [5],
Colton [14] and Colton and Kress [15]. This method is mathematically established by placing a network on
the unknown domain by solving a linear integral equation for each point on this network and then
determining the shape of the domain from the information about the solutions for this set of integral

equations. To apply this method, first, the far field operator F : L (Q) -2 (Q) is defined by

(Fo)- [u.d)g(@)es(e).  xdeo

where Q = {x e IR?:|x| =1} . Then the Regulation method [16] is used to solving of the linear integral

i

e 4
87k

D(x,y)= jz HY (k|x—y]) for x# y [1]. According to this method, for V& > 0, there exists a function

equation (Fg)(X) =, (X y), where ®_(X,Yy) = e ™Y s the far-field model of the function

g=9(.y)el’(Q) such that |Fg—®_ |<e& and both Hg(y)” and va(y)H become

unbounded as y approaches the boundary of the scatterer, where v, (X) =je"‘x'dg(d)ds(d) is the
Q

Herlogtz wave function with kernel g(.,y) [16]. The Herlogtz kernel g(.,y)is determined from

(Fg)(®) = J‘uw(f(,d)g (d)ds(d) for y on a grid containing the scatterer. Thus, the boundary of the
Q

unknown domain can be found as the locus of points y , where ||g ( y)|| begins to increase sharply.

(@)
Now, we consider the following problem:

We investigated an electromagnetic scattering problem in an inhomogenous medium when the
incident wave is polarized parallel to the axis of infinite cylinder representing the scatterer and the
magnetic field has only one component in the direction of the axis to the cylinder. This is the referred to
as the transverse electric mode (briefly, TE mode) in scattering theory [9,22,24]. The electromagnetic
waves can be obtained by using the Maxwell equations [16]. We assume that D is a simply-connected

bounded domain in IR*with C*(6D) and which the domain is the cross section of the cylinder. For the

time-harmonic electromagnetic waves, the scattering is defined by the Maxwell equations

curlg, —ikH, =0  curlH, +ikE, =0, in IR”\D )
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curlE —ikH =0 curlH +ikn(x)E=0, in D (2)

and the boundary conditions
vxH,=vxH, on dD 3)

vxcurlg, +%(V>< E,)xv = i(1/><Cur|E)+%(v>< E)xv, on dD 4)

nO
where k is positive wave number and v is outward unit normal vector on oD . Let (E,,H,) and (E, H)
be electromagnetic fields outside and inside the cylinder, respectively. Let be ﬂeCo'“(ﬁD) and

ImA>0. n(x) is the index of refraction defined by

where &, is the constant permittivity in IR*\D, &(x)and o(x) are the permittivity and the
conductivity of the cylinder, respectively, and @ is the frequency of the electromagnetic waves. We
assume that n(x) satisfies the following conditions:

(i) n(x)eC?(IR?) and n(x)=n, >0 for xe IR*\ D, where n, (=1) € IR
(i) Imn(x)=0 and D,={xeD:Imn(x)>0}=Q. (5)

If the electromagnetic wave is polarized in the transverse electric mode, the scalar fields u, and u can
be defined as H, = (Hol, H,, HOB) =(0,0,uy) and H =(H,,H,,H,)==(0,0,u). Thus, the Maxwell

equations 1-2 and the boundary conditions 3-4 are equivalent to the Helmholtz equations and the
boundary conditions in the following

Au, +Kk°u, =0, in IR2\D (6)
1 2 )

V.(HVuj+k u=0, inD )

u,-u=0, on oD (8)

%—iﬁ—uwik uo—iu =0, on oD. 9)

ov n,ov Ny
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The exterior field u, can be written in the form
Up(X) =u" (X)+u*(x),

where d e Q = {x e IR*:|X :1} and u'(x) =e" is the incident plane wave with incident direction d.

The scattered wave Uu°® satisfies the Sommerfeld radiation condition

1|r2\/_( SJ=0 (10)

X . .
uniformly in all directions X = H with 1 = |x| This condition guarantees that the scattered wave has the
X

asymptotic behaviour
ikr

us(x):uw(i,d)f/F+O(r%)

as r= |x| — o0, where U_ is known as the far-field pattern of the scattered wave and is defined in the

form

oe ™Y au

- [ 2

(y)e”‘“}dS(y),*eQ [16].

2. The Direct Scattering Problem

The scattering of time-harmonic plane waves by a simply connected bounded domain D — IR? is
formed with the following direct scattering problem. For given f e C*“(éD) and A,g € C**(6D) from
Holder spaces with exponent O<a <1, this problem is to find a pair of functions

Uy €C*(IR*\D)C*(IR’\D) and u e C* (D) C*(D) such that

Auy +k?u, =0, in IR”*\D (11)
1 2 .

