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HERMITE-HADAMARD TYPE INEQUALITIES VIA
DIFFERENTIABLE h,— PREINVEX FUNCTIONS FOR
FRACTIONAL INTEGRALS

ABDULLAH AKKURT AND HUSEYIN YILDIRIM

ABSTRACT. In this paper, we consider a new class of convex functions which
is called hy,—preinvex functions. We prove several Hermite-Hadamard type
inequalities for differentiable h,—preinvex functions via Fractional Integrals.
Some special cases are also discussed. Our results extend and improve the
corresponding ones in the literature.

1. INTRODUCTION

The following inequality is well-known in the literature as Hermite-Hadamard
inequality. Let f: I C R — R be a convex function with a < b and a,b € I. Then,
the following inequality holds;

(1.1) f("”’)g : /bf(:v)d:cgw.

2 b—a 2

Recently, Hermite-Hadamard type inequality has been the subject of intensive
research. Hermite-Hadamard inequality can be considered as a necessary and suffi-
cient condition for a function to be convex. It provides estimates of the mean value
of the continuous convex function.

In recent years, several extensions and generalizations have been proposed for
classical convexity (see [1 — 24]). A significant generalization of classical convex
functions is that of p—convex functions introduced by Noor [10]. Noor [10] have
investigated the basic properties of ¢—convex functions and showed that ¢p—convex
functions are nonconvex functions. Noor [9] extended Hermite-Hadamard type
inequalities for p—convex functions.

Motivated by the ongoing research on generalizations and extensions of classi-
cal convexity, Varosanec [23] introduced the class of h—convex functions. Noor
et al. [13] introduced another generalization of classical convexity which is called
he—convex functions. Finally, Noor et al. Several Hermite-Hadamard type in-
equalities are proved for h,—preinvex functions [20].

Date: September, 2019.
2000 Mathematics Subject Classification. 26D15, 26A51, 26A33, 26 A42.
Key words and phrases. Integral inequalities, fractional integrals, Hermite-Hadamard Inequal-
ity, Preinvex functions, Holder’s inequality.
87



88 ABDULLAH AKKURT AND HUSEYIN YILDIRIM

Weir and Mond [24] investigated the class of preinvex functions. It is well-known
that the preinvex functions and invex sets may not be convex functions and convex
sets. For recent investigation on preinvexity (see [1,4,5 — 8,17, 22]).

Motivated and inspired by the recent research in this field, we consider a new
class of convex functions, which is called h,—preinvex functions. This class includes
several known and new classes of convex functions such as p—convex functions [10],
preinvex functions [21], h—convex functions [23] as special cases. We derive sev-
eral new Hermite-Hadamard type fractional integral inequalities for h,—preinvex
functions and their variant forms. Results obtained in this paper continue to hold
for these special cases. Our results represent significantly generalized of the pre-
vious results. The interested readers are encouraged to find novel and innovative
applications of h,—preinvex functions and fractional integrals.

2. PRELIMINARIES
T

Let R™ be the finite dimensional Euclidian space. Also let 0 < ¢ < 5

continuous function.

be a

Definition 2.1. ([12]) The set K, in R” is said to be p—invex at u with respect
to ¢(.), if there exists a bifunction n(.,.) : Kupn X Ky, — R, such that

(2.1) u+te’n(v,u) € Kppy,  Yu,v € Koy, t € [0,1].

The p—invex set K, is also called pn-connected set. Note that the convex set

with ¢ = 0 and n(v,u) = v — u is a p—invex set, but the converse is not true.

Definition 2.2. ([10]) Let K, be a set in R™. Then the set K, is said to be
p—convex with respect to ¢, if and only if
u+te(v,u) € Ky,  VYu,v € Ky, t€[0,1].
For ¢ = 0, the set K, reduces to the classical convex set K. That is,
u+t(v,u) € K, VYuvekK, tel01].

Definition 2.3. ([24]) A set K, is said to be invex set with respect to bifunction

n(.,.), if
u+tn(v,u) € K,, Vu,veK,, tel0,1].

