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Abstract. The inverse sum in degree index of G is specified the degrees d; and d;. Some bounds are found for
inverse sum in degree index in this study. Also, some definitions and relations are obtained in terms of degrees.
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Derece Endeksinde ve Ko Endeksinde Ters Toplam

Ozet. G’ nin derece endeksinde ters toplam d; ve d; dereceleri ile belirtilir. Bu galismada, derece endeksinde
toplam i¢in bazi sinirlar bulunur. Ayrica, dereceler agisindan bazi tanimlar ve bagmntilar elde edilir.

Anahtar Kelimeler: Derece endeksinde ters toplam, Es endeks.

1. INTRODUCTION

Let G be a simple, connected graph on the vertex set V(G) and the edge set E(G). For v; € V(G),
the degree of vertex v; denoted by d;, the maximum degree is denoted by A and the minimum
degree is denoted by 6.

The inverse sum in degree matrix [ISI](G) of graphs is defined as

d;+d; | fiadj fto
if i adjacent to
(IS0 =3 dyd; / J
0 otherwise.

The eigenvalues of [ISI](G) are denoted by §*. New bounds for these eigenvalues are reported
in terms of the degrees.

The Inverse Sum In Degree Index (IST) index of G is defined as

di+d;
ZviVjEE(G) didj '

(See [2] for details.)

In this study, different bounds are set using the Estrada index and Zagreb index for IST index.

* Corresponding author. Email address:  gulistankayagok@hakkari.edu.tr
http://dergipark.gov.tr/csj  ©2016 Faculty of Science, Sivas Cumhuriyet University


https://orcid.org/0000-0001-9059-1606

370 Kaya Gak / Cumhuriyet Sci. J., Vol.40-2 (2019) 369-377

The Estrada index of graph G is explained as

n

EE(G) = Ze’li

i=1
where A is the eigenvalue of adjacency matrix of G. ([1], [10])

The Zagreb co index of G is described in [5], [7] as

Z1(6) = Zower),(de (D) + de()),

Z,(6) = Zviv]-eE(G),(dG (Ddg ().

The Harmonic index of G is specified in [8] as

2
H(G) = ZvivjEE(G)ledj'

Considering these topological indices, Estrada inverse sum in degree index and inverse sum in
degree co index are defined. Indeed, some inequalities are obtained concerned with these indices.

(See [6] for more details deal with this topic.)

2. PRELIMINARIES
In this section, some lemmas and theorems that are needed in main results will be given.

Lemma 2.1. [9]
Let M = (m;;) be an nxn irreducible nonnegative matrix and A, (M) be the greatest eigenvalue

with RL(M) = ;'Zl my;j. Then,
(minR;(M): 1 <i<n) <A, (M) < (maxR;(M):1<i<n)

Lemma 2.2. [4]

If G is a simple connected graph and 4, (G) is the spectral radius , then

2(G) € max(\fmm;:1<i,j<n,v; v; EE)
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Theorem 2.1. [3]

Ifai,biER+,1Si Sn,then

where M; = max a;, M, = max b;, m; = min a;, m, = min b;.
1<i < 1<i<n 1<i <n 1<i <n

Theorem 2.2. [5]
Let G be a graph with n vertices and m edges. Then,
Z,(6)=27Z,6)+n(n—1)?2-4m(n—-1)
Z, (6) = 2m(n—1) — Z 1(G) = Z,(G).
Lemma 2.3. [7]

If G is a regular graph, then

4m?
Zl (G) 2 )
n

4m3
Z,(G) =2 —,
n

m2
+2m(n — 1),

Z; (6) <

3. MAIN RESULTS
3.1. Inverse Sum In Degree Index and Estrada Inverse Sum In Degree Index

Firstly, a relation is given for the largest eigenvalue of ISI matrix including degrees in this
subsection. After, an inequality is obtained for ISI index using this relation. In addition, Estrada
inverse sum in degree index is defined and some relations are found in terms of degrees and
vertices.