V.(HVU)+k u=0, in D (12)

U, —u=rf, on oD (13)

%—ia—u+lk uo—iu =g, on dD, (14)

ov n,ov N,
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where Kk is positive wave number and v is the unit outward to 6D . n, and n are defined in the

conditions (i)-(ii) of (5). u, satisfies the Sommerfeld radiation condition (10), i.e.

. ou, .
lim«r| =2 —iku, |=0,
I( or J

(15)
where r = |X| For simplicity, we will always suppose that ImA >0 on oD.
Theorem 2.1. The solution of the boundary value problem 11-15 is unique.
Proof. We suppose that the solution of the problem 11-15 is not unique. Let u, = Ug, — Uy, and

u=u,—u,. Thus u, and U satisfy the homogeneous boundary value problem 6-9.
We first show that

IimJ.|u0|2 ds=0, (16)
QI’

where Q, denotes the circle with the radius r and centered in the origin and ds is the arc lenght. To
achieve this, from the Sommerfeld radiation condition 15, we have

’ ou, ou
+K2|ug|” + 2k Im| uy =2 ds:limj
ov r—o 0
QI’

Iimj[% Ko _iku,
Q

v v

2
ds=0. (17)

We take r large enough such that Dc Q.. Applying Green’s theorem [16] in the domain
D, :{ye IR*\D :]y| <r}, we have

I—k2|uo|2 dy+j|gradu0|2dy - —_[uo WMo 4s(y) +Iuo WMo 4s(y)
ov ov
DT

D Q oD

Taking imaginary parts of this equation, from the equation 17, we obtain

Uo

. J[ 8

lim]|l—

r—ow a
QI’

14

’ ou,
+k2|u0|2}ds:—2k ImJ.uo—Ods.

5y (18)

oD

1 —
Applying Divergence theorem [18] to the function u (TVU

j, from the condition (i) of (5) and
n

boundary conditions 8-9, we get
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0

1 ou, - Ak
J‘ {—kz luf’ +E|Vu|2}dy = {uo a—‘f+/lk|u0|2 - uoqu(y).
D

D

jo))

Taking imaginary parts of this equation, we have

1 o, 1)
Imj E|Vu|zdy:|mj‘u06—‘fds(y)+|mj (1—n—jﬂ,k|u0|2ds(y). (19)

D ob oD 0

From the condition (ii) of 5, the left-hand of equation 19 is positive or zero. Since ImA1 <0 on éD,
again from the condition (i) of 5, the last integral in the right-hand of equation 19 is negative or zero.
Thus we obtain

Imjuo%ds(y)zo.
14

oD

The equation 18 becomes

Uo

. I[ 8

lim]||—2

r—oo a
Q,

2
+k2|u0|2}dsso. (20)
%

Since the left-hand of equation 20 is positive or zero, we get the equation 16. From Rellich’s lemma

[16], U, =0 in IR® \D and so U =%=O in IR*\D from the Theorem 3.12 in [7]. From the
1%

. : ou : I o
conditions 8-9, we obtain U = Ew =0 on 0D. From the unique continuation principle (see : Theorem
1%

8.6 in [16] ), we obtain U=0 in D.

We will now apply the Riesz’s theory (the inverse operator’s existence) for compact operators
[7,18] to demonstrate the existence of solution to the boundary value problem 11-15. With the change

of variables u(x) = +/n(x)w(x), the boundary value problem 11-15 takes form

Au, +k?,=0,in IR*\D (21)
Aw+(kn+pjw=0, in D (22)
uo—\/EW: f, on oD (23)
%_i@+,1k uo_iw =g, on oD (24)
ov \/Eév \/E
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where

X) = —MAﬁ . (25)

Then for y,¢ € C(AD) and y, € C(D), let’s define the following functions

Uy (x) = j {Mw(y)wo(x, y)¢<y)}ds(y), x e IR?\aD (26)
JTany)

W(x) = j {ﬁ a;“; )y)w(y)+c1>(x y)¢(y)}ds<y)+ j O(x,y) p(Y)w(y)dy X € IRAGD  (27)

ob D

where p(X) =k’ny—[k*n(x)+ p(x)] and the functions ®@,(x,y)= H(l)(k|x yl) and

(X, y):ZHél’(kJFo|x—y|), X#Y in IR? are the fundemantal solutions of the Helmholtz

equations which are Au+k’u =0 and Au+k*n,u =0, respectively, where H{" is the Hankel function

of the first kind and the zero order. The functions u, defined by equation 26 and W defined by equation
27 satisfies the problem 21-24 and the Sommerfeld radiation condition 15.

