Cumbhuriyet Science Journal

VB e-ISSN: 2587-246X Cumhuriyet Sci. J., 41(4) (2020) 832-844
I ISSN: 2587-2680 http://dx.doi.org/10.17776/cs].623545

RP-T-fuzzy soft subrings and ideals of soft rings

Canan AKIN ™ Ertugrul AKCAY?
1Giresun University, Department of Mathematics, Giresun / TURKEY
2Bulancak Vocational and Technical Anatolian School, 28300, Bulancak/Giresun / TURKEY

Abstract Article info

In this paper we introduce a concept which is called RP-T-fuzzy soft subring and examine History:

some properties of the restricted intersection, the restricted union, the A-intersection and the Received: 23.09.2019
product of their families. A condition to make the restricted union of RP-T-fuzzy soft subrings Accepted: 16.09.2020
to be RP-T-fuzzy soft subring is determined. A correlation between the RP-T-fuzzy soft
subring of a soft ring and a-level sets of this soft ring is demonstrated. The RP-T-fuzzy soft
subrings under some binary operations are investigated. Moreover, the image and pre-image
of RP-T-fuzzy soft subrings under fuzzy soft homomorphisms is examined. Finally, we present
the concept of RP-T-fuzzy soft ideal and we investigate the analogue properties for them.

Keywords:

Fuzzy soft set, UP-
fuzzy soft subset, RP-
T-fuzzy soft subring

1. Introduction

Most of the notions in all fields of the real world have uncertainties and vagueness. In 1965, Zadeh initiated fuzzy
sets (or fuzzy subsets) as a class of objects with a continuum of grades of membership to deal with uncertain
concepts [1]. Many researchers have established its connection with almost every topic since fuzzy sets
introduced. The fuzzy sets were applied to algebra by presenting fuzzy groups by Rosenfeld [2] in 1971. The
notion of fuzzy subrings was introduced by Liu in 1982 [3]. Dixit et. al. provide an internal description of the
fuzzy subring and fuzzy ideal generated by a finite fuzzy subset of a ring [4].

In 1999, Molodtsov introduced the theory of the soft set has a large area of use for solving uncertain problems
[5]. Maji et. al. put forth some basic algebraic features such as equality, union and intersection, null and absolute
of two soft sets, and also its complement [6]. Ali et. al. discuss some situations at Maji et. al’s study and give
some new notions [7]. The theory of soft sets can be combined with some other theories. In 2007, Aktas and
Cagman combined soft sets with algebraic concepts and they defined the notions of soft group, soft subgroup,
soft normal subgroup and soft homomorphism of soft sets [8]. Acar et. al. [9] introduce initial concepts of soft
rings. Atagiin and Sezgin [10] study the algebraic soft substructures of rings, fields and modules.

In 2001, Maji et. al. amalgamated soft and fuzzy sets and they defined fuzzy soft sets [11]. In 2009, Aygiinoglu
and Aygiin introduced a fuzzy soft group as a new concept. Defined fuzzy soft function, they also introduced a
fuzzy soft homomorphism of fuzzy soft groups. Moreover, they gave the concept of normal fuzzy soft group and
they investigated some of its basic properties [12]. Pazar Varol et. al. [13] introduce the concept of a fuzzy soft
ring and study some of their algebraic features. Inan and Oztiirk [14] present the notion of a fuzzy soft ring and
(g, € A q)-fuzzy soft subring that is a generalization of the fuzzy soft ring. Celik et. al. [15] provide a fuzzy
extension of soft rings introduced by Acar et al [9]. Some recent papers show that investigations related to the
theory of soft set continue rapidly [16- 26].

Akin and Karakaya [16] propose new algebraic notion which is called UP-fuzzy soft subset of a soft set, where
U denotes a universal set and P denotes a set of parameters. They present the notions SP-fuzzy soft semigroup
and SP-fuzzy soft left (right) ideal of a soft SP-fuzzy soft semigroup. Then, Akin [17] define GP-fuzzy soft groups.
In this paper, the concept of an RP-T-fuzzy soft subring is introduced. The concept of RP-T-fuzzy soft subring,
where T is a t-norm, is a combination of the notion of UP-fuzzy soft subset and ring theory. Some properties of
the restricted intersection, A-intersection and product of their families are studied. It is demonstrated that the
restricted union of RP-T-fuzzy soft subrings of a soft ring is an RP-T-fuzzy soft subring of this soft ring if T is
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an infinitely v-distributive t-norm. Relations of the RP-T-fuzzy soft subring of a soft ring and a-level sets of this
soft ring are investigated. Some RP-T-fuzzy soft subrings which are obtained by some binary operations are
examined. Moreover, the image and pre-image of RP-T-fuzzy soft subrings under a fuzzy soft homomorphism is
investigated. Finally, this paper presents the concept of RP-T-fuzzy soft ideal and gives some analogue properties
for them.