Theorem 3.1.1. Let G be graph on n vertices and m edges. Then,

ISI(G) = \/(ZZ(G) H(G) - nTZ(AszZ;s)'

Proof. Let choose ay, = d;d; , by = My =A% my =682, M, =

1
d 28" 27T 2n

By Theorem 2.1, it is seen that



372 Kaya Gak / Cumhuriyet Sci. J., Vol.40-2 (2019) 369-377

2

2 1 2 dld] le Az 62
(didy) Z d+d;) Z d+d | ~a\zs 2n)
i 4 ]

vinEE(G) UiVjEE(G) J vi‘lleE(G)

If necessary organizing is applied, this inequality is obtained as follows:

2

S an)( ¥ () - EE-0)

vivjEE(G) Vl'U]‘EE(G)

d;d;
d; + d;

IA

UiVjEE(G)

Putting the definitions in the above inequality, it gets

A3 - 83

(2:(&)) (H(©G) - = < (ISI (6))>2.
2A6

4

Hence,

A3 — 53)

ISI(G) = \/(ZZ(G)H(G))Z - nrz( 206

Lemma 3.1.1. For a simple connected graph of ISI (G),
A

Y <
n'/n \/ (dr + a)(dr + A)

where A is the maximum degree of G.

Proof. Let D(G)™*ISI(G)D(G) = Q(G) and X = (x4, x5, ...,x,)T be an eigen vector of Q(G)
corresponding to an eigen value y*. Also, x; =1 and 0 <x, <1 for every k. Let x; =
maxy (x: v;vy € E, i is adjacent to k). It is known that (Q(G))X = y; (G)X. If i_th equation

from above equation is taken, then yi (G)x; = X (dd:d; )xk = (di dei’; )xk. By the
iTlE i k

Aritmetic-Geometric mean inequality, it gives
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1
) di n di Yn ( [Mk=1 9k ) /n
kdi+dy S k=1g,+d, M-, (di+dy)
n - n o nl/n
o™ Yn
(ap+T, i) ™ A
> - > — —
nt/n n /n(dln + (A™) /n)
Using the Lemma 2.1,
d;A
¥i (6) < :

nl/n(d{l +4)
The j_th equation of same equation has

d;A

+ NN —mM—
YI( )—nl/n(d]n_l_A)

From Lemma 2.2, it is expressed that
d;A d;A
¥ (6) < < ) :
! n'/n(d? + A) nl/n(d}1 +4)

A

Hence,

+
Vi =

- nl/n\/(d{l +4)(d? + A)

Since, A=d; =2d, =,...,=d, =&, itis clear that

A
n'/n (A" + A) (6™ + A)

+
Vi =

Definition 3.1.1. Let G be a graph and y; =y > --- = y,} be eigenvalues of inverse sum in
degree matrix of G. Estrada inverse sum in degree index is defined as

Theorem 3.1.2. Let G be a graph with n vertices and E, be an Estrada inverse sum in deg index.
Then,

(n—-1)

E LSt >— € I
/
e 'n—
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A

nY/n (AR +2) (5T +A)

where K =

1
Proof. Eq, = ¥4 eVl et + n—-1) (H};z eVl ) ot using the Aritmetic-Geometric mean
inequality. Since, »\7- e’/ =0 then Eg = eVl + (71’/_1). It is known that ;" < K. Hence,

e /n-1

(n-1)

K
Eg =ze® + YR
e 'n—-1

Theorem 3.1.3. Let G be a graph with n vertices and E,;, be an Estrada inverse sum in deg. index.
Then,

1
EENZ. Hence,
(o] 1 n
k
n.zF (2v/) zEs°
k=0  j=1
and thus,
[ee] n
2k K
2
Eq* < "'Zﬁz(ﬁ) :
k=0  j=1
Knowing that y;{ > --- > y,t and y{ < K, it is obtained that

Eg? <n F.n.Kk.

