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1. Introduction

One of the most fundamental problems in a Riemannian submanifold theory is to establish a simple sharp
relationship between intrinsic and extrinsic invariants. The main extrinsic invariants are the extrinsic normal
curvature, the squared mean curvature and the main intrinsic invariants include the Ricci curvature and
the scalar curvature. In 1979, Wintgen [27] obtained a basic inequality involving Gauss curvature K, normal

2 . . .
curvature K and the squared mean curvature ||H||” of an oriented surface M? in E*, that is ,

K <|H|* - |K*] (1.1)

with the equality holding if and only if the ellipse of curvature of M? in E* is a circle. The inequality (1.1), now
called Wintgen inequality, attracted the attention of several authors.

Over time P. J. De Smet, F. Dillen, L. Verstraelen and L. Vrancken [11] gave a conjecture for Wintgen
inequality in an n-dimensional Riemannian submanifold M™ of a real space form R""?(c), namely,

p<|H|* = p*+ec, (12)
where )
pP=—F— R6i76‘ €j,€3) (13)
nin—1) 1<;<n< (eirej)e;, €i)

is the normalized scalar curvature of M

pJ‘:L > > (RY(ei e ua, ug)’, (1.4)

n(n—1) 1<i<j<n1<a<B<m

where {ey,...,e,} and {u1, ..., u, } respectively orthonormal frames of tangent bundle 7'M and normal bundle
T+ M and they also proved that this conjecture holds for codimension p = 2. This type of inequality later came
to be known as the DDVV conjecture. A special version of the DDVV conjecture,

p < |H|?+e, (1.5)
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was proved by B.Y. Chen in [9]. F. Dillen, J. Fastenakels and J. Van der Veken [12] proved that DDVV conjecture
is equivalent to an algebraic conjecture. Recently DDV V-conjecture was proven by Z. Lu [19] and by Ge and Z.
Tang [15] indepently.

In recent years, 1. Mihai [20] proved DDVYV conjecture for Lagrangian submanifolds in complex space forms
and obtained Wintgen inequality for Legendrian submanifolds in Sasakian space forms (see [21]). On the other
hand, the product spaces S"(c) x R and R x H"(c) are studied to obtain generalized Wintgen inequality by
Q. Chen and Q. Cui [10]. Then ]J. Roth [24] extended DDVV inequality to submanifolds of warped product
manifolds R x y M"(c). Furuhata et al. [14] studied on statistical warped product and Kenmotsu statistical
manifolds.

Nowadays, Wintgen inequality of statistical submanifolds in statistical manifolds of constant curvature has
been studied in [2], [3] and [4]. The generalized Wintgen inequality for statistical submanifolds of statistical
warped product manifolds was proved in [22]. Furthermore, in [5], the generalized Wintgen inequality for
statistical submanifolds in statistical manifolds of quasi-constant curvature was obtained. Motivated by the
studies in [22], we consider generalized Wintgen inequality for Legendrian submanifolds in almost Kenmotsu
statistical manifolds in this article.

2. Preliminaries

An almost Hermitian manifold (N2, g, J) is a smooth manifold endowed with an almost complex structure
J and a Riemannian metric g compatible in the sense

J2X = -X, g(JX,Y) = —¢(X,JY)
forany X,Y € I'(T'N). The fundamental 2-form (2 of an almost Hermitian manifold is defined by

QAX,)Y)=9g(JX,Y)

for any vector fields X,Y on N. For an almost Hermitian manifold (N?", g, J) with Riemannian connection V,
the fundamental 2-form 2 and the Nijenhuis torsion of J, N satisfy

20(VxJ)Y, Z) = g(JX,N; (Y, Z) + 3dQX, JY, ] Z) — 3dUX, Y, Z) @2.1)

where N;(X,Y) = [X,Y] - [JX,JY]+ J[X, JY] + J[JX,Y] (see [28]). An almost Hermitian manifold is said to
be an almost Kaehler manifold if its fundamental form 2 is closed, that is, dQ = 0. If dQ = 0 and N; = 0, the
structure is called Kaehler. Thus by (2.1), an almost Hermitian manifold (N, J, g) is Kaehler if and only if its
almost complex structure J is parallel with respect to the Levi-Civita connection V?, that is, V°J = 0 ([28]).