2. Preliminaries

2.1. Fuzzy subsets

Let U be a universe of discourse. A function f from U to [0,1] is called a fuzzy subset of U. The family of all
fuzzy subsets of U is denoted by F(U). Let f,g € F(U). Then, f € g means that f(a) < g(a) foralla e U.fx*gis
a binary relation on F(U) defined by (f * g)(u) = f(u) * g(u) for all u € U, where " =" is a binary relation on
[0,1]. For t € [0,1], the set f, = {a € U|f(a) = t} is called t-level set of f. Let A # @ be an index set and {f;|i €
/2\%])9 F(U). Then, (Ajea fi) (%) =Ajea i(®) and (Viea i) (%) =Viea fi(x) and (Tieafi) (%) = Tieafi(x) (See [1,

2.2. t-norms, t-conorms, negators and implications

A mapping T:[0,1] x [0,1] = [0,1] which is increasing, associative, commutative and providing the boundary
condition T(u,1) = u for all u € [0,1] is called a t-norm. On [0,1], the largest t-norm is the standard minimum
operator Ty (u, v) = min{u, v} = u A v and the weakest t-norm is the drastic t-norm Tp (u, v) which is defined as
uif v=1, vif u=1, 0 otherwise. A mapping S:[0,1] X [0,1] = [0,1] which is increasing, associative,
commutative and providing the boundary condition ( i.e., S(u,0) = u for all u € [0,1] ) is called a t-conorm on
[0,1]. On [0,1], the maximum operator Sy;(u,v) = max{u, v} = u V v is the smallest t-conorm and the drastic t-
conorm Sy (u, v) which is defined asu if v= 0, vif u = 0 and 1 otherwise is the largest t-conorm. On [0,1], the
nilpotent t-conorm Sy (u, v) is defined as max{u, v} if u+ v < 1 and 0 otherwise. A mapping N:[0,1] - [0,1]
which is decreasing and providing the conditions N(1) = 0,N(0) = 1 is referred as a negator N. The negator
Ng(u) =1 —u for all u € [0,1] is called standard negator. An implication on [0,1] is a mapping I:[0,1] X
[0,1] = [0,1] providing the conditions 1(1,1) = 1(0,1) = 1(0,0) = 1,1(1,0) = 0. An S-implication based on S
and S is an implication defined by I(u,v) = S(N(u),v) for all u,v € [0,1], and R-implication (residual
implication) based on a t-norm T is an implication defined by I(u, v) =V (y,q)<v a for all u,v € [0,1] (See [28-
30]). A t-norm T is called v-distributive if T(a,b; Vb,) = T(a,b;) vV T(a,b,) forall a,by, b, € [0,1]. A t-norm
T is called infinitely v-distributive if T (a,Viea b;) =Viea T(a,b;) for all a,b; € [0,1],1 € A (See [31, 32]).

2.3. Subrings, ideals, T-fuzzy subrings and T-fuzzy ideals

Let R denote a commutative ringand @ # I € R. Then, I is called a subringof Rifa—b,a.b € [foralla,b € I.
Asubringlisaleftideal ifra € [foralla € I,r € R. Letf € F(R) and T be a t-norm. Then, fis called a T-fuzzy
subring if f(x —y) = f(x)Tf(y) and f(x.y) = f(x)Tf(y) for all x,y € R. A T-fuzzy subring f is called a T-fuzzy
left (right) ideal if f(x.y) = f(y) (f(x.y) = f(x)) for all x,y € R. fis called a T-fuzzy ideal (or two-sided ideal) if
its both T-fuzzy left and right ideal (See [27, 33, 34]).

2.4. Soft sets and soft rings.

In this part, we present some known definitions of topics of soft sets and soft rings.

Definition 1 [5] Let U be an initial universe set and P be a set of parameters. The power set of U is denoted by
P(U) and A is a subset of P. A pair (F, A) is called a soft set over U where F is a mapping given by F: A - P(U).

The pair (U, P) denotes the collection of all soft sets on U with the attributes from P and is called a soft class [35].

Definition 2 [5] Let (F, A) and (G, B) be two soft sets over U, (F, A) is called a soft subset of (G, B), denoted by
(F,A) € (G,B), if
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(i) A C B.
(i) F(x) € G(x) for each x € A.

Definition 3 [6] Let (F, A) be soft set over U. Then,

(i) (F,A) is said to be a null soft set, denoted by @, if F(x) = @ for all x € A.

(ii) (F,A) is said to be an absolute soft set, denoted by A, if F(x) = U for all x € A.

Definition 4 [36] For a soft set (F, A), the set Supp(F, A) = {x € A|F(x) # @} is called the support of the subset
(F,A). If Supp(F, A) # @, then the soft set (F, A) is called non-null.

Definition 5 [6, 7, 36- 39] Let {(F;, A;)|i € A} be a family of soft sets in a soft class (U, P). Then,

(i) The restricted intersection of the family {(F;, A;)|i € A}, denoted by (N, )iea(Fi, A;), is the soft set (F,A)
defined as A = Njea A, F(X) = Njea Fix)(Vx € A).

(ii) The extended intersection of the family {(F;, A;)|i € A}, denoted by (Ne)iea(Fi, A;), is the soft set (F,A)
deflned asA = UiEA Ai' F(X) = niEA(X) Fi(X)(VX € A), Where A(X) = {llX € Al}

(iii) The restricted union of the family {(F;, A;)|i € A}, denoted by (U, )iea(Fj, Aj), is the soft set (F, A) defined
as A = Niea A F(X) = Ujea Fi(x)(Vx € A).

(iv) The extended union of the family {(F;, A;)|i € A}, denoted by (Ue )iea (Fi, Aj), is the soft set (F, A) defined
as A = Ujea A, F(X) = Uiea) Fix)(Vx € A).

(v) The A —intersection of the family {(F;, A;)|i € A}, denoted by A;ea (Fj, A;), is the soft set (F, A) defined as
A = [liea Aj F(XDiea) = Niea Fix) (Y(Xi)iea € A).

(vi) The vV —union of the family {(F;, A;)|i € A}, denoted by Viep (F;, A;), is the soft set (F, A) defined as A =
[Tiea Ai F((Xi)iea) = Uiea Fixi) (V(Xi)ien € A).

