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Abstract. An inverse boundary value problem for a second-order elliptic equation with periodic and integral
condition is investigated. The definition of a classical solution of the problem is introduced. The goal of this
paper is to determine the unknown coefficient and to solve the problem of interest. The problem is considered
in a rectangular domain. To investigate the solvability of the inverse problem, we perform a conversion from
the original problem to some auxiliary inverse problem with trivial boundary conditions. By the contraction
mapping principle we prove the existence and uniqueness of solutions of the auxiliary problem. Then we make
a conversion to the stated problem again and, as a result, we obtain the solvability of the inverse problem.
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Ikinci Mertebeden Periyodik ve Integral Kosullu Eliptik Denklemler i¢in

Ters Smmir-Deger Problemlerin Coziimii

Ozet. Sunulan ¢alismada dikdértgensel bolgede periyodik ve integral tipli kosullarla verilen ikinci mertebeden
eliptik tip diferansiyel denklemler i¢in bazi ters problemlerin ¢oziimii ele alinmigtir. Matematiksel fizigin
denklemleri i¢in ters problemler olarak verilen denklemlerin ¢dziimii ile ilgili bilinen ek bilgiler yardimiyla
onun katsayilarin veya sag taraftaki fonksiyonlarin, veya katsayilarin ve sag taraftaki bilinmeyen fonksiyonlarin
birlikte belirlenmesi problemleri diigiiniilmektedir. Ters problemler bilimin birgok dallarinda ortaya ¢ikmakta
olup, ozellikle fiziksel ve kimyasal siireclerin takibi sirasinda bazi biiyiiklikklerin belirlenmesinde Gnem
tasimaktadir. Genelde fiziksel ve kimyasal siire¢ler diferansiyel denklemlerle ifade edildiginden ve bu
diferansiyel denklemlerin katsayilari da siiregleri ifade eden fiziksel ve kimyasal biiyiikliklere bagh
oldugundan, siireglerin akisinin belirlenmesi igin bu siireci ifade eden diferansiyel denklemin katsayilarinin
belirlenmesi 6nemlidir. Dolayisiyla, ters problemlerin konumu ve ¢6ziimii bilimsel agidan ¢ok Onem
tagimaktadir.

Anahtar Kelimeler: Ters simir-deger problemleri,Elliptik denklem, Fourier yontemi, Klasik ¢6ziim

1. INTRODUCTION

In this paper, we discuss solutions of some inverse problems for second order elliptic differential
equations under the periodic and integral type conditions in the rectangular area. By using well known
additional information for the solution of inverse problems in mathematical physics equations, we think
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about the problem to determine their coefficients or right-hand side functions, or state coefficients and
right-hand side unknown functions together. Inverse problems have wide-ranging applications in science,
in particular, they are very important to determine some scalar quantities during the follow-up physical
and chemical processes. In general, physical and chemical processes are expressed by differential
equations and their coefficients depend on physical and chemical scalar quantities on which express their
process, for these reasons, it is very important to determine these coefficients of differential equations to
identify the flow of the process. Hence the position of inverse problem and their solutions are essential
in science.

Among them we should mention the papers of A.N. Tikhonov [1], M.M. Lavrentyev [2, 3], V.K. Ivanov
[4] and their followers. For a comprehensive overview, the reader should see the monograph by A.M.
Denisov [5].

In this paper, we prove existence and uniqueness of the solution for the inverse boundary value problem
for the elliptic equation of second order with periodic and integral type conditions.

2. Problem statement and its reduction to an equivalent problem

Consider the equation
u, (X,t) +u, (x,t) =a(t)u(x,t) + bt)g(x,t) + f(xt) 1)

in the interior the domain Dy = {(x,t):0<x<1,0<t <T} with the boundary conditions:
T
U(,0) - & (%0) =¢(x), Uy (x, T) =y (x)+ | pOU(x dlt (0<x<1), @
0

periodic boundary condition

u(0,t)=u(,t) (0<t<T), 3)
nonlocal integral condition
1
Iu(x,t)dx:O (0<t<T) 4)
0
and the additional conditions
u(x;,t)=h(t) (=12;x, #x,;0<t<T), 5)

where  0,x €(0,) (i=1,2)-are fixed numbers, f(x,t),g(x,t),o(x),w(X), p(t),h(t) -are given

functions, u(x,t), a(t) and b(t) - are the unknown functions.

