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Abstract. The inverse sum in degree index of G is specified the degrees 𝑑𝑖 and 𝑑𝑗. Some bounds are found for 

inverse sum in degree index in this study. Also, some definitions and relations are obtained in terms of degrees. 

Keywords: İnverse sum in degree index, co index. 

Derece Endeksinde ve Ko Endeksinde Ters Toplam 

Özet. G’ nin derece endeksinde ters toplam 𝑑𝑖 ve 𝑑𝑗 dereceleri ile belirtilir. Bu çalışmada, derece endeksinde 

toplam için bazı sınırlar bulunur. Ayrıca, dereceler açısından bazı tanımlar ve bağıntılar elde edilir. 

Anahtar Kelimeler: Derece endeksinde ters toplam, Eş endeks. 

 

1. INTRODUCTION  

Let G be a simple, connected graph on the vertex set V(G) and the edge set E(G). For 𝑣𝑖 ∈ 𝑉(𝐺), 

the degree of vertex 𝑣𝑖 denoted by 𝑑𝑖, the maximum degree is denoted by ∆ and the minimum 

degree is denoted by 𝛿. 

The inverse sum in degree matrix [𝐼𝑆𝐼](𝐺) of graphs is defined as 

[𝐼𝑆𝐼]𝑖𝑗 = {

𝑑𝑖 + 𝑑𝑗

𝑑𝑖𝑑𝑗
𝑖𝑓 𝑖 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑡𝑜 𝑗

0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

 

The eigenvalues of [𝐼𝑆𝐼](𝐺) are denoted by 𝛿+. New bounds for these eigenvalues are reported 

in terms of the degrees. 

The Inverse Sum In Degree Index (𝐼𝑆𝐼) index of G is defined as  

 

∑
𝑑𝑖+𝑑𝑗

𝑑𝑖𝑑𝑗
𝑣𝑖𝑣𝑗∈𝐸(𝐺) . 

(See [2] for details.) 

In this study, different bounds are set using the Estrada index and Zagreb index for 𝐼𝑆𝐼 index.  

https://orcid.org/0000-0001-9059-1606
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The Estrada index of graph G is explained as  

𝐸𝐸(𝐺) = ∑ 𝑒𝜆𝑖

𝑛

𝑖=1

 

where 𝜆 is the eigenvalue of adjacency matrix of G. ( [1], [10]) 

The Zagreb co index of G is described in [5], [7] as  

 

𝑍1
̅̅ ̅(𝐺) = ∑ (𝑑𝐺(𝑖) + 𝑑𝐺(𝑗))𝑣𝑖𝑣𝑗∉𝐸(𝐺), , 

𝑍2
̅̅ ̅(𝐺) = ∑ (𝑑𝐺(𝑖)𝑑𝐺(𝑗))𝑣𝑖𝑣𝑗∉𝐸(𝐺), . 

 

The Harmonic index of G is specified in [8] as 

 

𝐻(𝐺) = ∑
2

𝑑𝑖+𝑑𝑗
𝑣𝑖𝑣𝑗∈𝐸(𝐺) . 

 

Considering these topological indices, Estrada inverse sum in degree index and inverse sum in 

degree co index are defined. Indeed, some inequalities are obtained concerned with these indices. 

(See [6] for more details deal with this topic.) 

2. PRELIMINARIES 

In this section, some lemmas and theorems that are needed in main results will be given. 

 

Lemma 2.1. [9] 

 

Let 𝑀 = (𝑚𝑖𝑗) be an 𝑛𝑥𝑛 irreducible nonnegative matrix and 𝜆1(𝑀) be the greatest eigenvalue 

with 𝑅𝑖(𝑀) = ∑ 𝑚𝑖𝑗
𝑚
𝑗=1 . Then,  

(𝑚𝑖𝑛𝑅𝑖(𝑀): 1 ≤ 𝑖 ≤ 𝑛) ≤ 𝜆1(𝑀) ≤ (𝑚𝑎𝑥𝑅𝑖(𝑀): 1 ≤ 𝑖 ≤ 𝑛) 

 

Lemma 2.2.  [4] 

 

If G is a simple connected graph and 𝜆1(𝐺) is the spectral radius , then 

𝜆1(𝐺) ≤ 𝑚𝑎𝑥(√𝑚𝑖𝑚𝑗: 1 ≤ 𝑖 , 𝑗 ≤ 𝑛 , 𝑣𝑖 ,𝑣𝑗 ∈ 𝐸) 
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Theorem 2.1. [3] 