(vii) The product of the family {(F;,A;)|i € A}, denoted by IT;ca (F;, A;), is the soft set (F, A) defined as A =
[Tiea A F((XDien) = Iliea Fi(x) (Y(X)iea € A).

Definition 6 [37] Let (F, A) be a non-null soft set over a ring R. Then,

(i) (F,A) is called a soft ring over R if F(x) is a subring of R for all x € Supp(F, A).
(i) (F,A) is called a soft ideal over R if F(x) is an ideal of R for all x € Supp(F, A).
2.5. Fuzzy soft sets and Fuzzy soft rings

In this part, we give some known and useful definitions of topics of fuzzy soft sets and fuzzy soft rings.

Definition 7 [11] Let U be an initial universe set and P be a set of parameters. A pair (f, E) is called a fuzzy soft
set over U where f: E — F(U) is a mapping. The pair (U, P) denotes the collection of all fuzzy soft sets on U with
the attributes from P and is called a fuzzy soft class (See [40]).

Definition 8 [11] Let (f, E) be a fuzzy soft set over U. For each o € [0,1], the set (f, E), = (fy, E) is called an -
level set of (f, E) where f,(a) = {x € U|f(a)(x) = a} for each a € E. Obviously, (f, E), is a soft set over U.
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Definition 9 [11] Let (f, E) and (g, H) be two fuzzy soft sets over U, (f, E) is called a fuzzy soft subset of (g, H),
denoted by (f,E) < (g H), if )E < H, (ii) for each a € E, f(a) < g(a).

Definition 10 [11, 15, 40] Let {(f;, E;)|i € A} be a family of fuzzy soft sets in a fuzzy soft class (U, P). Then,

(i) The restricted intersection of the family {(f;, E;)|i € A}, denoted by (Ap)iea(fi, E;), is a fuzzy soft set (f, E),
E = Njep Ej and for all x € E, f(x) =Ajep fi(%).

(ii) The extended intersection of the family {(f;, E;)|i € A}, denoted by (Ae)iea(fi, Ei), is a fuzzy soft set (f, E),
E = Uijep Ei and for all x € E, f(X) :/\iEA(X) fi(X) where A(X) = {llX € El}

(iii) The restricted union of the family {(f;, E;)|i € A}, denoted by (V;)iea (fi, Ei), is a fuzzy soft set (f,E), E =
niEA Ei and forall x € E, f(X) =Ajea fi(X).

(iv) The extended union of the family {(f;, E;)|i € A}, denoted by (V,)iea(fi, Ei), is a fuzzy soft set (f,E), E =
Niea Ej and for all x € E, f(x) =Ajep i (%).

Definition 11 [11, 15] Let {(f;, E;)|i € A} be a family of fuzzy soft sets in a fuzzy soft class (U, P). Then,

(i) The fuzzy A-intersection of the family {(f;, E;)|i € A}, denoted by A (fi, E;), isasoft set (f,E) definedasE =
1
[Tiea Ei f((Xi)iea) =M\ f;(xi) (V(Xiena € E).

(ii) The fuzzy v-union of the family {(f;, E;)|i € A}, denoted by v (fi, E;), is a soft set (f,E) defined as E =
1
[Tiea Ei f((xien) = Y, i) (V(XDiea € E).

(iii) The product of the family {(f;, E;)|i € A}, denoted by [Tiea (f;, E;), is a fuzzy soft set (f,E) defined as E =
[Tiea Ei, f((X1)ien) =Y (j/e\] f;(x7)).

Definition 12 [15] Suppose that @ is a binary operation on the power set of P and & is a binary operation on
F(U). Then, for any two fuzzy soft sets (f,E), (g, A) € (R, P), (f,E) ®g (g A) is defined as the d-fuzzy soft set
(h,C), where C = E @ A and

f(x) if x €E\A

_)e™®) if x € A\E,
hG) = fx) ®gx) if xXx€eENA,
) otherwise

for all x € C, where @ is arbitrary fuzzy set of U. Clearly," @ g " is a binary operation on (R, P).

Definition 13 [15] Let (f,E,), (g E,) be fuzzy soft sets in a fuzzy soft class (U, P). Then, the fuzzy product of
them, denoted by (f,E,) X (g, E,), is the soft set (h, C) defined as C = E, X E;, h(a,b) = f(a).g(b) forall a €
E;,b €E,.

Definition 14 [14, 15] Let (f, E) be a fuzzy soft set over R. Then,

(i) (f E) is said to be T-fuzzy soft ring over R if f(x) is a T-fuzzy subring of R for all x € E,

(ii) (f, E) is said to be T-fuzzy soft ideal over R if f(x) is T-fuzzy ideal of R for x € E.

Definition 15 [14] Let (f, A) be a fuzzy soft ring over R. A fuzzy soft set (g, B) over R is called a fuzzy soft ideal
of (f, A) if and only if

835



Akin, Ak¢ay [ Cumhuriyet Sci. J., 41(4) (2020) 832-844

(i) BC A,
(ii) g(x) is a fuzzy ideal of f(x) for all x € Supp(g, B),
(iii) g(x) < f(x) for all x € Supp(g, B).

Definition 16 [12] Let (f, A) and (g, B) fuzzy soft sets on the classes (U4, P;) and (U,, P,), respectively and let
@:U; = U,, U: A — B be functions. Then, the pair (¢, ¥) is called a fuzzy soft function from U; to U,.

