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DUAL QUATERNION FRAMES

UFUK OZTURK, H. H. HACISALIHOGLU, YUSUF YAYLI AND E. BETUL KOG OZTURK

ABSTRACT. Serret-Frenet and Parallel-Transport frame are produced with the
help of reel quaternions again by Andrew J. Hanson [7]. In this study, calcula-
tions mentioned above are applied for dual quaternion and Serret-Frenet and
Parallel-Transport frame are obtained by the aid of dual quarternions.

1. INTRODUCTION

Classical differential geometry typically treats moving frames using the Frenet
frame formalism because of its close association with a curve’s curvature and torsion,
which are coordinate-system independent [2, 5, 9]. The Frenet frame, unfortunately,
has the property that it is undefined when the curve is even momentarily straight
(has vanishing curvature), and it exhibits wild swings in orientation around points
where the osculating plane’s normal has major changes in direction. We propose
an alternative approach, the parallel-transport frame method [1].

We introduce the basic mathematics of moving frames on space curves, empha-
sizing the parallel transport frame. In Section 3, we gave the Frenet frame and
Parallel-Transport frame for dual quaternion.

2. PRELIMINARIES

Our first goal is to define moving coordinate frames that are attached to a curve
in 3D space.

2.1. Frenet-Serret frames. The Frenet-Serret frame (see, e.g.,[2, 4, 5])is defined
as follows: @(t) is any thrice-differentiable space curve with non-vanishing second
derivative, we can choose this local coordinate system to be the Frenet-Serret frame
consisting of the tangent T(t), the binormal B(t), and the principal normal N (%)

Received by the editors March 25, 2010, Accepted: De. 28, 2010.
2000 Mathematics Subject Classification. 53A04, 53A17, 53A25.
Key words and phrases. Dual Bishop frame, dual Frenet frame, dual parallel transport frame.

©2010 Ankara University
41



42 UFUK OZTURK, H. H. HACISALIHOGLU, YUSUF YAYLI AND E. BETUL KOG OZTURK

vectors at a point on the curve are given by

= a'(t)
) = —
N (0
o ad() xa'(t)
B = &' (t) x & (t)]] (2.1)
N(@t) = B(t)xT(t).

The Frenet-Serret frame (also known as the Frenet frame) obeys the following
diffrential equation in the paremeter ¢:

T'(t) 0 k() 07T
B'(t) | =v®) |-k() 0 7@)]| | B@®) |, (2.2)
N'(#) 0 —7(t) 0 || N

where v(t) = H&”(t)H is scalar magnitude of the curve derivative (often repara-

metrized to be unity, so that ¢ becomes the arclength s), and the instrinsic geometry
of the curve is embodied in the scalar curvature x(t) and the torsion 7(¢). These
quantities can in principle be calculated in terms of the parametrized or numerical
local values of &(t) and its first three derivatives as follows:

AR LCELACT
" @)
(a'(t) x a@"(t)) - a"(t)
T(t) T : (2.3)
la"(e) < & (1)

If we are given non-vanishing curvature and a torsion as smooth function of ¢,
we can theoretically integrate the system of equations to find the unique numerical
values of the corresponding space curve a(t).

Intuitively, the Frenet frame’s normal vector N always points toward the center
of the osculating circle [9]. Thus, when the orientation of the osculating circle
changes drastically or the second derivative of the curve becomes very small, The
Frenet frame behaves erratically or may become undefined.

2.2. Parallel Transport Frames. The Parallel Transport frame or Bishop frame
is an alternative approach to defining a moving frame that is well defined even when
the curve has vanishing second derivative.

We can parallel transport an orthonormal frame along a curve simply by parallel
transporting each component to the frame. The parallel transport frame is based
on the observation that, while f(t) for a given curve model is unique, we may

choose any conventient arbitrary basis (]\71 (1), Ng(t)> for the remainder of the
frame, as long as it is in the normal plane perpendicular to f(t) at each point. If

the derivatives of (]\71 (1), Ng(t)) depend only on T(t) and not on each other, we



DUAL QUATERNION FRAMES 43

can make Ny(t) and Ny(t) vary smoothly throughout the path regardless of the
curvature. We therefore have the alternative frame equations

T’ 0 ki k][ T
N | =v|-k 0 0| N |. (2.4)
]\72/ —ky O 0 ]\72

One can show (see, e.g., [1]) that

k(t) = [k +k3 (2.5)
0(t) = arctan (:;) (2.6)
) = -2,

so that k1 and ko effectively correspond to a Cartesian coordinate system for the
polar coordinates k, § with § = — [ 7(t)d¢t. The orientation of the parallel transport
frame includes the arbitrary choise of integration constant 6y, which disappears
from 7 (and hence the Frenet frame) due to the differentiation.