The invex set K, is also called n—connected set.

Definition 2.4. ([20])Let 2 : J C R — R be a nonnegative function. A function f
on the set K, is said to be h,—preinvex function with respect to ¢ and bifunction
n, if

(2.2) flu+ten(v,u)) < h(1 =) f(u) + h(t)f(v),

Vu,v € Kop, t€[0,1].

Remark 2.5. One can deduce several known concepts from Definition 4 as:

1. For h(t) = t Definition 4 reduces to the definition for ¢p—preinvex functions
(see [12]).

2. For ¢ = 0 Definition 4 reduces to the definition for h—preinvex functions (see
17)).

3. For n(v,u) = v — u Definition 4 reduces to the definition for h,—convex
functions (see [13]).
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4. For ¢ = 0 and n(v,u) = v — u Definition 4 reduces to the definition for
h—convex functions (see [23]).

Now we discuss some special cases of Definition 4.

I. For h(t) = t* where s € (0,1] in (2.2) we have the definition for s,—preinvex
functions.

Definition 2.6. A function f on the set K, is said to be s,—preinvex function
with respect to ¢ and 7, if

(2:3) flutten(v,u)) < (1-1)°f(u) +t°f(v),
Vu,v € Kop, t€[0,1].
IL. For h(t) = 1in (2.2) we have the definition for P,—preinvex functions.

Definition 2.7. A function f on the set K, is said to be s,—preinvex function
with respect to ¢ and 7, if

(2.4) flu+ten(v,u)) < f(u) + f(v),
Vu,v € Kpp, t €[0,1].

Definition 2.8. ([25]) Let f € L![a,b]. The Riemann-Liouville fractional integral
J& f (z) and Ji* f (x) of order o > 0 are defined by

x

(2.5) Jf (z) = ﬁ/@ — ) F)dt, z>a
and

1 b
(2.6) Joe f(z) = Tla) /(t —2)* ' ft)dt x<b

respectively, where T (o) =

Jy- f (@) = f(2).

e “u®"'du is Gamma function and J, f(z) =

3. MAIN RESULTS

In this section, we will discuss our main results for h,—preinvex functions and
fractional integrals.

Using the technique of [1] and [20], we prove the following Lemma which plays
a key role in our study.

Lemma 3.1. Let I C R be a open invex set with respect to bifunctionn: I xI — R
where n(b,a) > 0. If f € Ly[a,a+ en(b,a)] and o > 0, then
I(a+1)

[f(a) + flatePnb.a)] - 2 G

AR 5]
(3.1)

= enlha) [ = (=0 (ot te (b))
0



90 ABDULLAH AKKURT AND HUSEYIN YILDIRIM
Proof. Let,

(1= —t*) f(a+ te*n(b,a)) |
et?n(b,a)

(1= —t°] f (a+te™n(b,a))dt =

Ot —

0

1
ewn of [ (1—)*"" + t“‘l] fla+te?n(b,a))dt

3 [f(a)+f(a+ewn(b7a))] : am i

= —srray [[F(@) + fla+ e¥n(b,a))]

ate'®n(b,a)

o [G—ammfl+@ﬁaﬂaﬂﬂww%m]

a

[f(a) + f(a+en(b, a))]
e*n(b,a)

ip
o a+e'?n(b,a)

. a— —a a—1
tamm ] |@r e =0 () |

_ [f@) + fla+e#n(b,a))] Clat+l) 1, o
o e'en(b, a) " [eien(b,a))*t! {Ja*f( )+ Taretonto a))*f(x)] '
This complete the proof. O

Theorem 3.2. Let I C R be a open invex set with respect to bifunction n : I X
I — R.Suppose f : I — R is a differentiable function such that f € Li[a,a +

en(b,a)]. Let ’f/’be hy,—preinvex function. Then, for n(b,a) >0 and a > 0,

@)+ 10t e ntba) = O [T )+ Ty T \

[e*#n(b, a)]
(3.2)