It is known that a Kaehler manifold N2" is of constant holomorphic sectional curvature c if and only if

R(X,Y)Z = Z(g(X, 2)Y — gV, 2)X + g(JX,2)Y — g(JY, 2)JX +29(JX,Y)J Z), 2.2)

and is denoted by N?"(c) (see [28]).

Let M be a (2n + 1)-dimensional differentiable manifold and ¢ is a (1, 1) tensor field, ¢ is a vector field and 7
isaone-formon M.If 2 = —Id+n® &, n(€) = 1then (¢,&,n) is called an almost contact structure on M. The
manifold M is said to be an almost contact manifold if it is endowed with an almost contact structure [6].

Let M be an almost contact manifold. A will be called an almost contact metric manifold if it is additionally
endowed with a Riemannian metric g, i.e.

9(6X,9Y) = g(X,Y) = n(X)n(Y). (2.3)

For such manifold, we have
n(X) =g(X,§), #(§) =0, no¢=0. (2.4)

Furthermore, a 2-form @ is defined by
(X,Y) = g(6X,Y), (2.5)

and usually is called fundamental form.
On an almost contact manifold, the (1, 2)-tensor field NV is defined by

NY(X,Y) =[8,¢] (X,Y) — 2dn(X,Y)E,
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where [¢, ¢] is the Nijenhuis torsion of ¢

(6,61 (X,Y) = ¢ [X,Y] + [¢X, 0Y] — ¢[6X,Y] = ¢ [X, 0Y].

If N vanishes identically, then the almost contact manifold (structure) is said to be normal [6]. The
normality condition says that the almost complex structure J defined on M x R

d d
X, A=) = (X + A X)—
J(X,A) = (60X + A8, n(X) ),
is integrable.
An almost contact metric manifold M?"*!, with a structure (¢,&,7, g) is said to be an almost cosymplectic
manifold, if
dn=0, do=0. (2.6)

If additionally normality conditon is fulfilled, then manifold is called cosymplectic.
On the other hand, Kenmotsu studied in [16] another class of almost contact metric manifolds, defined by
the following conditions on the associated almost contact structure

dn=0, db=2nAo. (2.7)

A normal almost Kenmotsu manifold is said to be a Kenmotsu manifold.

3. Statistical Manifolds

Let (M, g) be a Riemannian manifold and V an affine connection on A/. An affine connection V* is said to be
dual connection of V if

for any X,Y, Z € T'(M).The notion of “conjugate connection" is given an excellent survey by Simon [25]. In
the triple (g, V, V*) is called a dualistic structure on M. It appears that (V*)* = V. The manifold structure of
statistical distributions was first introduced by Amari [1] and used by Lauritzen [17].
A statistical manifold (M, V, g) is a Riemannian manifold (}, g) endowed torsion free connection V such
that the Codazzi equation
(ng)(Yv Z) = (ng)(X7 Z) (32)

holds for any X,Y,Z € T'(T'M) (see [1]). If (M, V, g) is a statistical manifold, so is (M, V*, g). For a statistical
manifold (M, g,V,V*) the difference (1,2) tensor K of a torsion free affine connection V and Levi-Civita
connection V° is defined as

KxY =K(X,Y)=VxY - V%Y. (3.3)

Because of V and V? are torsion free, we have
]CXyZICyX, g(IC)(Y,Z)Zg(Y,/C)(Z) (34)

forany X,Y,Z € I'(T'M). By (3.1) and (3.3), one can obtain

KxY = V&Y — VLY. (3.5)
Using (3.3) and (3.5), we find
2 xY = VxY — Vi Y. (3.6)
By (3.3), we have
9(VxY,Z) = g(KxY, Z) + g(VXY, Z). 3.7)

It can be also shown that any torsion-free affine connection V has a dual connection given by
1
AVARES 5(v + V), (3.8)

where VY is Levi-Civita connection of the Riemannian manifold (M, g). If V = V* then (M, V, g) is called trivial
statistical manifold.
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Denote by R and R* the curvature tensors on M with respect to the affine connection V and its conjugate V*,
respectively. Then the relation between R and R* can be given as following

gR(X,Y)Z, W) =—g(Z,R*"(X,Y)W) 3.9

forany X,Y, Z, W € I'(TM).
By using (3.3) and (3.5), we have

R(X,Y)Z + R*(X,Y)Z = 2R°(X,Y)Z + 2[K,K|(X,Y)Z,

where [/C, /C] (X, Y)Z = [/Cx, ’Cy]Z = /CxleZ — ICY}C)(Z (see [23])
In [29], L.Todjihounde gave a method how to establish a dualistic structure on the warped product manifold.
If we adapt this method for I x; N, we have the following result.

