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Abstract. In this work, by using both an integral identity and the Holder, the power-mean integral inequalities
it is established several new inequalities for two times differentiable arithmetic-harmonically-convex function.
Also, a few applications are given for some means of real numbers.
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Iki Kez Tiirevlenebilen Aritmetik-Harmonik Konveks Fonksiyonlar I¢in
Hermite-Hadamard Tip Esitsizlikler

Ozet. Bu calismada, hem bir integral 6zdeslik hem de Holder ve power-mean integral esitsizlikleri
kullanilarak iki kez tiirevlenebilen aritmetik-harmonik konveks fonksiyonlar igin birkag¢ yeni esitsizlik elde
edilmistir.

Anahtar Kelimeler: Konveks fonksiyon, Aritmetik-harmonik konveks fonksiyon, Hermite-Hadamard
esitsizligi.

1. INTRODUCTION

Theory of convex sets and convex functions play an important role in mathematics and the other pure
and applied sciences. Convexity theory has appeared as a powerful technique to study a wide class of

unrelated problems in pure and applied sciences.

Definition 1.1 A function f: I € R — R is said to be convex if the inequality

fiax+ (A =-0y) <tf(x)+ A -)f )

valid for all x,y € I and t € [0,1]. If this inequality reverses, then f is said to be concave on the interval

I # @. This definition is well known in the literature.

Theorem 1.2 Let f:1 € R —» R be a convex function defined on the interval I of real numbers and

a,b € I with a < b. The following inequality holds:

b
f (a * b) < L f(x)dx < w (1)

2 “b—a

* Corresponding author. Email address:  huriyekadakal@hotmail.com
http://dergipark.gov.tr/csj  ©2016 Faculty of Science, Sivas Cumhuriyet University


https://orcid.org/0000-0002-0304-7192

671

Kadakal / Cumhuriyet Sci. J., Vol.40-3 (2019) 670-678

This double inequality is known in the literature as Hermite-Hadamard integral inequality for convex
functions. See [2, 4], for the results of the generalization, improvement and extension of the famous
integral inequality (1).

Definition 1.3 [5] A function f:1 c R — (0, ) is said to be arithmetic-harmonically (AH) convex

function if for all x,y € I and t € [0,1] the equality

fOfW)
tf) + @A -1)f ()

holds. If the inequality (2) is reversed then the function f(x) is said to be arithmetic-harmonically (AH)

ftx+ (A —-1t)y) <

(2)

concave function.

In this study, in order to establish some new inequalities of Hermite-Hadamard type inequalities for
arithmetic harmonically convex functions, we will use the following lemma obtained in the specials
case of identity given in [3].

Lemma 1.4 Let f:1 € R - R be two times-differentiable mapping on I° and "' € L[a, b], where

a,b € I° with a < b, we have the identity

bf(b) —af(a) -

beI(b) _ azf’(b) ~ fb 1 fbxzf”(x)dx' (3)

> j f(x)dxz—i

a

For shortness, throughout this paper, we will use the following notations for special means of two

nonnegative numbers a, b with b > a:

1. The arithmetic mean

a+b
A:= A(a,b) =5 a,b >0,

2. The geometric mean
G:=G(a,b) =Vab, a,b=0

3. The logarithmic mean
b—a
L:= L(a,b) ={m' a#zb. 4pso
a, a=0>b

4. The p-logaritmic mean

bp+1 _ ap+1 %
Lp:=Ly(a,b) = (m) » a#bpeR\{-10}; 45> 0.

a, a=>b

These means are often used in numerical approximation and in other areas. However, the following

simple relationships are known in the literature:

HSGLZLLZI<A
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It is also known that L,, is monotonically increasing over p € R, denoting Lo =/ and L_; = L.