Definition 17 [12] Let (f,A) and (g, B) fuzzy soft sets on the classes (U, P;) and (U,, P,), respectively and let
(@, ) be a fuzzy soft function from U; to U,. Then,

a) The image of (f, A) under (¢, ) denoted by (@, {)(f, A), is the fuzzy soft set on the class (U,, P,) defined by
(@, W) (£ A) = (@(0), W(A)), where;

f@E if 3€e™(),

V Vv
PO = {w<x>=w<a>=b
0 otherwise.

b) The pre-image of (g, B) under the fuzzy soft function (¢, ) denoted by (@, ) 1(g B), is defined by
(0, ¥)7'(gB) = (¢7(g), W~ (B)), where ¢~*(g)(a)(x) = g(Y(@))(@(x)),(Va € Y~ *(B), Vx € Uy)

Definition 18 [13] Let (¢, @) be a fuzzy soft function from R to S. If ¢ is a ring homomorphism from R to S,
then (o, V) is said to be a fuzzy soft homomorphism. If ¢ is an isomorphism and s is a one-to-one mapping
from A onto B, then (o, ) is said to be a fuzzy soft isomorphism.

2.6. SP-fuzzy soft subsemigroup
Akin and Karakaya present a fuzzy soft set of a crisp soft set as a new concept. They introduced some new

algebraic notions which are called SP-fuzzy soft semigroup and SP-fuzzy soft left (right) ideal of a soft semigroup.

Definition 19 [16] Let (F, A) be a soft set in a soft class (U, P) and (f, E) be a fuzzy soft set in the fuzzy soft class
(U, P). Then, (f,E) is said to be a UP-fuzzy soft subset of (F, A), denoted by (f, E) Syp (F,A), if E € A and f(x)
is a fuzzy subset of F(x) for all x € E.

Definition 20 [16] Let (f, E) be a UP-fuzzy soft subset of (F, A). (F, E) called a-level soft subset of (f, E), where
F.:E - P(U) is defined by F,(x) = {a € F(x)|f(x)(a) = a} for all x € E.

Definition 21 [16] Let (f, E) be a UP-fuzzy soft subset of (F, A) . Then, the UP-fuzzy soft subset (f, E)¢ = (f,E)
of (F,A) is called the complement of (f, E), where for any x € E,f¢(x): F(x) — [0,1] is defined by f¢(x)(a) =
1 — f(x)(a) for all a € F(x).

Theorem 22 [16] Let {(f;, E;)|i € A} be the family of UP-fuzzy soft subset of (F, A). Then, De Morgan rules are
provided for restricted intersection and union, i.e.,

(ADiea(i, EN)C = (Vpiea(fi, EDC and (V)iea (i, ED)C = (Apiea(fi, EDC.
3. Results

Throughout this paper, all fuzzy subsets are considered over commutative rings R and Z. T, S and I denote a t-
norm, a t-conorm and an implication on [0,1], respectively, unless otherwise stated. We begin by giving a
definition of RP-T-fuzzy soft subring.

Definition 23 Let (F, A) be a soft subring in a soft class (R, P) and (f, E) be a fuzzy soft set in the fuzzy soft class
(R, P). Then, (f,E) is called an RP-T-fuzzy soft subring of (F,A) if E € A and f(x) is a T-fuzzy subring of F(x)
forall x € E.
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Example 24 Let R be the ring (Z,4,+,.), P = {e1,e,,e3}, A ={es,e,}, E = {e,} and let (F, A) be defined by
F(e;) =< 6 >, F(e,) =< 4 >.

(i) Leta, B € [0,1],a < B. Then, (f, E) defined by
. _ (B if a=0,
fle2)(@) = {oc if 320,
is an RP-T-fuzzy soft subring of (F, A).

(ii) Let (g E) be defined by
— _ (0 if 4]a,
g(ez)(a)_{1 if 4ta.

Then, (g, E) is an RP-T-fuzzy soft subring of (F, A). However, (g, E) is not a fuzzy soft subring of R.

Theorem 25 Let (F, A) be a soft ring over R and (f, E) be an RP-T-fuzzy soft subset of (F, A).

(i) (f E) is an RP-T-fuzzy soft subring of (F, A) if (F,, E) is soft ring over R for all « € [0,1].

(i) Let (f, E) be an RP-T-fuzzy soft subring of (F, A). Then, (F,, E) is a soft ring over R for all « € Dy if f(x), #
@ for all x € E, where Dt = {a|aTa = a}.

Proof. Letx € E.

(i) Let a: = f(x)(a) Tf(x)(b) forany a,b € F(x). Thus, f(x)(a) = aand f(x)(b) = a. So, a,b € F,(x). Thus, a —
b,a.b € F,(x) since F,(x) is subring of R for all x € E. So, f(x)(a —b) = a and f(x)(a.b) = a, i.e., f(x)(a —
b) > f(x)(a)Tf(x)(b) and f(x)(a.b) = f(x)(a)Tf(x)(b). Hence, f(x): F(x) — [0,1] is fuzzy subring for all x €
E. Therefore, (f, E) is an RP-T-fuzzy soft subring of (F, A).

(ii) Let a,b € F4(x) for o € Dt. Hereby, f(x)(a) = « and f(x)(b) = a. So, f(x)(a)Tf(x)(b) = aTa. Thus,
f(x)(a—b) = aand f(x)(a.b) = asince f(x) is subring of F(x) for all x € E. Therefore, a — b,a.b € F,(x). So,
(Fg E) isasoftring for all a € Dr.