Proposition 3.1 ( [29]). Let (R, dt, V) be a trivial statistical manifold and (N, gn,N V, NV*) be a statistical manifold.
If the connections ¥V and V* satisfy the following relations on R x N

(ll) ?agt = Va,at = 0,

(b) V5, X = Vx0, = LHX,

(0) ViY = NUxY — <522 /()0

and

(1) vgtét == Vgtat = 07

(ii)V3 X = V50, = %X,

(iii) ViV = NViY — <522 ()0,

then (R xy N, <,>,V,V*) is a statistical manifold, where X,Y are vertical lifts of X,Y € T'(TN) and 9, = 2 is
horizontal lift of O, and the notation is simplified by writing f for f o wand gradf for grad(f o ).

Assuming (R, dt, V) is trivial statistical manifold and denoting R and R* are curvature tensors respect to the
dualistic structure (<,>,V,V*)on R x N then we can give the following lemma by using Proposition 3.1. In
practise, (—) is ommited from lifts.

Lemma 3.1 ([29]). Let (M =R x; N, <,>,V,V*) be a statistical warped product. If U,V,W € T'(N), then:

(@) R(V,0)0, = =25V,

(o) R, V)W = - L <v,w > 0,

(d) R(V,W)U = RN(V,W)U = LW [« WU > V- < V.U > W],
and

(a") B*(V.0)0, = ~ v,

(
(¢*) R*(8,, V)W = —ff(g? <V,W > &,

(d*) R*(V.W)U = RN (VW)U — SO [« WU > V- <V,U > W]
where RN and RN are curvature tensors of N with respect to the connections NV and NV* .

3.1. Statistical submanifolds

In this section, we will give some basic notations, formulas, definitions taken from reference [26].
Let (M™, g) be a statistical submanifold of (M"*¢, <, >). Then the Gauss and Weingarten formulas are given
respectively by
VxY =VxY +h(X,Y), Vx€&=—A:X + Dx¢, (3.10)

VXY = VXY +h*(X)Y), Vi&=—A;X + DX, (3.11)
for X, Y e I'(TM)and ¢ € 1“(TL M), respectively. Furthermore, the followings hold :
Xg(YV,Z)=g(VxY,Z) +g(Y,Vx Z),

<h(X,Y),E>=g(A;X)Y), <h"(X,Y),§>=g(A:X,Y)
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and
X <¢n>=< Dx&n>+ <& Dxn>

for X,Y,Z e I(TM) and ¢,y € T(T" M). i i
The mean curvature vector fields of M are defined with respect to V and V* by

1< R
H:EZh(ei,ei) and H :Egh (ei,€:)

i=1

where {ey, ..., e,} is a local orthonormal frame of the tangent bundle 7'M of M. By (3.10) and (3.11), we have
2h° = h+h* and 2H® = H + H*, where h° and H" are second fundamental form and mean curvature with
respect to Levi-Civita connection V°.

Proposition 3.2 ([26]). Let (M™,g,V,V*) be a statistical submanifold of (M™*", <, >,V,V*). Denote R and R* the
curvature tensors on M™™ with respect to connections V and V*. Then

<RX,Y)Z,W >= gu(R(X,Y)Z, W)+ < h(X, Z),h* (Y, W) > — < h*(X, W), (Y, Z) >, (3.12)

< RYX,Y)Z,W >= gy (R*(X,Y)Z, W)+ < h*(X, Z), (Y, W) > — < h(X,W),h*(Y, Z) >, (3.13)
< (RL(X7 Y)£7 n >=< R(Xa Y)ga n > +g]\/1([A27 An]Xa Y)a (314)

< (RH(X,Y)en >=< R*(X,Y)&,n > +gu([Ae, A}]X,Y), (3.15)

where R+ and R**+ are curvature tensors with respect to D and D* and
[Ae, A7) = Ay — A A,
[AF, Ag] = AfA, — A A

for X,Y,Z,W € T(TM) and &, € T(T+M).