We introduce the following integral operators:

The operators K,S,T and K' are defined from C(dD) to C(dD), such that

oD(x, y)

(Kw)(x)=2j Sy asty),  xea 29)
(s¢)(x)=2jc1>(x,y)¢(y)ds(y), XD (29)
5 0 [o0(xy)
T=2-2 j Sy ()is(y), oD (30)
l 5
(KO0 =2 j O(x, Y)P(y)ds(y), xeaD (31)

oD

The operators K” and S” are defined from C(dD) to C(D), such that
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. oD (X, Y)
(K'p)(x) = 2JD ety (y)asy), xeD (32)
(sw)(x)=2]<D(x,y)¢(y)ds(y), xeD 39)

oD

The operators S, and K/ are defined from C(D) to C(dD), such that

(spwl)(x)=2I O(x, Y) (Vv (Y)dy, XD (34)
(Kipr) () = 2%() O(x, y) p(Y(y)dy, xedD (35)

Finally, the operatér S be defined from C(D) to C(D), such that

(SIp)(x) =2 j O (%, Y)p(Y)a(y)dy, xeD. (36)

D

Let K,,S,, T, and K, show the operators corresponding to K,S,T and K’, respectively, with @
replaced by @, .

Theorem 2.2. The functions u, and W defined by equations 26-27 are restricted to IR?\ D and D,
respectively. Then the functions y,¢ € C(aD) and y, € C(D) satisfy the following integral equations

(Ko =N6K )y + L+ 1)y +(Sy =, S)p—/n,S w, = 2, on D (37)

1 1 1
-T Ko — K’
- (e o -rom
1 1
+ Ak K K w+ S,———==S |¢p+2y — ,_Spt//1 =2g, on oD (38)

JoK'w +8"¢+S%w, — 2y, =0, in D. (39)

Proof. Firstly, we will obtain the integral equation 37. When X € IR® \D —> x € 8D, the limit value of
U, in equation 26 is
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+ _ [ 99,(x.y) 1
Uy (x) = J. o) w(y)ds(y)+ > w(X) +j(Do(X7 Y)g(y)ds(y).

oD oD

When x € D — x € 0D , the limit value of W in equation 27 is

W (x) =N { j affv(?’y)y) w(y)ds(y) —%w(x>]+ j (X, Y)§(y)ds(y)

ob

+[ @ y) p(y)y(y)dy.

From the condition 23 and the operators 28, 29,34, we obtain
21 (x) = (K ) () + 1 (X) + (So#)(X) = My (K ) () + N (X) = /g (S#)(X) =/ (S,,1,)(X)
Thus, for VX € 0D, the equation 37 is obtained.

Now, we will obtain the integral equation 38. We take the derivative of the function u, in the

direction v. When x € IR*\ D> X dD, the limit value of % is
v

ou; .0 oD, (%, Y)
o (X)_av(x)(;[ av(y)

0 1
w(y)ds(y) +MJ;<DO(X, Y)#(Y)ds(y) - (x).

We take the derivative of the function W in the direction v. When X € D — X € dD , the limit value of
ow .

— is

ov

j (X, Y)§(y)ds(y)

oD

j (%, ) (Y (¥)dy.

W 0 od(x,y)
v (X)_\/aév(x)g[ vy VNS

0
ov(X)

+%¢(x)+

From the condition 24 and the operators 28, 31, 34, 35 we have

, "
29(X) = (T )(X) + (KiB)(X) = $(X) - (Ty)(X) - (Kj;l(x) _ ¢\5/(n1) ( ,il///ni)(X)
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+A(0)k (Kom(x)w(x)+<so¢><x>—(r<w)(x)+w(x)—(S%(X)—(Spj;l(x) .

Thus, for VX € 0D, the equation 38 is obtained.

Finally, for the integral equation 39, if we write the operators 32, 33 and 36 in the function W
defined by equation 27, then we obtain

20(x) = /N, (K" ) (x)+(S"4) () + (S ) ().

Since w(x) € C2(D) NCY(D) and w,(x) € C(D), we can write W(X) = ;(X) . Thus, we satisfy the
equation 39 for VxeD.

Equations 37 - 39 can be written in operator notation as

7% 2f
[A+B]| ¢ |=| 29, (40)
V1 0

where the matrixes A and B are described in the following forms

(1+ny)!1 0 0

and

[ K, - n,K Sy — /S ~Jns,

1

1 1
_ _ k _ o 1 k _ _ 1 k .
B=|(T-T,)+k(K,-K) [KO —nOKJ+), (so —\/ESJ —\/E(Kp+l S,)
JnoK? s s |

The operator A clearly has a bounded inverse [2,4]. The operators in the matrix B are weakly singular
operators . Thus, the operator B is compact in the space C(6D)x C(6D)xC(D) [7].