Proposition 26 Let (f, E) be an RP-T-fuzzy soft subring of (F,A). If (Fy, E) is a soft left or right ideal over R,
then it is a soft ring over R.

Proof. It is straightforward.

Theorem 27 Let (f;, E;) be an RP-T-fuzzy soft subring of (F;, A;) for all i € A. Then,
(1) Niea” (fi, E;) is RP-T-fuzzy soft subring of (N )iea(Fi, A;) if Niea E; # 9.

(i) Niep © (f;, E;) is RP-T-fuzzy soft subring of (Ne )iea (Fi, Ay).

(iii) Niep” (£, E;) is RP-T-fuzzy soft subring of (Ne)iea(Fi, Ay) if Niep Ei # 0.
(iv) ié\A (fi, E;) is RP-T-fuzzy soft subring of Ajcp (Fi, Ai).

(V) [Tiea(f;, E;) is RP-T-fuzzy soft subring of [[ica (Fi, A;).-

PI’OOf. l) Let niEAr (fi' El) = (f, E) and (nr)iEA(Fi'Ai) = (F, A) Cleal’ly E= niEA Ei c niEA Ai = A Let a,b S
F(x) foranyx € E

fG)@a—b) = (A fit))(a—b) = A fi()@—b) 2 A (CI@THE)(b)

> A fCI@T A (EEID) = (A FE)@T(A (G))(b)

= f(x)(a) Tf(x)(b).

fG0(a.b) = (A fi())(@.b) = A fi(x)(@b) 2 A (()@TH) (b))

= A GE@T A (D) = (A HEN@TCA (D)

= f(x)(a) Tf(x) (b).
Hence, f(x) is RP-T-fuzzy soft subring of F(x) for all x € E. Thus, Njep’ (f;, E;) is RP-T-fuzzy ring of

(Nr)iea(Fi, Ap).
ii) The proof is similar to the proof of Theorem 3.4 (b) in [17] with the definitions T-fuzzy subring and RP-T-
fuzzy soft subring.
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iii) The proof is similar to the proof of Theorem 3.4 (c) in [17] with the definitions T-fuzzy subring and RP-T-
fuzzy soft subring.
iv) Let A (fi, E;) = (£ E) and Ajep (Fi, Ay)) = (F,A). Let ((%i)iea) € E and a,b € F((x;)jea)- Then,

(i) @—b) = (A fiGD)@—Db) = A ((x)@—b)
2 A (ED)@TEEDB)) = (A EED@ITCA () (b))
= (A GEDY@T(A GEDID) = ((%)ien) @ TH(Diea) (b).

f(()ien)@b) = (A i) (ab) = A (fi(x)(a. b))
> A (ED@TEEIB) = (A GEE@ITCA EGID))
= (A GED@TCA EGDIG) = f(ien) @ THiien) (b).
Therefore, ié\A (f;, E;) is RP-T-fuzzy soft subring of Ajcp (Fi, Ai).
v) Let [Iiea (F,E) = (FE) and [liea (Fi, A;)) = (F,A). Clearly, E =[lica Ei € [liecan Aj = A. Let a,b €
F((xi)iea) forany (x;)iea € E.
f((iiea)(@—Db) = ¥V (A f(x))(@—b) =V, (Af(x)(@—b))

JEA

2 ¥, (4 6O @Th(x )(b)))

JeA

2 ( (/\ f(x,)(a)T A f(X])(b))

2y, (]./E\] FEO)@T, ]gvA (A fGN®)

= f((x1iea) (@ TE((x1)ien) (b).

f((iiea)(a-0) = ¥ (A f(x))(a.b) =V, (A f(x;)(a.b))

2V, (A @ (X,)(a)Tf (X])(b)))

>I¥A (/\ f(x])(a)T /\ f;(x5) (b))

2 v (g f(x,))(a)T v (A HGN®)

= f((Xl)leA)(a)Tf((Xl)leA)(b)
Therefore, [liea (fi, E;) is an RP-T-fuzzy soft subring of [[iea (Fi, Aj) since f((xj)iea) is a fuzzy subring of
F((%i)ien)-

Theorem 28 Let {(f;, E;)|i € A} be a family of RP-T-fuzzy soft subrings of (F,A). Then, Ujep” (f;, E;) is an RP-
T-fuzzy soft subring of (F, A) if T is an infinitely v-distributive t-norm.

PI’OOf. Let UiEAT (fi' El) = (f, E) Then, E = niEA Ei c niEA A=A Let a,b S F(X) fOI’ anyX € E.

9@ —b) = (V (0)@—b) =V fI@—b) 2V (FEI(@THEE®D))
=V {E)@T V. 09 (b) = () @TI(b):

f(x)(ab) = (V, fi())(ab) = V fi(x)(ab) =V (fCI@)TH ) (D)
=Y i) @T V fi(x)(b) = f(x)(@)THx)(b).
Thus, f(x) is a T-fuzzy subring of F(A). Therefore, Uiep” (f;, E;) is an RP-T-fuzzy soft subring of (F, A).

Let {(f;, E;)|i € A} be a family of RP-T-fuzzy soft subring of (F,A). The following example shows that
Viea (i, E;) is not an RP-T-fuzzy soft subring of vic, (F, A) in general.