1
< el [|7 @] +] 5 0) /\1—1& o] h(t)dt
0

Proof. Using Lemma 2 and h,—preinvexity of , we have

ke [T £0) + Ty 1@

(=1 = 2] (a +te'on(b.a))| dt

‘f(a) T fat e#n(b,a)) -

< e*n(b,a)

< e'n(b,a)

O L O—

A==l (=] f @] +r @) |7 ©)) at
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= ¢n(b, a) f|1 —t“\h(l—t)’f’(a)‘dt

b/1’ 1—6)* —t*[h(t) f%a)!dt]

= ci¥n(b,a) g‘na ~ (=R ®)|f (@) at

# 1= 0° = en 0 |7 o)

. 1
= ceulba) || @]+ |£ O] 1= 07— e (o)
This completes the proof. O

Now we have some special cases.
I. If h(t) = t, then we have the result for p—preinvexity.

Corollary 1. Let I C R be a open invex set with respect ton : I x I — R. Suppose
that f : I — R is a differentiable function such that f € Li[a,a + e*#n(b,a)]. If

s

is p—preinvex on I, then, for n(b,a) > 0,

‘ fla)+ fla+en(b,a)) m [Jj;; F@) 4T s ionvay) - f(x)] ‘

(3.3)

< i) [|f (@)

/ 1 1
| P
R S
IL. If h(t) = t*, then we have the result for s,—preinvexity

Corollary 2. Let I C R be a open invex set with respect ton : I x I — R. Suppose
that f : I — R is a differentiable function such that f € Lj[a,a + ¢n(b,a)]. If

!f’

is s,—preinvex on I, then, for n(b,a) > 0 and s € (0, 1],

@)+ 1ot eenft,a)) - m T2 )+ T oy 1)

(3.4) gewn(b,a)H ] ‘f H {B%(a+1,s+1)

(—B (s Lot 1)+ —— [1_ 21+am

ITI. If h(t) = 1, then we have the result for P,—preinvexity.

rol

Corollary 3. Let I C R be a open invex set with respect ton : I xI — R. Suppose
that f : I — R is a differentiable function such that f € Ly[a,a + e*n(b,a)]. If

E

is P,—preinvex on I, then, for n(b,a) > 0,

i _ Tlat1) 14, o
(3.5) ‘f(a) Pl 61 b a))l [;“"77(22:;) ¢ {Ja;f( z) + J(a-l—e“f’y] b a))*f(x)j| ‘
<[l @ +[rof 2 - 5]

Theorem 3.3. Let I C R be a open invex set with respect ton : I x I — R. Suppose
that f : I — R is a differentiable function such that f € Lila,a + e*n(b,a)]. Let
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P ‘ 1,1

[ be ho—preinvez on I, &+ 2 =1 and n(b,a) > 0. Then

3.6

(3.
@)+ fla+ o) - 0D [J;“+f( )+ <a+ewn<b,a))f<m>H

< 2 %W’ b 1 ’
T

Proof. Using Lemma 2, we have

p—1

o) } Oflh(t)dt}p.
T(o+1)

[e"n(b, a)] e F @)+ Tty 0] ‘

1
= le“n(b,a) [[(1 =) —t*] £ (a + te'#n(b, a))dt’
0

]f(a) T fat e#niba))

1
<en(b,a) [[(1—1)" —tv
0

f (a + tetn(b, a))‘ dt.

From Holders inequality, we have

INa+1)
[e?#n (b, a)]*

@)+ 1o+ cnte.a)) -
< en(b,a (fl I(1—1)* to‘pdt>p (Oﬂf'(atheWn(b,a))‘th)
I

£ @)+ Ty F0)] ‘

1
q

% P
= ¢“n(b, a) (f (1=t —t>)Pdt + (ta—(l—t)“)”dt>
0

q %
)"

P
, we have following inequality

< (117 @ teteatv.a)
0

Here h,—preinvexity of

Ia+1)

‘f(a) Her el ) - G ar 2 @)+ Ty 1)
1

1

a0 [1 - ;]p 1(0‘[ [h(1 =] @[ +ne) |7 )] dt);
- (7)o =5 ol ™ el h<t>dt}p; .
This completes the proof. ]

Now we have some special cases for (3.6).
I. If h(t) = t, then we have the result for p—preinvexity.