In the following theorem, we will denote that the A+ B operator is injective.

Theorem 2.3. The boundary value problem 11-15 has a unique solution.

10
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Proof. Let us consider the problem 21-24. From the uniqueness theorem 2.1, if f =g =0 then u, =0

in IR\D and u=0 in D. Since u=+/nw, then w=0 in D, where the functions U, and W are
defined by equations 26 and 27, respectively. From the equation 39, we have w—y, =0 for xe D

and so y, =0. Thus, the equations 37 and 38 reduce to

(Ko = oK)y + (L+ o)y + (S, = /N, S)¢ =0,

oL ol L _ _ 1 _
(I'—To)z//J{KO \ﬁK}zﬁ [1+\/EJ¢+/11<[(K0 K)w(so \/Es}wzw] 0.

Using the jump relations of potential theory [16], we obtain

=—q, on oD
ov ov ¢

-
U —Up =¥

wow=Jny WM _ 4 oD

ov  ov
Since U, =0 in IR?\D and W=0 in D, then ug:auo :W‘=%=0.Thus,wehave
ov ov
G rw=0 MM 5 oD (41)

\/n_o E+ ov

Since n, is real, from the Divergence theorem and equation 41, we have

ow" ou-
Im | w ds=Im.n, fu —2ds=0.
.[ 0 0.[ ° ov
oD

14
oD

Since the functionW is radiating solution of the Helmholtz equation for X € IR?\ D , from the Rellich’s

lemma, W=0 in IR?\D and so @:0. Since W' =
ov ov

=0 on 0D and from equation 41,

__ou, . . o
Uy = 6‘_0 =0. Then we obtain iy =¢ =0 .Since ¥ = ¢ =y, =0, the A+ B operator is injective [18].
v
Since B is compact and A+ B is injective, the inhomogeneous system 40 has a unique solution
v, @,y, from the fundamental results of the Riesz’s theory for compact operators (see: Theorem 1.16,
Corollary 1.17 and Corollary 1.20 in [7]). Finally the boundary-value problem 21-24 has a unique
solution.

11
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To formulate the linear method, firstly, we consider the interior boundary-value problem.
3. The Interior Boundary Value Problem

The interior boundary value problem is to find the functions u,,u eC%(D)NCY(D) to the
differential equations

Au, +k?u,=0, in D (42)

V.(%Vuj+k2u=0, in D (43)

and the boundary conditions

U,—u="f, on oD (44)
%—ia—u+lk uo—iu =g, on oD . (45)
ov n,ov N,

Theorem 3.1 Let D, ={x e D:Imn(x) >0} be different from empty set. The solution of the interior
boundary value problem 42-45 is unique.

Proof. Let u,,u eCZ(D)ﬂCI([_)) be the solution of the homogeneous interior boundary value

problem, that is, assume f =g =0. Then, applying of the Divergence theorem to the function

v) (—Vuj and using the condition (i) of 5 and homogeneous boundary conditions, we obtain
n

1 2 2 1 ou _ou 1 2
—|vu|" -k? dy = - —d = —2d Ak|1-— d
J [l et o= w2 2astr - [ Decnty) [ 12 o st

D ob oD oD

- I E|Vu|2—k2|u|2}dy+ j {Lﬂ(ﬂ—i)kluolzds(y)-

0
oD

Taking imaginary parts of this equation, we have

im [ L vufdy=m [ -ufay+im | (1—i](/1—1)k|u0|2 ds(y) (46)
n n n

0
D D oD

12
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. 1 . . . . ) 1 .
Since Im—<0 in D, the left-hand of equation 46 is negative or zero. Since Im—>0 in D and
n n

Im (/1 —Z) >0 on 0D, due to the condition (i) of 5, the right side of equation 46 is pozitive or zero.

Thus, we get

mj iﬁ|Vu|2 dy=0.

D

Since Im=>0 in D, = D, then Vu=0. Since u satisfies the equation 43, then u=0 inD.
n

. L . ou . -
From the unique continuation principle, we have u :a =0 on 0D. Also since u, satisfies the
equation 42, from the homogeneous boundary conditions and the Helmholtz representation, u, =0

in D.