Example 29 LetR = Z,, A = {1,2},E; = {e1,e3}, E; = {e,,e3}, A = {e;,e5,e3}, T =A. Let (F, A) be defined as

F(e;) = {0},F(e,) = {0,2},F(e3) = R. Then, (F, A) is a soft ring over R. Let fuzzy soft sets (f,, E;) and (f,, E,)
be defined by
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_ _ fl(el)(a) =_0.1, fl(ez)(a) =_0.5, fl(ez)(i) =_0.3, _

f,(e2)(0) = 0.6,f,(e2)(2) = 0.2,f,(e3)(0) = 0.4,f,(e5)(1) = 0.2,f,(e3)(2) = 0.3,f,(e5)(3) = 0.2

Then, {(f;, E;)|i € A} is a family of RP-T-fuzzy soft subring of (F, A). Therefore, Vica (F, A) = (G, B) is obtained
as G(ey,e1) = F(eq),G(er, e2) = G(ez, €1) = G(ez, €2) = F(ey), G(es, e1) = G(eq,e3) = G(ep,e3) =
G(es, e;) = G(esz, e3) = R. However, Viep (f;, E;) = (f1,E1) V (f5,E;) = (f E) can not be obtained by the
knowledge of the definitions above since f(e;,e,)(2) is incalculable. If we have f;(e;)(2) =1, then
f(e;,e,)(0) = 0.6,f(e;, e,)(2) = 1. Consequently, (f,E) is not RP-T-fuzzy soft subring of (G,B) since
fle;, €2)(2 —2) = 0.6 21 = f(ey, e5)(2) A f(eq, €5)(2).

Theorem 30 Let (f,E) and (g, A) be RP-T-fuzzy soft subrings of (F,K) and (G, L), respectively. Then,
(£, E) Nt (g, A) is RP-T-fuzzy soft subring of (F,K) N, (G, L).

Proof. Let (f,E) Nt (g A) = (h,C) and (F,K) N, (G L) = (H,B). Then,C=ENA S KnL=B.Letx € C.For
allu,v € F(x) N G(x),

hG)(WTh(x)(v) = (F()Tg(x) (W) TE)Tg(x)) (V)

= (f) (W) TgC) ()T (V) TgX) (V)

= (FCOWTEE) (M) T (g (W Tg(x) (V)

< ) (u - v)Tgx)(u —v)

= (f(x)Tg(x))(u —v)

= h(x)(u—v).

h)(WTh(x)(v) = (F()Tg(x) (W TE)Tg(x)) (V)
= (f) (W) Tg) ()T (V) TgX) (V)
= (FCOWTEE) (M) T (8 (W Tg(x) (V)
< fX)(uv)Tg(x)(uv)
= (f(x)Tg(x)) (uv)
= h(x)(uv).
Therefore, (f,E) Nt (g, A) is an RP-T-fuzzy soft subring of (F,K) N, (G, L).

Following examples show that (f,E) N; (g, A) and (f, E) Ns (g, A) may not be RP-T-fuzzy soft subrings of
(F,K) N; (G, L) in general.

Example 31 Let R= Z4,A = {1,2},E = {el,ez},A = {32,63},K =L= {61,32,63}. Let (F, K) = (G, L) be
defined as F(e;) = {0}, F(e,) = {0,2},F(e3) = Z,. Then, (F,K) and (G,L) are soft rings over R. Then,
(F,K) N (G, L) = (F,K) = (G,L).
1) Let T =A and I be the residual implication of T and let (f, E) and (g, A) be defined by
~ ~ f(e;)(0) = 1,_f(e2)(0) = 0.5, E(ez)(Z) =03, ~
g(e;)(0) = 0.4,g(e,)(2) = 0.4,8(e3)(0) = 0.6,g(e3)(1) = 0.4,8(e3)(2) = 0.5,g(e3)(3) = 0.4.
Then, (f E) and (g, A) are RP-T-fuzzy soft subrings of (F,K) = (G,L). Let (f E) N; (g A) = (h,C). Then,C =
ENA = {e,}. Thus, (h,C) is obtained as
h(e;)(0) = 0.4,h(e;)(2) =1 o _
Therefore, (h, C) is not RP-T-fuzzy soft subring of (F,K) N, (G, L) sinceh(e,)(2—-2) =04 %21 =h(ey)(2) A
h(ez)(2).
2) Let T =A and S be the nilpotent t-conorm Sy and let (f, E) and (g, A) be defined by
f(e1)_(0) = 1,f(e2)(0_) = 0.5,f(e2)(22 =0, ~ ~ ~
g(e;)(0) = 0.7,g(e;)(2) = 0.3,g(e3)(0) = 0.6,g(e3)(1) = 0.4,8(e3)(2) = 0.5,g(e3)(3) = 0.4.
Then, (f,E) and (g, A) are RP-T-fuzzy soft subrings of (F,K) = (G,L). Let (f E) Ng (g, A) = (1,B). Then, B =
EN A = {e,}. Thus, (1, B) is obtained as
1(e2)(0) = 0,1(e;)(2) = 0.3 o _
Therefore, (1, B) is not RP-T-fuzzy soft subring of (F,K) N, (G, L) sincel(e;)(2—-2) =02 0.3 =1(ey)(2) A
I(e2)(2).
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Theorem 32 Let (f,E) and (g, A) be RP-T-fuzzy soft subrings of (F,K) and (G, L), respectively. Then,
(f,E) Ut (g, A) is RP-T-fuzzy soft subring of (F,K) N (G, L).

Proof. Let (f,E) Ut (g,A) = (h,C) and (F,K) Ne (G, L) = (H,B). Then,C=EUA € KU L = B. Therest of the
proof is analogue with the proof of Theorem 30.