Corollary 4. Let I C R be a open invex set with respect ton : I x I — R. Suppose
that f: I — R is a differentiable function such that f € Li[a,a 4 €'?7(b, a)]. Let
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1P
‘f ’ be p—preinvex on I, % + % =1 and n(b,a) > 0. Then

\ﬂ@+fm+a%wﬂ»—kﬂiggpL@J@%h@%wwm,qu
(3.7) 1 Ll ™)
< (ap2+1>pe“”77(b,a) {1—2;]73 ’f( ) ;r’f ®

IL. If h(t) = t*, then we have the result for s,—preinvexity

Corollary 5. Let I C R be a open invex set with respect ton : I x I — R. Suppose
that f : I — R is a differentiable function such that f € Li[a,a + e*¥n(b,a)]. Let

/1P
be s,—preinvex on I, £ + 2 =1, 5(b,a) > 0 and s € (0,1]. Then
® P q N

INa+1)
[e"en(b, a)]”

U, s |
2 \F 15 | @+ e
= (ozp+1> en(b,a) {1_204’] s+1

ITI. If h(t) = 1, then we have the result for P,—preinvexity.

@)+ 1o+ eenft,a)) - 2 F@) + T2y F@)]

(3.8)

Corollary 6. Let I C R be a open invex set with respect ton : I x I — R. Suppose
that f: I — R is a differentiable function such that f € Li[a,a + €*#n(b,a)]. Let

P
‘f ’ be P,—preinvex on I, % + % =1 and n(b,a) > 0. Then

I(a+1)
[etn(b, ?)]a

2 \7? . 115,
< i . 4

Theorem 3.4. Let I C R be a open invex set with respect ton : I x I — R. Suppose
that f : I — R is a differentiable function such that f € Li[a,a + e¢*n(b,a)]. Let

114
, q > 1 s h —p7 eInvexr on 1, then, for b, a) > (),
© n

(3.10)
‘f(a) + flatePnlba)) - m {Jg*f(x) * J&+ei¢n<b,a>>*f(x)} ‘

1 1
2 \7r 117 .
< ——| et
< <a+1> {1 2a] e¥n(b,a)

<A@ @ fia- o - eawa]

@)+ Sla+ o) - T2 )+ T oy £

(3.9)

P
’ p—1

f(a)

—1

P
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Proof. Using Lemma 2, we have
MNa+1)
[e'en(b, a)]”
1
= le*n(b,a) [[(1 —t)* —t*] £ (a + te'#n(b, a))dt’
0

@)+ St o) - T2 10+ ey

£ (a + te™n(b, a))‘ dt

1
<en(b,a) [[(1—6)" —t¥
0
Using power-mean inequality, we have

60+ ot 000 = £ 100+ Ty 1)

< e'n(b,a) <f| 1—t)“ —tadt) fllf (a+ te™n(b, ))‘th>
0

L) \»—«.

1
q

=

(L= —t)dt+ [(t*— (1 - t)“)dt)

O —u= @

= e*n(b,a) (

ST,

1
1, , 4 7
< (] @ reentv.an| )
0
/14
now using h,—preinvexity of ’ f ’ , we have

Ia+1)

W [J3+f( ) I cieniran - T )H

() ﬁ dt) :

‘f(a) T fat e®n(b,a)) -

(@) +nit)

<2 2 et [1—;]7’(]‘ [h(1 -1

0

p—1

P

]Ofl| 1— )" —to| h(t )dt}

This completes the proof. O

Now we have some special cases for (3.10).
I. If h(t) = t, then we have the result for p—preinvexity.