We will show the existence of the solution of the interior boundary value problem 42-45. Again,
using the change of variables u(x) = +/n(x)w(x), the interior boundary value problem 42-45 takes form

Au, +k?u,=0, in D (47)
AW+ (k’n+p)w=0, in D (48)
U —/Mw=f, on oD (49)

auo 18W

1
\/— V [ EWJ—g, on oD (50)

where the function p is defined by equation 25. Now, for w,¢ € C(6D) ve y, e C(D) , we use
the function u, (X) for X € IR*\0D defined by equation 26 and let’s define the following function,

W(x) = j [ ag’(? )y’ ()~ D(x, y)¢(y)}ds(y)+ jcb(x,y)p(y) A(y)y.,

D

x e IR*\éD (51)

where the functions @, ve p are defined as Section 2.

Theorem 3.2. Let the functions u, and w defined by equations 26 and 51 , respectively, are restricted
to D.

13
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Then the functions y,$ € C(6D) and w, € C(D) satisfy the integral equations

(Ko =Ky = (L=n)y + (Sy +/nyS)p—n, Sy, =2, on oD

(TO_T)V/J{KS+ﬁKIJ¢+{1+ﬁ}¢_ﬁK;%
1 1
+;tk[(KOK)y/+[SO+—S ¢p——S v, |=2g, on D
N J NI }

JoK W =8¢ +S"w,~2y, =0, in D,
To prove, the similar way as Theorem 2.2 can be done .

Theorem 3.3 The interior boundary value problem 42-45 has a unique solution.

(52)

(53)

(54)

Proof. For the proof, we will examine the interior boundary value problem 47-50. From the uniqueness
theorem 3.1, if f =g =0 then u,=w=0 in D. Since \/EKN//—SMHS;% = 2w, from the

equation 54, y;, =0. Thus, the equations 52 and 53 reduce to

(Ko = oK)y = (L= o)y + (S, + /Ny S)¢ = 0

and

, 1 1 _ L osslle
(TO_T)W+(KO+\/EK]¢+[1+\/EJ¢+;LK[(KO K)W+[SO+\/ES¢H

From the jump relations, we obtain

. ou, ou,
U, —u, = — =4, on oD
0 i ov ov ¢
ow"  ow-
W —w =./n ——=¢, on oD.
Jnow =Y
Since U, =w=0 in D, then ug:%:w’:%:o . Thus, we have
ov ov
Uy —iW:O 8u0+8w =0, on oD.

\/n_o ov  ov

14
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Thanks to n, positive real constant in condition (i) of 5, we obtain

|mjuga”° ds = — - ImJ'ij ds . (55)

0 0
oD v \/E D v

The two integrals in equation 55 is pozitive or zero. Since U, and w are radiating solution of the

Helmholtz equation for X € IR? \ D, from the Rellich’s lemma, we have either Uy =0 or w=0.Thus

+ +

. . ou
we have either uy =—2>=0 or w" =
ov ov

existence of the solution of the interior boundary value problem 47-50 is obtained from the fundamental
results of the Riesz’s theory.

=0 on 0D. Then, we obtain w=¢=0. Thus, the

4. The Linear Method for The Inverse Scattering Problem

We will formulate the linear method for the solution of the inverse scattering problem defined
by the boundary value problem 6-10. This problem is associated with the determine the support Dof
n(x) —n, from the information about the far-field pattern u_(X,d) in the section 1. For V& >0, there

exists a solution g, € L*(Q) such that

iz

juw(k,d)gy(d)ds(d)—j%;ke"‘*‘y <& foryeD.

o 2(0)

When y — 0D, both Hgy

) and va

(@ become unbounded [10,11].

L*(D)

First of all, we shall form the integral equation for the linear method. We will come up with a
basic solution that provides equation 48. Letbe Q, = {y : |x— y| < g} < D . We take the integral

I(x,z)zj@(x,y)m(y)l‘(y,z)dy, zeIR? (56)

D

where I e C*(D)nC* (5) . Let 1(x,2) be the solution of equation 48 and

(57)

15



Ikonion Journal of Mathematics 2019, 1(2)

I(x,z):j®(x, y)m(y)T(y,z)dy+ I O (x,y)m(y)T(y,z)dy =1 (x2)+1,(xz).

Q, D\Q,

Since AD(X,y)+k?n@(x,y)=0 for x=y, thenwe get (A+ kzno)lz(x,z):o. Hence

(A + kzno)

(A+k n )

:Ajd)(x, y)m(y)F(y,z)dy+k2nOI®(x, y)m(y)T'(y,z)dy. (58)

Q. Q,

Applying the divergence theorem to the first integral on the right-hand of equation 58, we get

JA@(x,y)m(y)F(y,z)dy:—JVXCD(X,y)v(y)m(y)l‘(y,z)ds(y), V.=V,
j { HE (kg [x- yl)} (Y)T(y.2)ds(y)

2z

J‘___H“’(kfg) x+g¢9 x+59,z)gd0

0

27r_k
= J‘@ Hl(l)(k\/ag)m(XJrg@)F(XJrgﬁ,Z)gdﬁ.