2. MAIN RESULTS

Theorem 2.1 Let f:1 < (0,00) = (0,00) be a two-times differentiable mapping on I°, and a,b € I°
with a < b. If |f"'| is an arithmetic-harmonically convex function on the interval [a, b], then the

following inequality holds:

)IfFIf" (@)= If"(b)| # 0, then

bf(b) —af(@) b2f'(b)—a’f'(b) 1 (P
b—a  20b-a _b—aL f(x)dx
G- @IF'BI[1 (PP=a® c?
= 2 [Bf< z ¢ a)cf)+L(If”(a)l,|f”(b)l)’ )

i) IFIf" (@] = If"(b)] = 0, then

bf(b) —af(a) Db*f'(b) —a’f'(h)

1 (P |f" (b))
b—a 206 — a) b—afa fryax

- [24(a?,b?) + G%(a, b)),

<

where
Bf = By(a,b;n) = |f"(a)| — |f" (b))

blf" ()| —alf" (@)
Bs '

Cf = Cf(a,b;n) =

Proof. i) Let [f"(a)| —|f"(b)| # 0. If |f"'] is an arithmetic-harmonically convex function on the

interval [a, b], using Lemma 1.4 and the following inequality

If " @If" b))l
If" )+ = If" (@)

_ (b —a)lf"@IlIf" )|
b —=0If" D)+ (x —DIf" (@I

b—x XxX—a

R = = R =
b-a

we get

! _ ! b
OO [*

bf(b) —af(a) -
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b
f X2|f" () dx

Nl»—k

[EnN

1 x2(b = alf"@IIf" B .
" 2)g =0)If"D)] + (x = a)|f"(a)]

_ (b—a)lf”(a)llf"(b)lfb x?
2 (b =0lf"D] + (x = a)|f"(@)]

A\

dx. (5)

From here, we can write the following inequality

b2f'(b) — a?f'(b)  [°
bf ) - af (@ - [ sy
_ G-l @I @I (2
2B, fa P

_ (b =alf"@llf" )l Ct
B 2B; f( Cf+x+cf>dx

_ G- alf"@IIf" ) [

28, 5 —xCr + Cf
_ 1 " [1,2 _ 2
e e S
b =alf"@IIf" )| [b* = a® If" (@l
= 28, S——b-a)+ Cfn <—|f”(b)|)]

_G-alf"@IlIf"®)I[1 (b? —a® Cf
- 2 _B_f< 2 - “)Cf> LA @L IO
So, we get the desired inequality.

i) Let |[f""(a)] — |f""(b)| = 0. Then, substituting |f""(a)| = |f"' (b)] in (5), we obtain

bf(b) —af(a) b*f'(b) —a’f'(b) 1 (b
b—a  2(b-a) _b—afaf(x)dx
f"(b)
= lf”6(b)| [24(a? b?) + G%(a,b)]. (6)

This completes the proof of theorem.

Theorem 2.2 Let f:1 c (0,) — (0, o) be two-times differentiable mapping on I°, and a, b € I° with
a < b. If |f""|? is an arithmetic-harmonically convex function on the interval [a, b], then the following

inequality holds:
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)IfFIf" (@)1= |f"(b)|? # 0, then

bf(b) —af(a) b*f'(b) —a’f'(h) 1
‘ b—a  2(b-a) _b—aLf@Mx

_1 o By@b)Edf @l If®)D
<3 -
LA @1 GDLEL U@L I B

i IFIf"(@]7 =" (B)|? = 0, then

()

bF®) —af(@ b)) —af'b) 1 )
A T f FEdx| < 17 B3 (a,b),
where
1 1
S4s=1.
b q

Proof. i) Let |[f"(&)|? —|f"(b)|? = 0. If |f"|? for g > 1 is an arithmetic-harmonically convex
function on the interval [a, b], then using Lemma 1.4, well known Holder integral inequality and the

following inequality

" Npn(b—x  x—a* b —a)lf"(@f"(b)|1
If (x)lq_|f (b—aa+b—ab)| =SB0l D+ = Dlf (@7

Wwe can write,

b2f'(b) — a*f'(b)

b
bf(b) - af @ - > T2~ | fadx

%(fb zpdxf (fb |f”(x)|qu>%

) : (b — DIf" @I B
=3(0-aif@n) (f G =Dl DI + - DI @ d")