It is clear that the equality holds

ElSl S

Theorem 3.1.4. Let G be a graph with n vertices and E,, be an Estrada inverse sum in degree
index. Then,

E,, < +e?K —2eK + X,
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Proof. (E, — e7’1+)2 = (27:1 eylfr)2 -2 (Z?zl eVl e”f) +e2ri

2 Un

n

n
+ +
< Z e¥i | —2nert | | eli + e
j=1

j=1

2 2 2
since (371 ¢"7 ) = (ERon Zi (7)) < (B0 (1)) and 27y ;" = 0, then

(ElSl - e}/f)z S _Zneyf + ez]’f = eyf- [eyi'- — Zn].

Egq < /el’f (er — Zn) + et

In the sequel, Theorem 3.1.2 says that

The inequality states that

E; < eX(eK —2n) + ek,
3.2 Inverse Sum In Degree Co Index

In this subsection, ISI co index is described and different bounds are yielded concerned with
Zagreb co indices, the vertices and the edges.

Definition 3.2.1.

Let G be a simple, connected graph. IST co index is defined as follows:

dg(1)dg ()

BIO= 2, L@+

vv;€E(G)

Theorem 3.2.1. Let ISI(G) be the complement of inverse sum in degree index. If G is regular
then,

n

(n=D?[(%) = m] - (n - 1. (—47"’2 +2m(n — 1)> + <2m2 (1-2- 1))
ISI (G) < y= :
2.(n = D.[(5) —m]+——(2m(n - D)

dgz(Ddg(j)

Proof. By the definition of ISI (G); ISI (G) = YoweE@) PRGEFEDE
G G

d;) and dg(j) = (n — 1 —d;), then

Sincedg(i)=(n—1-
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ISI (G) =
viv]-EE(C) (Tl —-1- dl) + (')’l —-1- d])
vivjeE(G_) Z(Tl - 1) - (dl + d])

< ZUiVjEE(G)(n - 1)2 - (n - 1)(dl + d]) + dld]
B ZviVjEE(G) 2(” - 1) - (dl + d])

(n - 1)2 ZviV]'EE(é) 1- (n - 1) Zviv]-EE(G)(di + d]) + ZVinEE(G) dldj

ISI (G) <
©= 2.0 =D (@) = ] - Sormyer(di + 4)

Because, G has (1) — m edges. By Theorem 2.2, it is stated that

(=) —m| - (- D7 (6) + Z; (&)

ISI (G) < =
@)= 2.(n—D.[})—m] -2, (G)

Since Z; (G) = Z; (G), then

(- D) ~m] - (n~ D7 (6) + 7 (6)

ISI (G) < ——
©) < 2.(n=1D.[(})-m]-Z1 (6)

Using the Lemma 2.3, it is concluded that

n

(n = D?[(%) = m] - (n - 1. <—4nﬁ +2m(n — 1)> + (2m2 (1-2- 1))
ISI (G) < preny :
2.(n—D.[(5) —m] +—— (2m(n - D)

Corollary 3.2.1. Let ISI(G) be the complement of inverse sum in degree index. If G is regular
then,

1

nm—1)m-(n- 1).(—4niz+ 2m(n — 1)) + (Zm2 (1 —Zn—rg——))

n

ISI (G) <

2.(n—1m+ 4Tmz — (Zm(n — 1))

Proof. Applying similar steps to the Theorem 3.2.1, it is obtained that

757 (G) = de(D).de(j)
et de(D) +dg(j)
_ (Tl—l)z—(n—l)(di+dj)+didj
= ZvwjeE(6) 2(n-1)-(d;+d;)
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- 1)’m—(n—1).Z; (6) +Z, (G)
- 2.(n—1)m -2, (G)

By Lemma 2.3, it is resulted that

n

(n—1?*m— (n—1). (—“T’”Z +2m(n — 1)) +(2m? (1-22-1)
ISI (G) <

2.(n—1)m+ 4Tml - (Zm(n — 1))
4. CONCLUSION

In this study, the inverse sum in degree index is expanded, the Estrada inverse sum in degree index is
defined and some bounds are found deal with these indices. In the sequel, inverse sum in degree co index
is described and some inequalities are obtained in terms of the edges and vertices.
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