Definition 33 Let (f, E), (g, A) € (R, P) and * be a binary operation on the unit interval [0,1]. Then, a mapping
fg.:E X A - [0,1]R is defined by fg, (e,a) = f(e) * g(a) for all e € E and a € A. It is clear to see that (fg,, E X
A) € (R,P x P).

Theorem 34 Let (f,E) and (g, A) be RP-T-fuzzy soft subrings of (F, K) and (G, L), respectively. Then, (fgr, E X
A) is RP-T-fuzzy soft subring of (F,K) A (G, L).

Proof. Let (F,K) A (G,L) = (H,B). Then,EX A S KX L =B.Let(e,a) e Ex Aandletu,v € H(e,a) = F(e) N
G(a). Then,
fgr(e,a) (W) Tfgr(e,a)(v) = (f(e)Tg(a)) (W) T(f(e)Tg(a)) (V)
= (f(e)(W)Tg() (W) T(f(e)(v)Tg(a)(v))
= (f(e)(W)Tf(e)(v))T(g(a) () Tg(a)(v))
< f(e)(u - v)Tg@)(u—v)
= fgr(e,a)(u —v).
fgr(e,a)(w)Tigr(e,a)(v) = (f(e)Tg(a)) (W)T(f(e)Tg(a)) (v)
= (f(e)(W)Tg(a) (W) T(f(e)(V)Tg(a)(v))
= (f(e)(W)Tf(e) (v)) T(g(a) (w)Tg(a)(v))
< f(e)(uv)Tg(a) (uv)
= fgr(e,a)(uv).
Hence, (fgr, E X A) is an RP-T-fuzzy soft subring of (F,K) A (G, L).

Following examples show that (fg;, E x A) and (fgg, E X A) may not be RP-T-fuzzy soft subrings of (F,K) A
(G,L) in general.

Example 35 Let T = Ty and I be R-implication (residual implication) of Tand let P = {e,,e;,e3},E = {e;},A =
{e,,e,} and R be the real numbers with the known multiplication and addition operations. Let (F, E) and (G, A)
be defined by F(e;) = 2Z = G(e,), G(e;) = R. Thus, (F, E) and (G, A) are soft subrings of R. If (f, E) and (g, A)
are defined as follows

D ={; it *20

if x+0

1

aaxw={51fxzo
0

if x#0

if x=0

1
glex)(x) = {l if x#0,
2

then (f, E) and (g, A) are RP-fuzzy soft subrings of (F,E) and (G, A), respectively. Hence, (fg;, E X A) is not an
RP-fuzzy soft subring of (F,E) A (G, A) since fg;(e,,e1)(2)Tfgi(e1,€1)(2) =1 £ % = fgi(eq,e1)(2 — 2).

Theorem 36 Let T be an infinitely v-distributive t-norm and (f, E) be an RP-T-fuzzy soft subring of (F, A). If
(@, V) is a fuzzy soft homomorphism, then (¢, W) (f, E) is a ZP,-T-fuzzy soft subring of (¢ (F), U(A)).

Proof. Let y,,y, € @(F)(b) for any b € Y(E). Suppose that there exist x;,x, € R such that ¢(x;) =y, and
@(x3) =y,. Then, the inequality
@O d)(¥1y2) = @O (b)(y1)Te () (b)(v2)
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is verified by the similar way in the proof of Theorem 3.8 in [17] with the use of the infinitely v-distributivity of
T. Thus, the proof of Theorem 3.8 in [17] completes the proof.

Theorem 37 Let (g, B) be a ZP,-T-fuzzy soft subring of (G, K). If (¢, V) is a fuzzy soft homomorphism, then
(¢, V)~ 1(g B) is an RP;-T-fuzzy soft subring of (¢~1(G(Y)), ¥~ 1(K)).

Proof. Let x;,%, € @~ 1(G)(a) for all a € y~1(B). Then, the inequality

e (@) (x1%2) 2 @71(®)(@) (x1) A @~ H(®) (A) (%)
is verified by the similar way in the proof of Theorem 3.9 in [17]. Thus, (¢, )~ (g, B) is an RP;-T-fuzzy soft
subring of (@~ 1(G(Y), y~1(K)) by the proof of Theorem 3.9 in [17].

Definition 38 Let R be a ring and let (F, A) be a soft ideal in a soft class (R, P) and (f,E) be a fuzzy soft set in
the fuzzy soft class (R, P). (f, E) is called an RP-T-fuzzy soft left (right) ideal of (F,A) if E S A and f(x) is a T-
fuzzy left (right) ideal of F(x) for all x € E.

Theorem 39 Let (F, A) be a soft ring over R and (f, E) be an RP-T-fuzzy soft subset of (F, A). Then, (f E) is an
RP-T-fuzzy soft left (right) ideal of (F, A) if (F, E) is soft left (right) ideal over R for all « € [0,1].

Proof. Let (F,, E) be a soft left (right) ideal over R for all a € [0,1] and let o: = f(x)(b) for any b € F(x). Thus,
f(x)(b) = a. So, b € Fy(x). Thus, rb € Fy(x) (br € F,(x)) for all r € R since F,(x) is a left (right) ideal of R
forall x € E. So, f(x)(rb) = « (f(x)(br) = a), i.e f(x)(rb) = f(x)(b) (f(x)(br) = f(x)(b)). Hence, f(x): F(x) —
[0,1] is fuzzy left (right) ideal for all x € E accordance with Theorem 25 and Proposition 26. Therefore, (f, E) is
an RP-T-fuzzy soft left (right) ideal of (F, A).