If 𝑎𝑖, 𝑏𝑖 ∈ 𝑅+, 1 ≤ 𝑖 ≤ 𝑛 , then 

∑ 𝑎𝑖
2

𝑛

𝑖=1

∑ 𝑏𝑖
2 −

𝑛

𝑖=1

(∑ 𝑎𝑖𝑏𝑖

𝑛

𝑖=1

)

2

≤
𝑛2

4
(𝑀1𝑀2 − 𝑚1𝑚2)2 

where 𝑀1 = max
1≤𝑖 ≤𝑛

𝑎𝑖, 𝑀2 = max
1≤𝑖 ≤𝑛 

𝑏𝑖, 𝑚1 = min
1≤𝑖 ≤𝑛

𝑎𝑖, 𝑚2 = min
1≤𝑖 ≤𝑛

𝑏𝑖. 

Theorem 2.2. [5] 

Let G be a graph with n vertices and m edges. Then, 

𝑍 1(�̅�) =  𝑍 1(𝐺) + 𝑛(𝑛 − 1)2 − 4𝑚(𝑛 − 1) 

𝑍1
̅̅ ̅ (𝐺) =  2𝑚(𝑛 − 1) − 𝑍 1(𝐺) = 𝑍1

̅̅ ̅(�̅�). 

Lemma 2.3. [7] 

If G is a regular graph, then  

𝑍1(𝐺) ≥
4𝑚2

𝑛
, 

𝑍2(𝐺) ≥
4𝑚3

𝑛2
, 

𝑍1
̅̅ ̅ (𝐺) ≤

−4𝑚2

𝑛
+ 2𝑚(𝑛 − 1), 

𝑍2
̅̅ ̅ (𝐺) ≤  2𝑚2 (1 −

2𝑚

𝑛2
−

1

𝑛
). 

3. MAIN RESULTS 

3.1. Inverse Sum In Degree Index and Estrada Inverse Sum In Degree Index 

Firstly, a relation is given for the largest eigenvalue of ISI matrix including degrees in this 

subsection. After, an inequality is obtained for ISI index using this relation. In addition, Estrada 

inverse sum in degree index is defined and some relations are found in terms of degrees and 

vertices. 

Theorem 3.1.1. Let G be graph on n vertices and m edges. Then,  

𝐼𝑆𝐼(𝐺) ≥  √(𝑍2(𝐺) 𝐻(𝐺))
2 

−  
𝑛2

4
(

∆3 − 𝛿3

2∆𝛿
). 

Proof. Let choose 𝑎𝑘 = 𝑑𝑖𝑑𝑗 , 𝑏𝑘 =
1

𝑑𝑖+𝑑𝑗
 , 𝑀1 = ∆2 , 𝑚1 = 𝛿2 , 𝑀2 =

1

2𝛿
 , 𝑚2 =

1

2∆
.  

By Theorem 2.1, it is seen that 
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∑ (𝑑𝑖𝑑𝑗)
2

 ∑ (
1

𝑑𝑖 + 𝑑𝑗
)

2

𝑣𝑖𝑣𝑗∈𝐸(𝐺)𝑣𝑖𝑣𝑗∈𝐸(𝐺)

−  ( ∑
𝑑𝑖𝑑𝑗

𝑑𝑖 + 𝑑𝑗
𝑣𝑖𝑣𝑗∈𝐸(𝐺)

)

2

≤
𝑛2

4
(

∆2

2𝛿
 − 

𝛿2 

2∆
). 

If necessary organizing is applied, this inequality is obtained as follows: 

( ∑ (𝑑𝑖𝑑𝑗) 

𝑣𝑖𝑣𝑗∈𝐸(𝐺)

)

2

( ∑ (
1

𝑑𝑖 + 𝑑𝑗
)

𝑣𝑖𝑣𝑗∈𝐸(𝐺)

)

2

−  
𝑛2

4
(

∆2

2𝛿
 − 

𝛿2 

2∆
) 

 

 ≤  ( ∑
𝑑𝑖𝑑𝑗

𝑑𝑖 + 𝑑𝑗
𝑣𝑖𝑣𝑗∈𝐸(𝐺)

)

2

. 