Corollary 7. Let I C R be a open invex set with respect ton : I x I — R. Suppose
that f : I — R is a differentiable function such that f € Li[a,a + e*#n(b,a)]. If

.14
‘f ’ , ¢ > 11is p—preinvex on I, then, for n(b,a) > 0,
(3.11)

< <a+1>p[ ]; :‘”n(b ,a) »
Al ol 5 5]}

IL. If h(t) = t*, then we have the result for s,—preinvexity

[J;ﬁf( )+ s esenvan-f (x)} ‘
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Corollary 8. Let I C R be a open invex set with respect ton : I x I — R. Suppose
that f : I — R is a differentiable function such that f € Li[a,a + €*n(b,a)]. If

.14
’f ’ , ¢ > 1is s,—preinvex on I, then, for n(b,a) > 0 and s € (0, 1],

(3.12)
@)+ 1o+ cnte.a)) - kg&;gaL&J(%jp+wmmnf(ﬂ
fw>pﬂ

g(§g+i)enww{yﬂé
x{B; (a+1,s+1)—B%(s+1,a+1)+a+i+1 [123}%!”}17.

ITI. If h(t) = 1, then we have the result for P,—preinvexity.

P

p—1

+

Corollary 9. Let I C R be a open invex set with respect ton : I x I — R. Suppose
that f : I — R is a differentiable function such that f € Li[a,a + €*¥n(b,a)]. If

/14
f| s ¢>1is P,—preinvex on I, then, for n(b,a) >0

(3.13)
‘f (a) + fla+e*n(b,a)) — m [J;: F@) T8 cionar)- f(x)] ‘

< (o) eaba {|F @ ﬁﬁzl

Using the technique of [1], we prove the following result which helps us in proving
our next results.

’

+ |/ (b)

p—1

Lemma 3.5. Let I C R be a open invex set with respect to n : I x I — R where
n(b,a) > 0. If f € Lila, a + e*n(b,a)], then

(@) + fla+e®n(b,a)) - W (T8I @) + T2 oy @)}
(314) _ ” 5 1 1 — (1 _ t)a+1 _ ta+1 . i
[een(b.a)]” o " (a +te#n(b, a))dt.
Proof. Let

1 1—(1— at+l  ja+1 . )
{[ . ]f<a+wwmm@Mt

_ _pnetl a4l g i !
- (1-1) t f(a+te@n(b,a))‘

[0 + 1 ei‘Pn(b’ a)
[(1— — o] i
e“"n g [( 1] f (a + te*on(b, a))dt

= ~ g b 1 [(1—8)* —t] f'(a + te'n(b, a))dt
e CL 0
1 .
= a a e'? b,CL
(e;?n(i%))f [(£(a) + f(a+ € (b, a)))
e (b,a)]” {J(j;f( ) H Tt esente.an- f<x)}} '

This completes the proof. [
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Theorem 3.6. Let I C R be a open invexr set with respect ton : I x I — R. Let
f: I — R be a twice differentiable function such that f € Li[a,a + e*n(b,a)]. If

’f”‘ , is hy,—preinvex on I, then, for n(b,a) > 0,

(3.15)
’f( )+ fla+ 6“077(5 a)) — [ew(n(;_i))]a {J§+ flz) + a+ei¢n(b,a))_f($)}‘
1 _petl a4l
< fratal { (7w + | 0]) |2 )
Proof. Using Lemma 3, we have

I'a+1)

J(@)+ flateonlb ) = oo (T8 @) 4 T8 oo f(x)}‘

1 _ AN o S | . .
[e#n(b,a)]” [ [1 — = [ (a+te'n(b, a))dt
1

5 at1
< [¢¥n(b, )] b/l“ it Cf):l - 7" (@ + teion(b, )| at
< [e*n(b a)fofl 1-a _Of):l — (h(l — 1) ”(a)‘ + h(t) ”(b)D dt
= [een(v,a))* (|7 @]+ |1 ®)) Ofl [1 —( _cf):l i PYR
This completes the proof. 0

Now, we discuss some special cases for (3.15).
I. If h(t) = t, then we have the result for p—preinvexity.