Definition . The triplet {u(x,t),a(t),b(t)} is said to be a classical solution of problem (1)—(5), if the
functions u(x,t),a(t) and b(t) satisfy the following conditions:
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1) The function u(x,t) and its derivatives u, (X,t),u, (X,t), u,(x,t), u,(x,t) are continuous
in the domain Dy ;

2) the functions a(t) and b(t) are continuous on the interval [0, T];
3) equation (1) and conditions (2)—(5) are satisfied in the classical (usual) sense.

In order to investigate problem (1) - (5), we first consider the following auxiliary problem: it is required
to define a triplet {u(x,t),a(t),b(t)} of functions u(x,t)eC?(D;),a(t) e C[0,T] and
b(t) € C[0,T], from relations (1) - (3),

u, O)=u (Lt) (O<t<T), (6)
h(t) +u,, (%, t) = a()h, (t) + b®)g(x, t) + f (1) (i=12,0<t<T). )

Analogously [6], the following lemma was proved.
Lemmal. Suppose that o(x),w(x)eC[01], p(t) e C[0,T], h(t)eC?[0,T](i=12),

h(t) = h (t)g(X,,t) =h, (1) g(x, 1) 20 (0<t<T), f(x,t)eC(Dy), jf(x,t)dx:o (0<t<T)
0

,g(x,t) e C(Dy), }g(x,t)dx =0 (0<t<T) and the compatibility conditions
0
1 1
Jo(x)ydx=0, [y (x)dx=0, ®)
0 0

@(x;) = h; (0) = i (0), w(x;) = hi(T) —E p(®h; (t)dt (I=12). ©)

hold. Then the following assertions are valid:

- each classical solution {u(x,t),a(t),b(t)} of problem (1)-(5) is a solution of problem (1)-(3),
(6), (7);

- cach solution {u(x,t),a(t),b(t)} of problem (1)-(3), (6), (7), satisfying the condition
T(@T + el + T + PO ) <1, (10

is a classical solution of problem (1)-(5).
3. Existence and uniqueness of the classical solution to the inverse boundary value problem

It is known [7] that the system
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1,cos A, x,sin A X,..., COS A, X, SIN A, X, ... (11)
isabasisin L,(01), where 4, =2kz (k=1.2,..).

Since the system (11) form a basis in L,(0,1), we shall seek the first component u(x,t) of

classical solution {u(x,t),a(t),b(t)} of the problem (1)-(3), (6),(7) in the form
u(x,t) = iulk (t)ycosA, x + iuﬂ( (t)sind, x (4, =27K), (12)
k=0 k=1

where

1
Uy (t) = j u(x, t)ydx ,
0
1
Uy (t):ZIu(x,t)cosﬂkxdx (k=12,.),
0

1
Uy (1) = 2[ u(x, 1) sin A xdx (k=12,...).
0

Then applying the formal scheme of the Fourier method, for determining of unknown

coefficients uy (t) (k=0,,...) and u,, (t) (k =12,..) of function u(x,t) from (1) and (2) we have

U (t) = Fp(t;u,a,b) (0<t<T), (13)
ult (t)— A2u, ()= Fy (tu,a,b) (0<t<T;i=12; k=12..), (14)
T
U30(0) = Aijo (0) = grg, Ujo (T) =y3p + [ P (B)CI (15)
0
.
Ui (0) — U (0) = @y, Uy (T) = +I p(uy (Odt (i=1,2; k=12,..), (16)
0

where

Fy (t;u,a,b) = a(t)uy, (t) + b(t)g, )+ f, (t) (k=01..),
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1 1 1 1
91® =Jg(xdx, fio() =1 (X)X, @1 = p(x)dx, y1o =y (X)dx,
Oy (©) = 21 g(x 1) cos e xdx (K =1,2,..), fy (t) = 27 f (x,£)cos A xdx (k =12,..),