Theorem 40 Let {(f;, A;)|i € A} be a family of the RP-T-fuzzy soft left (right) ideals of (F;, A;) for all i € A.
(i) Niea” (fi, E;) is RP-T-fuzzy soft left (right) ideal of (N, )iea(Fi, A;) if Niep Ei # 0.

(ii) Njep © (f;, E;) is RP-T-fuzzy soft left (right) ideal of (N¢)iea(Fi, Aj).

(iii) Niep” (fi, E;) is RP-T-fuzzy soft left (right) ideal of (N )iea(Fi, Ay) if Niep E; # 0.

>iv) ié\A (fi, E;) is RP-T-fuzzy soft left (right) ideal of A, (Fi, Ai).

) [Tiea(fi, E;) is RP-T-fuzzy soft left (right) ideal of [[iea (F;, Aj).
Proof. It is straightforward.

Theorem 41 Let {(f;, E;)|i € A} be a family of RP-T-fuzzy soft left (right) ideals of (F, A). Then Ujea” (f;, E;) is
an RP-T-fuzzy soft left (right) ideal of (F, A) if T is an infinitely v-distributive t-norm.

Proof. Let Uiep” (f;, E;) = (f,E). Then, E = Njep Ei € Njep A = A. Leta,b € F(x) forany x € E.

f()(ab) = v (fi())(ab) = v fi(x)(ab) = v (f;()(b))

= (v i) (b) = fC ().
Therefore, Uiep” (f;, E;) is an RP-T-fuzzy soft left ideal of (F, A) by Theorem 28. The proof is similar for RP-T-
fuzzy soft right ideals.

Theorem 42 Let (f,E) and (g, A) be RP-T-fuzzy soft left (right) ideals of (F,K) and (G, L), respectively. Then,
(f,E) Nt (g, A) is RP-T-fuzzy soft left (right) ideal of (F,K) N, (G, L).

Proof. Let (f,E) Nt (g A) = (h,C)and (F,K) N, (G,L) = (H,B). Then,C=ENA < KnL=B.Letx € C. For
allu,v e F(x) N G(x),

h(x)(uv) = (fC)Tg(x)) (uv) = f(x)(uv)Tg(x)(uv)

2 f) (M) Tg(x) (V) = h()(v).
Therefore, (f, E) Nt (g A) is an RP-T-fuzzy soft left ideal of (F, K) N, (G, L) by Theorem 30. The proof is similar
for RP-T-fuzzy soft right ideals.
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Theorem 43 Let (f, E) and (g, A) be RP-T-fuzzy soft left (right) ideals of (F,K) and (G, L), respectively. Then,
(f,E) Ut (g A) is RP-T-fuzzy soft left (right) ideal of (F,K) Ne (G, L).

Proof. Let (f,E) Ut (g,A) = (h,C) and (F,K) Ne (G, L) = (H,B). Then,C = EU A € KU L = B. The rest of the
steps are similar to the proof of Theorem 42.

Theorem 44 Let (f,E) and (g, A) be RP-T-fuzzy soft left (right) ideals of (F,K) and (G, L), respectively. Then,
(fgt, E x A) is RP-T-fuzzy soft left (right) ideal of (F,K) A (G, L).

Proof. Let (F,K) A (G,L) = (H,B).Then,E x A€ KX L =B.Let(e,a) € Ex Aandletu,v € H(e,a) = F(e) N
G(a). Then,

fgr (e a)(uv) = f(e)(uv)Tg(a)(uv) = f(e)(v)Tg(a)(v) = fgr(e,a)(v)
Hence, (fgt, E x A) is an RP-T-fuzzy soft left ideal of (F,K) A (G, L) by Theorem 34. The proof is similar for
RP-T-fuzzy soft right ideals.

Theorem 45 Let T be an infinitely v-distributive t-norm and (f, E) be an RP-T-fuzzy soft left (right) ideal of
(F,A). If (@,¥) is a fuzzy soft homomorphism, then (¢, W)(f,E) is a ZP,-T-fuzzy soft left (right) ideal of

(@ (F), W(A)).

Proof. Let (f,E) be an RP-T-fuzzy soft left ideal of (F,A) and let y;,y, € @(F)(b) for any b € Y(E). Suppose
that there exist x,,x, € R such that @(x1) = y; and @(x;) = y,. Then the inequality

OOy =, Vv f@)(x2) = @OO)(2)
is verified since the mequallty
OO = vV v @2 Y @) 2 v (@)

is satisfied for each x;,x, € R such that @(x;) = y; and ©(X3) =y,. Thus, (@, U)(f,E) is a ZP,-T-fuzzy soft
left ideal of (¢ (F), U(A)) by Theorem 36. The proof is similar for right ideals.

Theorem 46 Let (g, B) be a ZP,-T-fuzzy soft left (right) ideal of (G, K). If (¢, {) is a fuzzy soft homomorphism,
then (@, P)~1(g, B) is an RP;-T-fuzzy soft left (right) ideal of (¢~1(G(Y)), ¥y~ 1(K)).

Proof. Let (g, B) be a ZP,-T-fuzzy soft left ideal of (G, K) and let x,,x, € @~1(G)(a) forall a € ¢~1(B). Then,
e 1 (@)@ (x1%2) = g(W (@) (9 (x1%2)) = g(W (@) (@ (x1)P(x2))
> g(W(@)(9(x2)) = 07 (8)(a) (x2)-
Thus, (@, )" 1(g B) is an RP;-T-fuzzy soft left ideal of (¢~ 1(T(¥), Y~ 1(K)) by Theorem 37. The proof is
similar for right ideals.
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