 

Putting the definitions in the above inequality, it gets 

(𝑍2(𝐺))
2 

(𝐻(𝐺))
2

− 
𝑛2

4
(

∆3 − 𝛿3

2∆𝛿
)  ≤  (𝐼𝑆𝐼 (𝐺))2. 

Hence, 

𝐼𝑆𝐼(𝐺) ≥  √(𝑍2(𝐺) 𝐻(𝐺))
2 

−  
𝑛2

4
(

∆3 − 𝛿3

2∆𝛿
). 

Lemma 3.1.1. For a simple connected graph of 𝐼𝑆𝐼 (𝐺),  

𝛾1
+ ≤  

∆

𝑛
1

𝑛⁄ √(𝑑𝑖
𝑛 + ∆)(𝑑𝑗

𝑛 + ∆)

 

 

where ∆ is the maximum degree of G. 

Proof. Let 𝐷(𝐺)−1𝐼𝑆𝐼(𝐺)𝐷(𝐺) = 𝑄(𝐺) and 𝑋 = (𝑥1, 𝑥2, … , 𝑥𝑛)𝑇 be an eigen vector of 𝑄(𝐺) 

corresponding to an eigen value 𝛾+. Also, 𝑥𝑖 = 1 and  0 < 𝑥𝑘 ≤ 1 for every 𝑘. Let 𝑥𝑗 =

𝑚𝑎𝑥𝑘(𝑥𝑘: 𝑣𝑖𝑣𝑘 ∈ 𝐸, 𝑖 𝑖𝑠 𝑎𝑑𝑗𝑎𝑐𝑒𝑛𝑡 𝑡𝑜 𝑘). It is known that (𝑄(𝐺))𝑋 = 𝛾1
+(𝐺)𝑋. If i_th equation 

from above equation is taken, then 𝛾1
+(𝐺)𝑥𝑖 = ∑ (

𝑑𝑖𝑑𝑘

𝑑𝑖+𝑑𝑘
) 𝑥𝑘𝑘 = (𝑑𝑖 ∑

𝑑𝑘

𝑑𝑖+𝑑𝑘
𝑘 ) 𝑥𝑘. By the 

Aritmetic-Geometric mean inequality, it gives  
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∑
𝑑𝑘

𝑑𝑖+𝑑𝑘
𝑘

𝑛
≥ (

∏
𝑑𝑘

𝑑𝑖+𝑑𝑘

𝑛
𝑘=1

𝑛
)

1
𝑛⁄

≥
(

∏ 𝑑𝑘
𝑛
𝑘=1

∏ (𝑑𝑖+𝑑𝑘)𝑛
𝑘=1

)

1
𝑛⁄

𝑛
1

𝑛⁄
 

≥

(∆𝑛)
1

𝑛⁄

(𝑑𝑖
𝑛+∏ 𝑑𝑘

𝑛
𝑘=1 )

1
𝑛⁄

𝑛
1

𝑛⁄
 ≥  

∆

𝑛
1

𝑛⁄ (𝑑𝑖
𝑛 + (∆𝑛)

1
𝑛⁄ )

. 

 

Using the Lemma 2.1,  

𝛾1
+(𝐺) ≤

𝑑𝑖∆

𝑛
1

𝑛⁄ (𝑑𝑖
𝑛 + ∆)

 

The j_th equation of same equation has 

𝛾1
+(𝐺) ≤

𝑑𝑗∆

𝑛
1

𝑛⁄ (𝑑𝑗
𝑛 + ∆)

 

From Lemma 2.2, it is expressed that 

𝛾1
+(𝐺) ≤ √(

𝑑𝑖∆

𝑛
1

𝑛⁄ (𝑑𝑖
𝑛 + ∆)

) (
𝑑𝑗∆

𝑛
1

𝑛⁄ (𝑑𝑗
𝑛 + ∆)

). 

Hence,  

𝛾1
+ ≤

∆

𝑛
1

𝑛⁄ √(𝑑𝑖
𝑛 + ∆)(𝑑𝑗

𝑛 + ∆)

. 

Since, ∆= 𝑑1 ≥ 𝑑2 ≥, … , ≥ 𝑑𝑛 = 𝛿 , it is clear that  

𝛾1
+ ≤

∆

𝑛
1

𝑛⁄ √(∆𝑛 + ∆)(𝛿𝑛 + ∆)
. 