0 0
1 1

P =2I p(x)cosA xdX, yy = 2J.w(x) cosA xdx (k=12,.),
0 0
Fao (tu,a,b) = a(t)u,, (t) +b(t) g (t) + o (1),

O () = Zig(x,t)sin/lkxdx (k=12,..), fp (t) = 2i F(x,t)sin A xdx (k =12,..) |

1 1
o =2[ pO)sin A xdx , ypy =2[p()sinxdx  (k=12,..).
0 0

Solving the problem (13)—(16), we find

Uy (t) = gy + (Wlo +£ P2y (r)dt)t +Eeo(t,r) F.o(7;u,a,b)d7 | (17)
(A (T -1) sh(At) + A, 5 ch(A, ) i
Ui O = T+ aesha ) 2 4 T + zkash(sz))(‘”ik + 1P (T)dt)Jr
+£Gk(t,r)Fik (cuabdr (=12 k=12,.), (18)
where
B —-t-0, te[0,7]
GO(t’T)_{—r—é, te[r,T],
ch(4 (T - 7))
RN Pcren +lk5sh(/1k_l_))[ﬁk5ch(ﬂkt) +sh(4.)], te[0,7],
0= eh(4 (T -1))

(A T) + A8 sh(a )0 NtAa) +shAa)] teln T)

After substituting the expressions uy, (t) (k =0,1,...) and u,, (t) (k=12,...) into (12), for the

component u(x,t) of the solution {u(x,t),a(t),b(t)} to the problem (1)—(3), (6), (7) we get
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u(x,t) = ¢ + ('//10 +£ p(T)Ulo(T)dt)t +£Go (t,7)Fyp(7;u,a,b)dr +

i { ch(4, (T —t)) o Sh(Ad0) + A ch(Z,1)

]
dt
ch(AT) + A5 sh(AT) 7% " 2, (ch(/lkT)+/1k5sh(/1kT))(%k + Pk () )+

k=1

+ }Gk (t,7)F (7;u,a,b)d 2'} COSA X+
0

0
+2
k=1

ch(4, (T 1) . sh(h + 48 ch(4,)
ch(AT) + 45 sh(AT) V2 " 2 (ch(AT) + 48 sh(A.T)

]
)[wk + [ P (r)dt}
0

+1G, (t,7)Fy (7U, 8, b)dr}sin}th. (19)
0

Now, using (7) and (12) we have

a(t) = [h(] ™ {g(x ) (00 = T (x,,1))— 904 DT M) = F (%5, 1) =
~ £ AU (9 (%2, 1) 008 4%, — 9(x, )05 4 X,) -
- £ A 00000510 A~ 906, DsinA,)] @)
b(t) =[] b © (5 (1) — T (x,,1))— b, OB -  (x,,1)—

- iﬂiulk (t)(h (t)cos 4, x, —h,(t)cos A4, x,) —
k=L

=S 22U ()M @©)Sin A%, —hy (t)sin 4, xl)} . 21)

k=1

We substitute expression (18) into (20), (21) and have

a(t) =[h® ™ {g 0, 1) (h(t) — T (%, ©))— 9 (xy, (N3 (1) — F (x5,1))—

k=1

o /1{ ch(4, (T —1)) o Sh(2d) + A5 ch(4H)

.
dt |-
‘Lo T)+ A sh(,T) 7 * 2, eh(AT) + 40 sh(/lkT))(W”‘ + 1My (7) )
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+ }Gk (t,7)F, (7;u,a, b)dr](g(x2 ,t)cosA, x; — g(X;,t)COSA, X,) —
0

w ﬂz[ ch(4, (T —1)) o Sh() + 4 5ch(2,)

)
dt ) -
“| (2 T) + Ao sh(T) zk(ch(sz)+xkash(sz))(‘”2k+£p(1)“2k(f) )

k=1
+£G" (t,7)F,y (7;u,a,b)d r}(g(xz,t)sinﬂk X, — g(Xg,t)Sin A4, X,) } (22)

b(t) = [h@ ™ {h @) (h3 (©) — F (x5, )=, () — T (x,,1))-

X 42

ch(4, (T 1)) o ShOAD) + A ch(A)