0

Thus, from Ilm\/_gH(l)(k\/_g) ( ngven in [20], we have
>0

IimIAd)(x, y)m(y)C (v 2)dy =m(x)I'(x.2). (59)

Applying the mean value theorem [1] to the second integral on the right-hand of equation 58, we get

jdy,

QI}

O<x—-a<e

J.db(x, y)m(y)T'(y,z)dy=®(x,a)m(a)I'(a,z)

QI)

- 1 (kg e-al)m(a)r (a.2)
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Therefore

&0

IimJ-CD(x,y)m(y)F(y,z)dy:O (60)
Q
From equations 59, 60 and function 57, the equation 58 takes the form
(A+k2[n(x)+%—m(x)Dl (x,2)=m(x)I'(x,z) .

Since 1(x,z) satisfies the equation 48 and ®(x, y) is a solution of the Helmholtz equation,
(x,2)=®(xz)-k*I(x,2)

satisfies the equation 48. If we write the integral 56 in the last equation, then we obtain the Lippmann
Schwinger integral equation [16]

(x,z)=®(x, z)+J<I>(x, y)[kzn0 —(kzn(y)+ p(y))]l‘(y, z)dy .

D

Thus F(X, z) is a basic solution for the equation 48. From the Theorem 8.3 given in [16], the solution

of I'(x,z)is asolution of the following problem

Aw+(K’n+p)w=0, X € IR? (61)
w(x)=d(X,2)+w (x) (62)
Iim«ﬁ(aws—ika]:O. (63)
r—o or

With the change of variables u(Xx)=\/n(x)w(x), the problem 61-63 is takes form

V.(EVuj+k2u:0, x € IR? (64)
n

u(x):m®(x,z)+us(x), (65)

where u°(x) satisfies the Sommerfeld radiation condition 10.

17
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From the Theorem 8.7 given in [16] and the condition (ii) of 5, the problem 64-65 has at most one
solution. Thus, the orijinal problem 61-63 has at most one solution and the Fredholm alternative
[18] guarantee the existence of a fundamental solution for the equation 48.

Secondly, we will give the following lemma.

Lemma4.1. Let D be a bounded domain with C*(D), X" oD andB, = {x e IR? :‘x—x* < R}
If the function ueC*(D)NC’ (5) is the solution of the following equation
1 2 .
V.| =Vu [+ku=0 in D, (66)
n
then there exists a constant C > 0 such that
ou
ul <C||— +u ; . (67)
c(ép) ( ov (o) C(aD\BR)

Proof. The proof can be done in the similar way to proof of Lemma 4.4 given in [19]. Let
AeC (8D) be positive function with support 0D\ B, . Now, we will show that any solution

of equation (66) satisfying the boundary condition

d_ Aku =g (68)
ov

must vanish identically in D . We suppose that the solution of the problem 66 and 68 is not unique i.e.
let U=u, —U,. Thus the function U satisfy the homogeneous boundary condition

a—u—}bku =0. (69)

ov

We take the homogeneous problem 66 and 69. By applying the divergence theorem to the function

1
u (—Vuj and then taking imaginary parts, we have
n

Imj [—k2|u|2+%|Vu|2}dy:ImniJ‘/Ik|u|2ds(y). (70)
oo

D

18
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From Im1 <0, the left-hand of equation 70 is negatif or zero. From ImA >0 and n, € IR on oD,
n

the right-hand of equation 70 is positive or zero. Moreover, since A =0, u=0 on oD\By, the

boundary condition 69 implies that S—U:O. From the unique continuation principle, we obtain that
1%

u=0 in D. Thus, the problem 66 and 68 has at most one solution.