Definition 3.1.1. Let G be a graph and 𝛾1
+ ≥ 𝛾2

+ ≥ ⋯ ≥ 𝛾𝑛
+ be eigenvalues of inverse sum in 

degree matrix of G. Estrada inverse sum in degree index is defined as  

𝐸𝚤𝑠𝚤 = ∑ 𝑒𝛾𝑗
+

𝑛

𝑗=1

. 

Theorem 3.1.2. Let 𝐺 be a graph with n vertices and  𝐸𝚤𝑠𝚤 be an Estrada inverse sum in deg index. 

Then, 

𝐸𝚤𝑠𝚤 ≥ 𝑒𝐾 +
(𝑛 − 1)

𝑒
1

𝑛−1⁄
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where  𝐾 =
∆

𝑛
1

𝑛⁄ √(∆𝑛+∆)(𝛿𝑛+∆)
. 

Proof. 𝐸𝚤𝑠𝚤 = ∑ 𝑒𝛾𝑗
+

≥𝑛
𝑗=1 𝑒𝛾1

+
+ (𝑛 − 1) (∏ 𝑒𝛾𝐽

+𝑛
𝐽=2 )

1
𝑛−1⁄

 using the Aritmetic-Geometric mean 

inequality. Since, ∑ 𝑒𝛾𝐽
+

= 0𝑛
𝑖=1  then 𝐸𝚤𝑠𝚤 ≥ 𝑒𝛾𝐽

+

+
(𝑛−1)

𝑒
1

𝑛−1⁄
.  It is known that 𝛾𝐽

+ ≤ 𝐾. Hence, 

𝐸𝚤𝑠𝚤 ≥ 𝑒𝐾 +
(𝑛 − 1)

𝑒
1

𝑛−1⁄
. 

Theorem 3.1.3. Let 𝐺 be a graph with n vertices and  𝐸𝚤𝑠𝚤 be an Estrada inverse sum in deg. index. 

Then, 

𝐸𝚤𝑠𝚤 ≤ √−𝐾𝑛 ∑
2𝑘

𝑘!

∞

𝑘≥0

. 

Proof. It is easy to see that 
1

𝑛
∑ (𝑒𝛾𝑗

+

)
2

𝑛
𝑗=1 ≥ (

1

𝑛
∑ 𝑒𝛾𝑗

+
𝑛
𝑗=1 )

2

. On the other hand, 
1

𝑛
∑ 𝑒2𝛾𝑗

+
𝑛
𝑗=1 ≥

1

𝑛2 𝐸𝚤𝑠𝚤
2. Hence, 

𝑛. ∑
1

𝑘!

∞

𝑘≥0

∑(2𝛾𝑗
+)

𝑘
𝑛

𝑗=1

≥ 𝐸𝚤𝑠𝚤
2 

and thus, 

𝐸𝚤𝑠𝚤
2 ≤ 𝑛. ∑

2𝑘

𝑘!

∞

𝑘≥0

∑(𝛾𝑗
+)

𝑘
𝑛

𝑗=1

. 

Knowing that 𝛾1
+ ≥ ⋯ ≥ 𝛾𝑛

+ and 𝛾1
+ ≤ 𝐾, it is obtained that 

𝐸𝚤𝑠𝚤
2 ≤ 𝑛. ∑

2𝑘

𝑘!

∞

𝑘≥0

. 𝑛. 𝐾𝑘. 

It is clear that the equality holds  

𝐸𝚤𝑠𝚤 ≤ √𝑛2. ∑
(2𝐾)𝑘

𝑘!
.

∞

𝑘≥0

 

Theorem 3.1.4. Let 𝐺 be a graph with n vertices and  𝐸𝚤𝑠𝚤 be an Estrada inverse sum in degree 

index. Then, 

𝐸𝚤𝑠𝚤 ≤ √𝑒2𝐾 − 2𝑒𝐾 + 𝑒𝐾 . 
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Proof.  (𝐸𝚤𝑠𝚤 − 𝑒𝛾1
+

)
2

= (∑ 𝑒𝛾𝑗
+

𝑛
𝑗=1 )

2

− 2 (∑ 𝑒𝛾𝑗
+

𝑛
𝑗=1 𝑒𝛾1

+
) + 𝑒2𝛾1

+
 

                                ≤ (∑ 𝑒𝛾𝑗
+

𝑛

𝑗=1

)

2

− 2𝑛𝑒𝛾1
+

(∏ 𝑒𝛾𝑗
+

𝑛

𝑗=1

)

1
𝑛⁄

+ 𝑒2𝛾1
+

. 