)
_ dt | =
& "Lh(ﬁkT)+lk53h(/lkT)¢)lk /1k(ch(,1kT)+zk5sh(,1kT))(‘”1k+ép(T)”1k(T) )

+ }Gk (t,7)Fy (7;u,a,b)d r}(hl(t) cosA X, —h,(t)cosA, x;) —
0

k=1

w 2[ ch(4 (T —t)) sh(4t) + A, 5ch(4, 1)

)
u dt |-
Lo+ A8 sh(2T) 72 2, (A T) + 28 sh( AKT))(V/ZK +1 Py (7) )

+£Gk (t,7)F, (73U, 4, b)dr](hl(t)sin/Ik X, —h, (t)sin 4, xl)} , (23)

Thus, the problem (1)—(3), (6), (7) is reduced to solving the system (19), (22) , (23) with
respect to the unknown functions u(x,t) , a(t) and b(t).

Using the definition of the solution of the problem (1)-(3), (6),(7), we prove the

following lemma.

Lemma?2. If {u(x, t),a(t), b(t)} is any solution to the problem (1)—(3), (6), (7), then the functions

1
Uy (t) = j u(x, tydx ,
0

1
Uy (1) = 2[ u(x,t)cos Ay xdx (k=1.2,..),
0
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1
Uy (1) = 2[u(x, H)sin A xdx (k =1,2,...
0

satisfy the system (17), (18) in [0,T].

Remark. It follows from lemma 2 that to prove the uniqueness of the solution to the problem (1)—(3), (6),
(7), it suffices to prove the uniqueness of the solution to the system (19), (22) , (23)

. In order to investigate the problem (1) — (3), (6), (7), consider the following spaces

Denote by B;T [6] the set of all functions u(x,t) of the form
u(x,t) =D uy (t)cos A x + D uy (t)sin 4, x (4 =2kx),
k=0 k=1

defined on D; such that the functions u,, (t) (k=0,1,2,...), u, (t) (k=12,...) are continuous on

[0,T] and

1

”ulO(t)”C[O,T] J{Z(ﬂi ” Uy (t) ”c[o,T])Zj2 +(Z (/ﬁ ” Uy (t) ||C[0,T])2]2 < 0.

=} P}
The norm on this set is given by
. 1 . 1
IO TR (CTROTM | Y Dol IR

Denote by E; the space Bg”T x C[0,T]] of the vector-functions z(x,t) ={u(x,t),a(t),b(t)}

with the norm

|z(x,1)

B, ||U(X,t)

B3 + ”a(t)”C[O,T] + ||b(t)||C[0,T] )
It is known that Bj, and E; are Banach spaces.

Now, in the space E; consider the operator
®(u,a,b) ={d,(u,a,b),d,(u,a,b), ®,(u,a,b)},

where

®,(u,a,b) =U(x,t)= iﬁlk (t)cos/lkx+iﬂ'2k(t)sin AX, ©,(u,a,b)=a(t), ®,(u,ab)= B(t),a

U, (), U, (1) (i=12k=0,12,..), a(t) and B(t) equal to the right hand sides of (17), (18), (22)
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and (23), respectively.

It is easy to see that

ch(4, (T —t)) | 0<t<T) sh(Zt) + A4S ch(Ad) o o 0<t<T)
ch(4, T) + A48 sh(4,T) 7 2 (ch(A4,T) + 4,5 sh(4,T)) -
ch(4 (T - 7))

oA T) + 2o shaTy) o D +sh(ADl< A+ o) O<t<z=<T),

ch(4, (T —1))
2 (Ch(4T) + 24,5 sh(4,T))

[4.8ch(4,7) + sh(A.2)]< A+ 5) (0<7<t<T) .