To show existence of the solution of the boundary value problem 66 and 68, we use the inverse
operator’s existence theorem [18]. Firstly, we define the function

n(x)

0

D, (x,y)= r(xy)

and let this function be the fundamental solution to equation 66. With the function @ in the operators
S and K* which were defined in the operators 29 and 31 replaced by @, . Therefore, for g €C (8D)

, we define the function

u(x):J-CDl(x,y)(/ﬁ(y)ds(y), xeIR?\D.

oD

The function U restricted to D solves the problem 66 and 68. The function ¢ satisfies the integral
equation

K'é+p—kSp=2g onaD. (71)

This integral equation is obtained from the jump relations and the boundary condition 68. If g =0,

. . . R o _ ou -
since U=0 in D, from the unique continuation principle, then u = 8_ =0. From the continuity of

1%

the single-layer potential and the uniqueness of the solution of the exterior Dirichlet problem given in
ou” . . . ou" ou”

[16], we have that u” =u" = =0. From the jump relations, we obtain that ——=—9.
ov ov ov

Thus, ¢ =0. This ensures the existence of the solution. That is, since the homogeneous equation

(I + K’ —Ak8)¢ =0 has to the solution ¢ =0, the operatér | + K' — AkS is injective. Thus, from

the inverse operator’s existence theorem, the inhomogeneous equation 71 for all g € C(@D) has a

unique solution and the solution depends continuously on the function ¢ . Since the inverse operator
-1

(I +K' —ikS) C(0D)—>C(0D) exists and bounded, then the constant C, >0 exists such that

ul

C(aD) < C1 ”g”c(ao) ' (72)

19



Ikonion Journal of Mathematics 2019, 1(2)

From the boundary condition 68 and since the function A is support 0D \ By, then

8—u—/iku

ov

<au

c(oD)

+ C”u“c(aD\BR) ! c>0.
C(eD)

[9leico) =

Writing the last inequality in the inequality 72, we get the inequality 67.
Teorem 4.2. If the sequences U, ; and u; are solutions of the interior boundary value problem

Auy +k?,; =0, inD (73)
V.(quj}rkzuj =0, inD (74)
n

Uy —U, :—d)o(.,yj), on oD (75)
ou, . ou. oD, (., V.

_li_i"_i+ﬂkuofuiw =__;ﬂ_ﬁ)_um%(yﬁ, on D (76)
ov. n, ov Toon, ov

Then
!I—EQHUOJ cl(ep) = (77)

where the sequences Y, are defined by
* R *
wzy—TvU) (78)

for R >0 is sufficently small and y* is a point on oD .

Proof. We assume that there exists a positive constant C, such that

HUO’j j—ooo (79)

cl(ep) =G,

For R>0 sufficently small and y* € 0D, we take the set of points in IR \D defined with the
sequences

Z, = y*+?v(y*) .
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Let’s define the sequence
uj=uj+«/ﬁr(.,zj) in D. (80)
From the boundary condition 75 and the sequence 80, we obtain

uovj—uj:—[GDO(.,yj)jL\/EF(.,ZJ)} on oD. (81)

Again from the boundary condition 76 and the derivative of the sequence 80 in the direction v, we
obtain

ov. n, ov ov \/a ov

1

—zk{cpo(.,ymﬁr(.,zj)} on oD. (82)

0

auo"i%+lk(uo,iUJJ=[a®O(”yJ)+ L GF(.,ZJ)]

The right-hand of equations 81 and 82 are defined, respectively, by the sequences

fj :<D0(.,yj)+\/al“(.,zj) on 0D,

gj:6®0("yi)+ 1 ar("zj)+,1k{®o(.,yj)+il“( z )} on dD.

ov \/E ov \/E v

Let the disk B, and A be as defined as the Lemma 4.1. Then there exists a constant ¢, > 0 such that

|1

< sup ‘@O(.,yj)‘-i- sup ‘\/EF(.,Z])‘SCZ. (83)

C(D\Br)  cop\Bg <oD\Bg

The norm of sequence g; is given by the following inequality

zk{@o(.,yj)+ﬁf(-'zj)}

Taking the first norm on the right-hand of the above inequation and using as in the proof of Lemma
4.2 [8], there exists a constant ¢, >0 such that

a®0(.,yj)+ 1 8F(.,zj)
ov n, ov

ng‘c(ao) <

c(éD)

6@, (. y;) 1 ar(.z)] <c. .
ov H ’

‘ ov +\/E

c(ép)
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Thus, the A4 with support 6D \ B, there exists a constant ¢, > 0 such that

zk{@o(.,yj%ﬁf(uzj)}

From the Lemma 4.1, there exists a constant ¢, > 0 such that

; <C,+ su
Hngc(aD) 3 .eaD\F;R

<c,. (84)

ooy = 5| el Ho (85)
aD\BR) ov ()
From the boundary condition 75, the assumption 79 and the inequality 83, we obtain
Huj Hc(aD\BR) = Huo’j ‘ C(D\Bg) + H fi HC(@D\BR) SGHG. (86)

From the boundary conditions 75, 76, the equation 81, the assumption 79, the inequalities 84 and 86,
there exists a constant ¢ > 0 such that