1

Q|

(8)

From here, we get

bZ /b 2 ,b b
bf(b) —af(a) — f()zaf()—ff@mx
1 1 14 " (b—a)|f”(b)|q %
<2 (- 13, 0, b)(b - i — LA O 1( [ %m)
[IF"(B)|9 — |f"(a)|9]a \" G-DIf" (@]

DI, ool

1
=—(b—a)L3,(a,b) "o
’ ! [f" )9~ |f"(a)]9]a b-a)|f" (@)
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1 Y (I = DI B~ In(b — @)L @]
=2 (b~ )L, @b)f " @IIf (b)|< ORI @R )
R b (IF B = Inlf (@]
==~ a3, (@ b @IIf (b)|< O @F )
2 2 " "
=% b 13,(a, b)GZ(If" (@), If " (B)]) )
(LA @LIF BDLE LA @I 1 BID]°
where

b
f x®Pdx = (b — a)LZZ(a, b),
Inlf" W) — nlf" @17 _ In|f"B)| = nlf" (@1 qllf" )] —~ If" (@]

lf" ) —1f" (@4 "= 1f"@ 1M —=1f" (@1

= [LAf" @ IF " BDLEZAF @I BD] -
Therefore, the required result is obtained.

i) Let |[f""(a)|? — |f""(b)|? = 0. Then, from (8) we obtain the following:

bf(b) —af(a) b?*f'(b) —a*f'(b) 1 (P
b—a  2(b-a) _b—afaf(x)dx

This completes the proof of the Theorem.

1
<SIF O, @b).  ©)

Theorem 2.3 Let f:1 c (0,0) — (0, ) be two-times differentiable mapping on I°, and a, b € I° with
a<b.If |[f"|9q =1 is an arithmetic-harmonically convex function on the interval [a, b], then the
following inequality holds:

)IFIf" (@)1= |f"(b)|9 # 0, then

bf(b) —af(a) b2 f'(b)—a’f'(b) 1 (P b—a I
O _b_afa f@dx| < ——=If"@IIf"®lL, *(ab)
1 (b2-q2 c? %
X[E( 2 _(b_“)Cf)+L(|f"(a)|qf,|f”(b)m]' (19)

i IFIf7" @] = |f" ()] = 0, then

bF(B) —af(@) bBAFI(B)—aif'(h) 1 (P
‘ b—a  20b-a _b—afaf(x)dx
< 21 ()24, b?) + G2(a, b)),

where
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Bq s =Bgs(a,b;in) = |f" (@7 —|f"(b)|

blf" (D)7 = alf"(a)]1
Bq.f .

Cq,f = Cq,f(a,b; n) =

Proof. i) Let |[f"(a)|? — |f"(b)|? # 0. If |[f"|9 for ¢ = 1 is an AH-convex function on [a, b], then

using Lemma 1.4 and well known power-mean integral inequality, we have

b2f'(b) — a?f'(b)  [°
) - ar@ - LEZTO [y

(11)

1-% L

b /b q
< %(L xzdx> (fa x2|f”(x)|qu>
1, T 20—l @I D)1 a
= ‘(f * dx) (f & -0 BN+ x - a)lf @] dx)
_ b—-a 17 " 2(1_5) b x2
—Tlf (Cl)”f (b)le (a'b) <-fa (b—x)lf”(b)lq+(x—a)|f”(a)|qu>
0D | L[

a Car a
,b) |— —C,r+ . d
(@) Bq,r Ja (x o+ Cq,f) x]