Taking into account these relations, with the help of simple transformations we find:

1
~ T 2
(o (t)”C[O,T] < |(/’10|+T0V/1o|+T”p(t)”c[oyT] Juso (t)”C[O,T])-l—[ﬁ((U f10(7)|2d7)2 +

1

+Taq)| C[O,T]”ulo @) — JT G}|gm(f)|2 df)2||b(t)|| c[oT] ](T +90), (24)

1 1

(él(/lﬁ (o (t)”C[O,T])Z)Z < \/g(él(lﬂ(”ik |)2)2 +

1

1
+ \/6(1“‘ o) {(? (/ﬁ |V/ik|)2J2 +T ” p(t)” C[o,T](kij: (ﬂi ”uik (t)"C[O’T])Z ] i ] +

1 1

+/6(L+ 5)[ﬁ @éluﬂ fi (T)|)2)2 + 12O £, s Oleor)? ) +

1
(15 Gl <f>|>2)2||b<t>llqo,ﬂ]’ @)

E®leory <|DOT o, 906DV - £ 06, 1) - 906 DOEO — F 00Dy +
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1 1 1
+((£4° P llotx, 0] +lo0c, t)IHC[OT][ (£ Ao )? +<1+5)[ (£ i) +

1

1
+T1PO] cor) 5 £, (il (t)||q0ﬂ>2)2] +(L+ 5)[ﬁ i(g PACHING)S dr)z +

1 1
+T||a(t)||C[0T] ( 5 (A Juse (t)||C[OT] )2 +JT é@éuﬂgik (T)|)2d7)2 ||b(t)||C[OYT]] ”
(26)

B, < OT ., ¥ mOGLO - 106,0) = OO0 - 00,0 g, +

C[0,T]

1 1 1

+(k ) [ Iy ]+ |h, (t)mc[m[ ( (43|<o.k|)) +(1+5)[ (z(zslw.kl))

1

1
+T1PO] cor) 5 £, (il (t)||C[0,T]>2)2] +(L+ 5)[ﬁ Z(g) = (4] fu @) dr)z +

+ 1Oy 3 £, G205 Olegary) )3 wTE(1E o <r>|>2dr);||b<t>||qo,n”}-
(27)
Suppose that the data of the problem (1)(3), (6), (7) satisfy the following condition
Qi- ¢(x) €C[01],¢" () € L,(0),0(0) = (1), ¢'(0) = ¢'(D), ¢" (O =¢"(D) .
w(x) eC?[01, " (X) € L, (01), w(0) =y (@), ¥' O =y'®, ¥"(©0) =y
Qs - F(X,1), F (x1), f (X, 1) €C(Dy), fre (X,1) € Ly (D),
f(0,t)=f(Lt), f (0,t) = f, (Lt), F, (0,8) = f, (Lt) (O<L<T) .

Q.- 9(X,1), 95 (X,1), 9 (X,1) € C(Dr), Gy (X, 1) € L (Dy ),
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9(0.)=9(@1),9,(0,t) = 9,(11), 9, (0.1) =9, 4.1) O<t<T).

Q. . 520, p(t) e C[0,T],h(t) e C2[0,T],h(t) =0 (0<t<T).

Then, from (25)—(27), we get

[a(z D)5, < AT+ BT al®) g ril el D5, +CuD . D5, + DADINp g
(28)

”a(t)”C[O,T] < AZ (T) + BZ (T)”a(t)”C[O,T]”u(x’ t)”BSI + 02 (T)”u(x’ t)”BgT + DZ (T)”b(t)”C[O,T] !
(29)

@) . < AT+ B oo lule )] 5 +Co(Dul )5+ Do) (30)

C[0,T] cro,r1’

where

AT =00 o + TV o + T +NT[F D] o, +
+6[0" OO 0y + VEA+ Ny " OO, 00y + A+ ST [ Fae 6] o
B,(T) =T(T +68) +/6(1+ )T ,

Ci(M) =TIpWllggor, (T +V6(L+5)),

D(T) = (T + ST 9D, (o7 ) + L+ OVET [0 V)] o -

A () =[O . 1 90D - F04,0)= 904, DOF0) = F (a0, +

C[0,T] {|

1
+( 24 ) llota. 0+ TCO I PO N e 0

+ 2(1+ 5)\/?“ fxxx (X’t)||L2(DT)) }’

1

B,(T) =H[h(t)]_luc[o,ﬂ(21%2)2H |g (Xl’t)| * |g (X5, t)mc[o,T] (L+o)T,
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1