(2.7)

3. DUAL QUATERNION FRAMES

Definition 3.1. In analogy with the complex numbers W. K. Clifford, in [3],
defined the dual numbers and showed that they form an algebra, introduced dual
numbers as the set

D={A=a+¢ea"|a,a" € R}={A=(a, a*)|a,a” € R}.

The symbol € desingnates the dual unit which has the property €2 = 0 for € #
0. A dual number A = a+ ea* can be expressed in the form A = Re A+ eDu
A, where ReA = a and Du A = a*. The conjugate of A = a+¢ea” is defined as
A =a—ca*. The set D of dual numbers is a commutative ring with the operations
(+) and (.) [6].

Definition 3.2. The algebra

H={q=qo+ q€1 + 26>+ q3€3 | 00, q1, q2, q3 € R}

of quaternions is defined as the four-dimensional vector space over R having
basis {1, €1, €, €3} with the following properties:

) (&) = (&)= (53)2 =—(e)", (& =+1)
2) & xé; 2

Xé’i:ek}.

J J

It is clear that H is an associative and not commutative algebra and 1 is identify
element of H. H is called real quaternion algebra [8]
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Definition 3.3. The set

D' = {Q= Ao+ A& + Asés + A3 | Ao, A1, Az, As € D}
= {Q=q+eq" | ¢.¢" € H}
is a module over the ring D. The ring D* of is defined as the four-dimensional

vector space over D having a basis {1, €1, €, €3} wtih the same multiplication
property of basis elements in real quaternions. Each element of D* is called as a

dual quaternion [6).

Definition 3.4. A dual quaternion frame is defined as a unit-length dual quater-
nion
Q= Ao+ Aré1 + Asés + Azes

and is characterized by the following properties:
Two dual quaternions ) and P obey following multiplication rule,

Q-P = (q+eq") (p+ep)
= (gp) +<(ap” +pq*)
(AgBy — A1By — A3 By — A3 B3) (3.1)
+ (AoB1 + A1 By + A2 B3 — A3Bs) &)
+ (AoB2 + AsBy + A3By — A1 Bs) é,
+ (AoBs + AsBy + A1 By — Ay By) €3

The conjugate of @ is defined as
Q= Ay — A& — Azéy — A3és.
A unit-length dual quaternion’s norm is defined as
No=Q-Q=Q-Q=A]+AT+ A5+ A3 =1.

and therefore lie on dual sphere. -
The inverse dual quaternion is defined as Q! = @, so that

QQ=0-Q=1.

Every posible rotation R (a 3 x 3 special orthogonal matrix) can be constructed
from either of two related dual quaternions, Q = Ag + A1€1 + Asés + Az€3 or
-Q = —Ag — A1é) — Asés — Asés, using the transformation law:

Q- w-Q = R-w
3

Q- w-Q], = > Riv
j=1
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where, with w = v1€) +v2€> +v3€3 a pure quaternion, we can compute R;; directly
from Eq. (3.1) to be the quadratic formula,

A2+ A2 — A3 — A2 2A1A5 — 24043 241 A3 + 240 A,
R=| 241454+ 240As A3 — A} + A3 — A7 24,43 — 2404, |. (3.2
24, A3 — 2404 2A0A3 +24A0A; A% — A3 — AZ 4 A2

All rows of this matrix expressed in this form are orthonormal and create a roof.
The quadratic form (3.2) for a general orthonormal frame coincides with Frenet and
parallel transport frames. The equations obtained as a result of this coincidence are
quaternion valued linear equations. If we respectively derivate the rows equation
of (3.2), then we obtain following results;

i = 2 A A A A ||V =204Q)
_—Ag A3 —AO Al_ _dA;z),_
_ 4 [dAg]

B Az A A Ao |y
dN = 2| Ay Ay Ay 43 |, Al =2[B] Q"] (3.3)
LA Ay Az A 2

4 |dAs)
_ o [dAo]
) A A5 A A, AO
dB = 2|-A; —Ay As A, ' =2(C] Q.
dAs
Ay —A, —Ay Ay
L 1 |dAs)