1

1

b —a n n 2
= —— 1" @IIf" BIL,

1

b—a 2(1-2) [ 1 (b%—a? b+Cyr\\|°
=%y "L Y (a,b)|— —(b—a)C, s+ C21 q'
> IF @I BIL, ¥ (a,b) Bq,f( > (b —a)Cqs + Cqrln a+Cyy

, 1 (/b2 — a? ) c Ct?,f %
(@ )%( 7 6= s ) par e

Therefore, we get the following inequality:

(-2

b_a n n 2
= ——If"@IIf" ®IL,

bf(b) —af(a) Db f'(b) —a*f'(b)
b—a 2(b—a)

1 b
P af f(x)dx

(:-3)

b —a n n 2
<——IF" @I ®IL, “@b)

1

x[l<b2_a2—b— C>+ G ]q
A R O R Y (yes IO

i) Let |[f""(a)]? — |f""(b)|? = 0. By using the inequality (2.8), we have

bf(b) —af(a) b*f'(b) —a’f'(h) 1 (P
‘ b—a  2(b-a) _b—afaf(x)dx
< %If”(b)l[ZA(az,bz) +G%(a,b)]. (12)
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This completes the proof of the Theorem.

Corollary 2.4 If we take g = 1 in the inequality (10), we get the following inequality:

bf(b) —af(a) b*f'(b) —a*f'(b) 1 (b
b—a  2(b-a) _b—afaf(x)dx

a2 sz

LAf" @1 1" D]

1
Elf”(a)llf”(b)l[ < —(b—a)Cf>+
3. APPLICATIONS FOR SPECIAL MEANS

If p € (—1,0) then the function f(x) = xP,x > 0 is an arithmetic harmonically-convex function [1].

Using this function we obtain following propositions related to means:

Proposition 3.1 Let 0 < a < b and p € (—1,0). Then we have the following inequalities:

2
42 GP(a, b)
bps2(®b) = (mgj(a,b))

(» + DL (a, b)
1P~ (a,b)L(a, b)

—pA(a,D)IF "1 (a,b) — (p + DL (a,b)

xp+2

—_— . Under th
(p+1)(p+2),x>0 Under the

Proof. Let p € (—1,0). Then we consider the function f(x) =
assumption of the Proposition
"l = xP

is an arithmetic harmonically-convex function. Therefore, the assertion follows from the inequality (4)
xD+2

in the Theorem 2.1, for f: (0,0) - R, f(x) = P+ (p+2)

Proposition 3.2 Let a,b € (0,) with a < b, g > 1 and m € (—1,0). Then, we have the following

inequality:
Clab) < p(ab)fff(ab)
@t Lq(a b)L 7 . (a,b)

Proof. The assertion follows from the inequality (6) in the Theorem 2.2. Let

m

M2
xa’ , x € (0, ).

1
fx) =7 .
(Z+1)(Z+2)
Then |f"(x)|? = x™ is an arithmetic harmonically-convex on (0, ) and the result follows directly

from Theorem 2.2.

Proposition 3.3 Let a,b € (0,) with a < b, g > 1 and m € (—1,0). Then, we have the following

inequality:
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QN

?+2
L%+2 (a,b) <

[ G@b) 12070 )

mL™ " (a,b)| 2

1

q

{(m + 1)21L2™(a, b) (13)

L@ iap) Mt Din@b) —mAe bl b)}

Proof. The assertion follows from the inequality (8) in the Theorem 2.3. Let

LT
xa

1
'O e e

x € (0, ).

Then |f""(x)|? = x™ is an arithmetic harmonically-convex on (0, o) and the result follows directly

from Theorem 2.3.

Corollary 3.4 If we take g = 1 in the inequality (13), we get the following inequality:

Lni5(ab) <

G*™(a,b) (m+1)°LF"(ab) m _ m-1
R D) [L(a.b)L’J,t:i(a.b) (m + L5 (a, b) = mAGa, L4 o b))
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