Ca =[O £ ) 11800 01+ 06 D, L+ POy T

1
0. =201 |y (2,570 015050 g 0 T 5

A =[O, A R ORZO - F06.0)- R OB - 00D +

1
¥ (éﬁiz)z [0 O+ I Ol 0., (2||€0"'(X)||Lz o T2+ Oy " (o) +

204 ONT e 0 o))}

1

B, (T) =|[nt )]-1HC[OT]( 2)2” I O]+ |y @] g, 0+ )T

1

C,M =[Ih@T . (£4° ) IO+ Ol g, @+ POl T

D, (T) = 2|[nt )]‘1HC[OT]( ) [1900. 0]+ |90, Ol 7, @+ ENT 9,00 5D o
It follows from the inequalities (28)-(30) that.

||u (z,1)

s, HEO] o, + P )

cro, T]

<A(T) + B(T)”a(t)”C[O’T]”u(x, t) st D(T)||p(2)| (31)

B3y cr’

where
A(T) = A(T) + A,(T) + A(T), B(T)=DB,(T)+B,(T)+By(T),
C(T) = C,(T) + C,(T) + C4(T), D(T)=D,(T)+ D,(T)+ Dy(T).
So, we can prove the following theorem:

Theorem 1. Let conditions Q, - Q. be satisfied, and
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(B(T)(A(T) +2) + C(T) + D(T))(A(T) +2) <1. (32)
Then problem (1)-(3), (6), (7) has a wunique solution in the sphere

K = KR(||Z||ET3 <R=A(T)+2) of the space E:.

Proof. In the space ET3 consider the equation

z=0z, (33)

where z ={u,a,b},, the components @, (u,a,b) (i =1,2,3) of the operator ®(u,a,b) are determined by

the right hand sides of equations (19), (22) and (23). Consider the operator ®(u,a,b) in the sphere

K =K, from E; . Similar to (31), we get that for any z,,z,, 2, € K, the following estimations are valid:

075 < A+ B0z +CTD]g + DI, <

< A(T) +B(T)(A(T) +2)* + C(T)(AT) +2) + D(T)(A(T) +2) , (34)

|2~ @2 s < BI)R(lay () = @, ()] g 1y + 1 (. 8) = ()] ) +

+ C(D) (@, t) =y (2,8) o+ DT (®) = b8 g 1 (35)
Then, it follows from (32 together with the estimates (34) and (35) that the operator @ acts in the
ball K = K and is contractive. Therefore, in the ball K = K, the operator @ has a unique

fixed point {z} ={u,a, b}, that is a unique solution to the equation (33), i.e. a unique solution to the
system (19),(22), (23).

The function u(Xx,t) , as an element of the space BS,T , is continuous and has continuous

derivatives u, (x,t),u, (x,t) in Dy .

Now, from (13) and (14) we get

2o Olcgory <180l cgor o Olory + IOl [0 Vg, .+ 1 F X Dlory|

L,(01) L©1

1
[5Gl Ol | <25 2 Olry* )

#2]Jau, (60 +bOg, (60 + £, (V)] cor

L0Y
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Hence it follows that uy (X, t) is continuous in Dy . It is easy to verify that equation (1) and

conditions (2), (3) ,(6) and (7) are satisfied in the ordinary sense.

is unique in the bal K = K .The theorem is proved..

Consequently, {u(x,t),a(t),b(t)}is a solution of problem (1)—(3), (6), (.7), and by Lemma 2 it

By Lemma 1 the unique solvability of the initial problem (1)—(5) follows from the theorem.

Theorem 2. Let all the conditions of Theorem 1 be fulfilled and

} f(x,t)dx=0,jg(x,t)dx:0 (0<t<T),

1 1
[o(dx=0, [y (x)dx=0,
0 0

P04) = ()= /(0), y () = hi(T) = I (O Ot (=1.2),

T(@T +8)(AT) +2) + (T + )| pO)] o, <1-

Then the problem (1)—(5) has a unique classical solution in the ball K =K (|z_; < A(T)+2) of the
T

space E3.
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