 

Since (∑ 𝑒𝛾𝑗
+

𝑛
𝑗=1 )

2

= (∑
1

𝑘!
∞
𝑘≥0 ∑ (𝛾𝑗

+)
𝑘𝑛

𝑗=1 )
2

≤ (∑
1

𝑘!
∞
𝑘≥0 (∑ 𝛾𝑗

+𝑛
𝑗=1 )

𝑘
)

2

 and ∑ 𝛾𝑗
+𝑛

𝑗=1 = 0, then 

                                        (𝐸𝚤𝑠𝚤 − 𝑒𝛾1
+

)
2

 ≤ −2𝑛𝑒𝛾1
+

+ 𝑒2𝛾1
+

= 𝑒𝛾1
+

[𝑒𝛾1
+

− 2𝑛]. 

The inequality states that 

𝐸𝚤𝑠𝚤 ≤ √𝑒𝛾1
+

(𝑒𝛾1
+

− 2𝑛) + 𝑒𝛾1
+

. 

In the sequel, Theorem 3.1.2 says that

𝐸𝚤𝑠𝚤 ≤ √𝑒𝐾(𝑒𝐾 − 2𝑛) + 𝑒𝐾 . 

3.2 Inverse Sum In Degree Co Index 

In this subsection, 𝐼𝑆𝐼 co index is described and different bounds are yielded concerned with 

Zagreb co indices, the vertices and the edges. 

Definition 3.2.1. 

Let G be a simple, connected graph. 𝐼𝑆𝐼 co index is defined as follows: 

𝐼𝑆𝐼(�̅�) = ∑
𝑑𝐺(𝑖)𝑑𝐺(𝑗)

𝑑𝐺(𝑖) + 𝑑𝐺(𝑗)
𝑣𝑖𝑣𝑗∉𝐸(𝐺)

. 

Theorem 3.2.1. Let  𝐼𝑆𝐼(�̅�) be the complement of inverse sum in degree index. If G is regular 

then, 

𝐼𝑆𝐼 (�̅�) ≤

(𝑛 − 1)2[(𝑛
2

) − 𝑚] − (𝑛 − 1). (−
4𝑚2

𝑛
+ 2𝑚(𝑛 − 1)) + (2𝑚2 (1 −

2𝑚

𝑛2 −
1

𝑛
))

2. (𝑛 − 1). [(𝑛
2

) − 𝑚] +
4𝑚2

𝑛
− (2𝑚(𝑛 − 1))

. 

Proof. By the definition of 𝐼𝑆𝐼 (�̅�); 𝐼𝑆𝐼 (�̅�) = ∑
𝑑�̅�(𝑖)𝑑�̅�(𝑗)

𝑑�̅�(𝑖)+𝑑�̅�(𝑗)𝑣𝑖𝑣𝑗∈𝐸(�̅�) . Since 𝑑�̅�(𝑖) = (𝑛 − 1 −

𝑑𝑖) and 𝑑�̅�(𝑗) = (𝑛 − 1 − 𝑑𝑗), then 
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𝐼𝑆𝐼 (�̅�) = ∑
(𝑛 − 1 − 𝑑𝑖). (𝑛 − 1 − 𝑑𝑗)

(𝑛 − 1 − 𝑑𝑖) + (𝑛 − 1 − 𝑑𝑗)
𝑣𝑖𝑣𝑗∈𝐸(�̅�)

 

                  = ∑
(𝑛 − 1)2 − (𝑛 − 1)(𝑑𝑖 + 𝑑𝑗) + 𝑑𝑖𝑑𝑗

2(𝑛 − 1) − (𝑑𝑖 + 𝑑𝑗)
𝑣𝑖𝑣𝑗∈𝐸(�̅�)

 

                  ≤
∑ (𝑛 − 1)2 − (𝑛 − 1)(𝑑𝑖 + 𝑑𝑗) + 𝑑𝑖𝑑𝑗𝑣𝑖𝑣𝑗∈𝐸(�̅�)

∑ 2(𝑛 − 1) − (𝑑𝑖 + 𝑑𝑗)𝑣𝑖𝑣𝑗∈𝐸(�̅�)

 

𝐼𝑆𝐼 (�̅�) ≤
(𝑛 − 1)2 ∑ 1𝑣𝑖𝑣𝑗∈𝐸(�̅�) − (𝑛 − 1) ∑ (𝑑𝑖 + 𝑑𝑗)𝑣𝑖𝑣𝑗∈𝐸(�̅�) + ∑ 𝑑𝑖𝑑𝑗𝑣𝑖𝑣𝑗∈𝐸(�̅�)

2. (𝑛 − 1). [(𝑛
2) − 𝑚] − ∑ (𝑑𝑖 + 𝑑𝑗)𝑣𝑖𝑣𝑗∈𝐸(�̅�)

. 