Corollary 10. Let I C R be a open invex set with respect to n : I X IN —
R. Suppose that f : I — R be a twice differentiable function such that f &
Li[a,a + €"?n(b,a)]. If ‘f”
(3.16)

]f<a> T fat en(ba))

is p—preinvex on I, then, for (b, a) > 0,

Ma+1) o N
W {Ja+f($) + J(a+ei¢n(b,a))f(x)}‘

< [e#n(b,0)]” {g(aJrla)((Hz) (¥ @]+ ’f”(b)’)}'

IL. If h(t) = t*, then we have the result for s,—preinvexity

Corollary 11. Let I C R be a open invex set with respect ton: I x I — R. Let
f: 1 — R be a twice differentiable function such that f* € Li[a, a + ¢*#n(b, a)]. If

4
(3.17)

is s,—preinvex on I, then, for n(b,a) > 0 and s € (0, 1],

’f(a) T Fat eon(b,a)) - m [T F@) T2 ey f@)}‘

) B%(S—Fl,a)
_[“”nba {()f ‘ f(b)’) ((a+s+12)(5+1)_ atl >}

ITI. If h(t) = 1, then we have the result for P,—preinvexity.
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Corollary 12. Let I C R be a open invex set with respect to n: I x I — R. Let
f: 1 — R be a twice differentiable function such that f* € Li[a, a + ¢*®n(b, a)]. If

’f”‘ is P,—preinvex on I, then, for n(b,a) > 0,

(3.18)
@)+ 10t entt.0) = O (T2 @)+ T £
< [ewn(b,a)f {( fﬁ(a)) + f”(b)D (a+1)a(a+2)} .

Theorem 3.7. Let I C R be a open invexr set with respect ton : I x I — R. Let
f 1 — R be a twice differentiable function such that f” € Li[a,a + e*n(b,a)]. If

‘f”‘ is P,—preinvex on I, then, for n(b,a) > 0,
(3.19)

]f(a) T fat e#n(ba))

< [e*n(b,a))? (1 - 21) [

Proof. Using Lemma 3, we have

m {Te @+ T f(x)}‘

£ () ﬂ : ( Ofl h(t)dt) '

1"

@)+

fla) + fla+e*n(ba)) - m {Jg;f( )+ J&+ei¢n(b7a))f(x)}‘
1 _ _petl ol
= |eeate.a* | [1 U0 =0 s tefon(o,

I A

11 1 _petl  ar1]? v I 4 q 7
[een(b, )] ({ [1 =t ] dt) (J17 @ eeonte.an|'at)
upn b a ” q %
e (1 ) ( h(1 — 1) (b)’ }dt)

Sl Ly (f P} roa)’

0
This completes the proof. O

"(@)" + bt

1"

/| +

We have some special cases for (3.19).
I. If h(t) =t, then we have the result for p—preinvexity.

Corollary 13. Let I C R be a open invex set with respect to n : I x I —
R. Suppose that f : I — R be a twice differentiable function such that f” €

Li[a,a + e#n(b,a)]. It ‘ s

(3.20)
‘f(a) ¥ fa+ é9n(b,a)) — W {Jg;f( )+ I oy - ( )}‘

T a) (3) (el o)’

f(a)
IL. If h(t) = t*, then we have the result for s,—preinvexity

is p—preinvex on I, then, for n(b,a) > 0,

+

IN

Corollary 14. Let I C R be a open invex set with respect ton : I x I — R. Let
f:1— R be a twice differentiable function such that f* € Li[a,a + e*#n(b,a)]. If
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"

f ‘ is s,—preinvex on I, then, for n(b,a) > 0 and s € (0,1],
(3.21)

’f(a) + fla+e*n(b,a)) — m {J;’;rf(x) I8 tentvay)- (x)}‘

2 () (e -l

F@| [

ITI. If h(t) = 1, then we have the result for P,—preinvexity.