_86“ S o IR 1 I Y I
éD) C(eD)
OU,
<|ny| ail c(@D)JrH/IkUO'jH o +|- /Iku‘ 7D\BR)+|nO|C4£C6' (87)

When we write the inequalities 86 and 87 in the inequality 85, we obtain the following inequality

Hu j”c(ao) <c¢, , ¢, >0. (88)

For the sequence f , we have

H fi Hc(aD) - HCDO ) \/>F( )‘

sl

c(ep) :Huj UOJH Hu ‘ (D)

C(oD)

From the assumption 79 and the inequality 88, H fj HC@D) is bounded which is a contradiction. Because

f, is nondefined in 0D N By and bounded according to the norm on C(oD\Bg). Therefore,

Huo . is unbounded as j — 0.
JicY(ap)
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To formulate the linear method for the solution of the inverse scattering problem, we will benefit
. . . . . X .
from the information about the far-field model u_(X,d), where X = |— and d are unit vector on the
X

unit circle Q. Recall that for this end, the Herglotz wave function in the form

v, (x)= I &9 (d)ds(d) (89)
Q
is a solution of the Helmholtz equation , where g € L* (Q) is the kernel of v, . Our aim is to show that

there exists a function g =g ( Y ) e L, (€) such that

iz

7
Iuw(k,d)g (d)ds(d)- \78ﬂ_4ke_'kx'yj <g for Ve>0,

o ()

where y; € D is defined by sequence 78. We will also show that itis lim

J—>x©

Hg ( yj)HLZ(Q) = o0, Thus,

the boundary of D is characterized by points where the norm Hg ( Y; )HLZ(Q) is unlimited.

Theorem 4.3 There exists ¢ = ¢ ( Y ) e L*(€) such that

72
Iuw(*,d)g(d)ds(d)—\/eﬁe_'kx'y" <g, for Ve>0 (90)
Q d 3(Q)

=o0. Moreover, if v, is the Herglotz wave function defined by function

and lim|g(.y;)

1*(Q)

L2(D) B

89, then I_imva ( yj)

]

Proof. From Theorem 3.3, the interior boundary value problem 73-76 has a solution which is not
generally a Herglotz wave function. However, a Herglotz wave function Uo,j with kernel g is

shown to exist and this function approaches U, ; in Cl(B) given in [8,11]. Let u, be show the total

field, solving the original exterior boundary value problem 6-10, and the functions u, and u” be defined

Ug (Y)=U,(y,—X) and u”(y)=u(y,—X), respectively. From the reciprocity relation [16] and the

far-field pattern u_(X,d), we obtain
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Q Q

j{%wfjf

_ gy a@iﬁ(y)} ds(y)} g (d)ds(d)

ou,

e . 8U01j
S {%w>&/w>
oD

Ug ; in (0% (5) , the integral on the right-hand of equation 91 become

.‘[Ué(y)ags"’ (v)- zuv (Y)Us; (y)}ds(y) zﬂu

Since U

oD oD

26 ()00, () es().

(V)72 ()-3

(91)

ou, ou,

wwwwﬂ¢wy

14

Applying the conditions 75-76 and then the conditions 8-9 , respectively, the last equation is in the form

below

J[ss00 7220w, ) sy~ 2 [

oD oD

ou, ou”

D52 ) ()

19 S )0, (1) fs(y)- ©

Let's apply the Divergens theorem to the first integral on the right hand of equation 92. We get

—j{ ) H0)- 2 (), ()| 8)

1

D

- [Tur=(=?u, (v) -

D

=.' {div[ (y,—X)WVuj(y)}—div{uj(y)ﬁVu

uj (y)(—kzu(y,_x))de -0.

—Vu(y,—i)v(y)}ds(y)

ol

(93)

From the Helmholtz representation and the Green’s formula, the last integral in the right-hand of

equation 92 is

Huo(y,—x)afi (y,yj)—%(y -R)® o(y,yj)} ds(y) =ty (y,,—%) =e ™.

ob

24
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From the equations 93 and 94, the equation 92 is in the form below

aU0j 0 —ikR.y;
J {0752 -2 (s, () sty @)

oD

When we write the equation 95 in the equation 91, we get

iz

j U, (% d)g (d)ds(d) ~ j&r_‘lke“-“ .

Hence there is a function g e L*(€Q) that satisfies the equation 90. We assume that Hg ( yj)

Q

(o) IS

is bounded as j — o

bounded as j — oo. Hence HUo,j

is bounded. This implies that Huovj

c'(p) c'(p)
. This result is contradict with the Theorem 4.2. Thus, the theorem is proved.
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