Because, G has (𝑛
2

) − 𝑚 edges. By Theorem 2.2, it is stated that  

𝐼𝑆𝐼 (�̅�) ≤
(𝑛 − 1)2[(𝑛

2
) − 𝑚] − (𝑛 − 1)𝑍1 (�̅�) + 𝑍2 (�̅�)

2. (𝑛 − 1). [(𝑛
2) − 𝑚] − 𝑍1 (�̅�)

 

Since 𝑍1 (�̅�) = 𝑍1
̅̅ ̅ (𝐺), then 

𝐼𝑆𝐼 (�̅�) ≤
(𝑛 − 1)2[(𝑛

2
) − 𝑚] − (𝑛 − 1). 𝑍1

̅̅ ̅̅  (𝐺) + 𝑍2
̅̅ ̅ (𝐺)

2. (𝑛 − 1). [(𝑛
2) − 𝑚] − 𝑍1

̅̅ ̅ (𝐺)
. 

Using the Lemma 2.3, it is concluded that 

𝐼𝑆𝐼 (�̅�) ≤

(𝑛 − 1)2[(𝑛
2

) − 𝑚] − (𝑛 − 1). (−
4𝑚2

𝑛
+ 2𝑚(𝑛 − 1)) + (2𝑚2 (1 −

2𝑚

𝑛2 −
1

𝑛
))

2. (𝑛 − 1). [(𝑛
2

) − 𝑚] +
4𝑚2

𝑛
− (2𝑚(𝑛 − 1))

. 

Corollary 3.2.1. Let  𝐼𝑆𝐼(�̅�) be the complement of inverse sum in degree index. If G is regular 

then, 

𝐼𝑆𝐼̅̅ ̅̅  (�̅�) ≤

(𝑛 − 1)𝑚 − (𝑛 − 1). (−
4𝑚2

𝑛
+ 2𝑚(𝑛 − 1)) + (2𝑚2 (1 −

2𝑚

𝑛2 −
1

𝑛
))

2. (𝑛 − 1)𝑚 +
4𝑚2

𝑛
− (2𝑚(𝑛 − 1))

 

Proof. Applying similar steps to the Theorem 3.2.1, it is obtained that 

𝐼𝑆𝐼̅̅ ̅̅  (�̅�) = ∑
𝑑�̅�(𝑖). 𝑑�̅�(𝑗)

𝑑�̅�(𝑖) + 𝑑�̅�(𝑗)
𝑣𝑖𝑣𝑗∉𝐸(�̅�)

 

                    = ∑
(𝑛−1)2−(𝑛−1)(𝑑𝑖+𝑑𝑗)+𝑑𝑖𝑑𝑗

2(𝑛−1)−(𝑑𝑖+𝑑𝑗)𝑣𝑖𝑣𝑗∈𝐸(𝐺)  
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≤
(𝑛 − 1)2𝑚 − (𝑛 − 1). 𝑍1

̅̅ ̅̅  (𝐺) + 𝑍2
̅̅ ̅ (𝐺)

2. (𝑛 − 1)𝑚 − 𝑍1
̅̅ ̅ (𝐺)

. 

By Lemma 2.3, it is resulted that 

𝐼𝑆𝐼̅̅ ̅̅  (�̅�) ≤

(𝑛 − 1)2𝑚 − (𝑛 − 1). (−
4𝑚2

𝑛
+ 2𝑚(𝑛 − 1)) + (2𝑚2 (1 −

2𝑚

𝑛2 −
1

𝑛
))

2. (𝑛 − 1)𝑚 +
4𝑚2

𝑛
− (2𝑚(𝑛 − 1))

 

4. CONCLUSION 

In this study, the inverse sum in degree index is expanded, the Estrada inverse sum in degree index is 

defined and some bounds are found deal with these indices. In the sequel, inverse sum in degree co index 

is described and some inequalities are obtained in terms of the edges and vertices. 
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