Corollary 15. Let I C R be a open invex set with resp/ect ton:IxI—R. Let
f: I — R be a twice differentiable function such that f € Li[a,a + ¢'¥n(b,a)]. If
‘f”‘ is P,—preinvex on I, then, for n(b,a) > 0,
(3.22)

’f(a) + fla+ (b, a)) — m {J;af(x) I enba))- (m)}‘
ip a)]? q N
<SR (-5 (ol +frof)

Theorem 3.8. Let I C R be a open invex set with res/;t/oect ton:IxI—R. Let
f: I —= R be a twice differentiable function such that f € Li[a,a + e*?n(b,a)]. If
‘f”‘ is P,—preinvex on I, then, for n(b,a) > 0,

(3.23)

’f(a) + fla+e*n(b,a)) — m {J;’;rf(x) + J((Z+ewn(b,a))f(x)}‘

<o)’ (Trars) l
" ({}f“(a)‘q n f”(b)‘q}b} 1-(1- t)a+1 — ta-&-l] h(t)dt> a

a—+1
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Proof. Using Lemma 3 and well-known power-mean inequality, we have

’f(a) +flatevnlea)) - m {Jgﬁrf(x) + J(D;Jrewn(b,a))f(m)}‘
1 _ AN o S | . .
= [ewn(b, a)]zf 1-{ Of)+1 e [ (a+te¥n(b,a))dt

0
1 (1 — ot _patl »
< [¢#n(b,a)]” (bf ll (a of)+1 t ]dt)

_ e+l a4l " ; a %
(= e

0 o+
1 _ AN o ST | %
< [en(, a)}z <Of [1 (1 at)+1 ot ] dt)
L] —(1—t)*t! — gt PN T ‘
x<0f[ o ]{h(lt)f(a)’ +h(t)’f (b)’}dt)
” o P11 — (1 =)t —gott
< [e¥n(b,a)] ((a+1)(a+2) {{l a+1 ]
< (h=0)|f"@| +r £ ®)|) at}”
= [l (armrasg) ([ @+ o)
L= (1 =) — ot :
X g’ [ P h(t)dt}
This completes the proof. ([l

We have some special cases for (3.23).
I. If h(t) = t, then we have the result for p—preinvexity.

Corollary 16. Let I C R be a open invex set with respect to n : I x I —
R. Suppose that f : I — R be a twice differentiable function such that f” €

Li[a,a + e*n(b,a)]. If ‘f”

(3.24)
i o) — Ma+1)
’f(a) + f(a + € n(b) )) [ei@n(b, a)]a

< [en(b.a)]’ (;) <(a+1>a<a+2)> ({

IL. If h(t) = t*, then we have the result for s,—preinvexity

is o—preinvex on I, then, for every n(b,a) > 0,

{ses@+ J(Oé+ewn<b,a>>f(x)}‘

q})%

q
+

"

f(a)

12

f(b)

Corollary 17. Let I C R be a open invex set with respect ton : I x I — R. Let
f: 1 — R be a twice differentiable function such that f* € Li[a,a + e*#n(b,a)]. If
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‘f”‘ is s,—preinvex on I, then, for every 7(b,a) > 0 and s € (0,1],
(3.25)

@)+ St ) = e {80+ T 1)
<o)’ (Trars) 1

. q ., q B% (S + 1, Oé) a
X {}f (a)‘ +’f (b)‘} (oz—|—5—|—12)(s—|—1)_ at1

ITI. If h(t) = 1, then we have the result for P,—preinvexity.

Corollary 18. Let I C R be a open invex set with respect to n: I x I — R. Let
f: 1 — R be a twice differentiable function such that f* € Li[a, a + ¢*#n(b, a)]. If

‘f”‘ is P,—preinvex on I, then, for every n(b,a) > 0,
(3.26)

’ f(@)+ fla+ eon,) = o (T8 @) 4 T8 ontra- f@)}‘
< [e*n (b, aﬂ2 < e

ity (F@ el

Conclusion 1. If we take oo = 1in (3.3)—(3.5), (3.7)—(3.9), (3.11)—(3.13), (3.16) —
(3.18), (3.20) — (3.22), (3.24) — (3.26), we obtain Crollary 3.3 — 3.26 in [20].

I'a+1)

Conclusion 2. If we take ¢ = 0 in (3.1), we obtain Lemma 2.3 in [4].
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