3.1. Dual quaternion Frenet frame equation. The Frenet equations them-
selves must then take the form

2[4][Q"] = T' =wvkN (3.4)
2[B][Q] = N'=-wkT+vrB
2(C1[Q] = B =-vrN,
where,
o
@ = |4
A,

apg a3 az as Ay

Co C1 Co C3 A2
do d1 dg d3 A3
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therefore; with the help of (3.4), (3.5) and (3.6) equation. We obtaine the fol-
lowing equation:

apA3 + a1 Ao A1 + asAgAs + azAgAs + boAg A1 + b1 AT + by A1 Ay
+b3A1A3 — CvoAQ — ClAlAQ — CQA% — 03A2A3 — d0AOA3 — d1A1A3
—d2A2A3 - d3A§

== %I{ (2A1A2 — 2AOA3)

(3.7)

a0A0A3 + a1A1A3 + 0,2A2A3 + a3A§ + bOAoA2 + b1A1A2 + bQA% + 63A2A3
+C()A()A1 —|— C1A% —|— CQAIAQ —|— 63A1A3 —|— doA% + d1AOA1 —|— dQAoAQ + d3A0A3
= 2k (A2 — A3+ A3 — A3)

(3.8)

—a0A0A2 - alAlAg - G,QA% - a3A2A3 + b0A0A3 + b]_AlAg + b2A2A3 + bgAg
—C()Ag - 61A0A1 - CQAOA2 - 03AOA3 + dvoAl + dlA% + d2A1A2 + d3A1A3
= %KJ (2A2A3 + 2AOA1)

(3.9)

—a0A0A3 - (1,1A1A3 - a2A2A3 - a3A§ + b0A0A2 + b1A1A2 + bQA% + b3A2A3
+CoAOA1 + ClA% + 62A1A2 + 63A1A3 — doAg — dlA()Al — d2AOA2 — d3AOA3
=Yk (A% + A3 — A3 — A2) + 27 (24145 + 240 4))

(3.10)

aoA(Q) + a1A0A1 + a2A0A2 + a3A0A3 - bvoAl - blA% - b2A1A2 - b3A1A3
+CoA0A2 + 61A1A2 + CQA% + 63A2A3 - doA0A3 - d1A1A3 - d2A2A3 - d3A§
= —%H (2A1A2 + 2AOA3) + %T (2A2A3 - 2AOA1)

(3.11)

avoAl + alA% + a2A1A2 + a3A1A3 + boA(Q) + bleAl + b2A0A2 + b3A0A3
+60A0A3 + 61A1A3 + CQA2A3 + CgA% + d0A0A2 + d1A1A2 + dgA% + d3A2A3
= — %k (24143 — 2404,) + §7 (Af — AT — A3 + A3)

(3.12)

avoAg + (LlAlAQ + GQA% + a3A2A3 + b0A0A3 + b1A1A3 + b2A2A3 + bgAg
+C()A% + 61A0A1 + CQAOAQ + 03A0A3 + d()AOAl + dlA% + d2A1A2 + d3A1A3
= —%T (2A1A2 - 2AOA3)

(3.13)
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—CL()A()A1 — alA% — CL2A1A2 — a3A1A3 — boA% — bleAl — b2A0A2 — bgA()AS
+00A0A3 + 61A1A3 + 02A2A3 + CgA% + d0A0A2 + d1A1A2 + dQA% + d3A2A3
= —57 (A5 — AT + A3 - 43)

(3.14)

aoAg + a1A0A1 + a2AOA2 + CL3A0A3 - bvoAl - blA% - b2A1A2 - bgA1A3
7COA0A2 - ClAlAQ - C2A% - C3A2A3 + doAOA3 + d1A1A3 + d2A2A3 + dgAg
= —%’T (2A2A3 + 2AOA1)

(3.15)

Finally we get

ag =0 CL1——%T az =0 az = —3k
bOZ%T b1:O bgzgli ngO
co=0 c=—35kK co =0 3= 5T
dU:%FL d1:0 dZZ_%T d3:
Therefore, the dual quaternion Frenet frame equation:
Ay 0 —7 0 —k] [4
[Q/] _ A1 _ E T 0 K 0 Al
B AA/2 B 2 0 —K 0 T A2
A‘% K 0 -7 0 As

3.2. Parallel-Transport Dual quaternion frame equation. Similarly, a par-
allel transport frame system with <]\_/:17 f, Ng) (in that order) corresponding to

columns of Eq. (3.2) can be shown easily to be completely equivalent to the follow-
ing the parallel-transport dual quaternion frame equation:

2[B][Q] = T =vki Ny + vksNo (3.16)
2(4[Q = N|=—vkaT (3.17)
2[C1[Q"] = Nj=—vkT (3.18)
where,
A,
@ = |4
A

apg a3 az as A
bo b1 by b3| |As
e ca e c3| |A2
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therefore; with the help of (3.16), (3.17) and (3.18) equation. We obtain the
following equation:

—avoAg —a1A1As —agAs Ag — agAg + bvoAg + b1A1A2 + bQA% + b3A2A3
+00A0A1 + ClA% + 62A1A2 + 63A1A3 - doA% - dleAl - d2AOA2 - d3A0A3
= — 3k (AF + AT — A3 — A) + §hk2 (241 A5 + 240 4y)

(3.19)

aoA(Q) + a1A0A1 + a2A0A2 + a3A0A3 - bvoAl - blA% - b2A1A2 - b3A1A3
+CoA0A2 + 61A1A2 + CQA% + 63A2A3 - doA0A3 - d1A1A3 - d2A2A3 - d3A§
= — Lk (241 A2 + 240 A3) + Yo (24543 — 2A0A1)

(3.20)

aoA0A1 + alA% + a2A1A2 + a3A1A3 + boA% + bleAl + b2A0A2 + b3A0A3
+00A0A3 —+ ClAlAg —+ CQA2A3 —+ CgAg —+ d0A0A2 + d1A1A2 —+ dgA% + d3A2A3
= — Lk (241 A3 — 240 As) + Sko (A3 — A} — A3+ A))

(3.21)

aoAg + a1A0A1 + a2AOA2 + angAg -+ bvoAl + blA% + b2A1A2 —+ b3A1A3
_COA[)A2 — 01A1A2 — CQA% — C3A2A3 — d0A0A3 — d1A1A3 — d2A2A3 — ddAg
= Uk (24, A5 — 240 A;3)

(3.22)

agAyAs + a1 A1 As + ag As Az + az A3 + bgAgAs + b1 Ay Ag + by A3 + by Az As
+C()AOA1 + ClA% + CgAlAQ + 63A1A3 + doA% + dleAl + d2AOA2 + d3AoA3
= §h (A§ — AT + A3 - A3)

(3.23)

—a0A0A2 - a1A1A2 - CLQA% - 0,3A2A3 + b0A0A3 + b1A1A3 + b2A2A3 + bgAg)
—COAg - C1A0A1 - CQAOA2 - 03AOA3 + dvoAl + dlA% + d2A1A2 + d3A1A3
= %kl (2A2A3 + 2A0A1)

(3.24)

avoAg + (LlAlAQ + G,QA% + a3A2A3 + b0A0A3 + b1A1A3 + b2A2A3 + bgA%
—‘rCoA% + CIAUAI + CQAOAQ + CgAOAg + d()AOAl + dlA% + d2A1A2 + d3A1A3
— —Yky (24,45 — 240 A3)

(3.25)
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—a0A0A1 — (IlA% — a2A1A2 — a3A1A3 — boA% — bleAl - b2A0A2 — b3A0A3
+egAgAs + 1A A + oAy Ay + c3 A% + doAgAy + di A1 Ay + da A3 + ds Ay Ay
= ko (AF — Af + A3 — 43)

(3.26)

a0 A3 + a1 AoAr + asAoAs + azAgAg — boAgAr — b1 AT — by Aj Ay — b3 A1 Ag
—CoA0A2 - ClA1A2 - CQA% - 03A2A3 + dvoAg + dlAlAg + d2A2A3 + dgAg
— —Uky (24545 + 240 A;)

(3.27)
Finally we get
CL():O alifgkg a2:0 agigkl
bo = 5k2 by =0 bo=—5k1 b3=0
C():O Clzgk‘l 02:0 CgZ%kQ

do = —5k1 dp =0 dy =—3ky d3=0.
Therefore, the dual quaternion Frenet frame equation:

AQ 0 —ko 0 k1| [Ao
[Ql] _ 1| — E ]{32 0 7]61 0 A1
Ayl 210 k0 ko |A
Aé —kl 0 —kg 0 A3

if we choose reel quaternion instead of dual quaternion, we obtained Andrew J.

Hanson’s [7] study.

B
2
3
4
5

6

J

OZET:Serret-Frenet ve Paralel Doniisiim catis: reel kuaterniyon-
larin yardimi ile Andrew J. Hanson tarafindan tekrardan ortaya
kondu. Bu galismada ise bu uygulamalar dual kuaterniyonlar iize-
rinde yapildi ve dual kuaterniyonlar yardimiyla Serret-Frenet ve
Paralel Doniisiim gatis1 tanimlandi.
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