4. Almost Kenmotsu statistical manifolds

Definition 4.1 ([13]). Let (M,g,V) be a statistical manifold with almost complex structure J € I'(T'M (L),
Denote by (2 the fundamental form with respect to J and g, thatis, Q(X,Y) = g(X, JY). The triplet (V,g, J) is
called a holomorphic statistical structure on M if Q is a V-parallel 2-form.

Definition 4.2 ([30]). Let (N?", g, V, V*) be a statistical manifold. If (N?", g, J) is an almost Hermitian manifold
then (N?",g,J,V,V*) is called almost Hermitian statistical manifold. If (N" g,.J) is an (almost) Kaehler
manifold then (N?", g, J, V, V*) is called (almost) Kaehler statistical manifold.

Lemma 4.1 ([30]). For an almost Hermitian statistical manifold we have
(Vx) (Y, Z) = g(Vx )Y, Z) — 29(Kx JY, Z), (4.1)

and
(V) (Y, 2) = g(Vx )Y, Z) +29(Kx JY, Z) (4.2)

forany XY, Z e T(TM).
Corollary 4.1 ([30]). For an almost Hermitian statistical manifold we have
(VxQ)(Y, Z) = (V&Y. Z) = g(Kx JY + JKxY, Z) 4.3)

and
(VY. Z2) = (VSN(Y, Z2) + g(Kx JY + JKxY, Z) (4.4)

forany XY, Z e T(TM).
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By Lemma 4.1 and Corollary 4.1, we have following.

Proposition 4.1 ([13],[30].). Let (M, g,V,J) be a holomorphic statistical manifold and KxJY + JKxY = 0 for any
X, Y e I'(T'M). Then following staments are equivalent.

o (M,q,V,J) is a holomorphic statistical manifold,
o (M,g,V*,J) is a holomorphic statistical manifold,
o (M,g,V°, J)is a Kaehler manifold.

Definition 4.3. Let (M?"t1 g, V,V*) be a statistical manifold. If M?"*! is an almost contact metric manifold
then M?7+t! is called almost contact metric statistical manifold.

Corollary 4.2 ([30]). For an almost contact metric statistical manifold we have

(Vx®)(Y, Z) = (V& ®)(Y, Z) — g(Kx9Y + ¢KxY, 2) (4.5)
and

(VE2)(Y, Z) = (V& ®)(Y, Z) + g(Kx¢Y + ¢KxY, Z) (4.6)
forany XY, Z e I'(TM).
Proposition 4.2 ([30]). Let (M™, g,V,V*) be a statistical manifold and ) be a skew symmetric (1,1) tensor field on M.

Then we have
9g(KxVY +YKxY, Z) + g(Kzp X + YKz X,Y) + g(KyZ + YKy Z, X) =0 4.7)

forany XY, Z e I(TM).

If we resort to the relation (4.5) and (4.7), we have

(Vx®)(Y,Z) + (V2P)(X,Y) + (Vy®)(Z, X) (VX ®)(Y, Z2) + (V5P)(X,Y)

+(Vy®)(Z, X)

—2(9(Kx oY + ¢KxY, Z)

+9(Kz9X + oKz X,)Y)

+9(Ky¢Z + 9Ky Z, X))

= (V&®)(Y,2) + (V39)(X,Y)
+(Vy®)(Z, X),

where U, V,W € I'(TM).
This relation shows clearly that

3d®(X,Y,Z) = (VX®)(Y,Z)+ (VL®)(X,Y)+ (VV®)(Z,X) (4.8)
(Vx®)(Y,Z) + (Vz2)(X,Y) + (Vy®)(Z, X).

Let (N, V, g, J) be an almost Hermitian statistical manifold and (R, dt,® V) be trivial statistical manifold. Let
us consider the warped product M =R x; N, with warping function f > 0, endowed with the Riemannian
metric

<, >=dt* + f?g.

Denoting by ¢ = 2 the structure vector field on M, one can define arbitrary any vector field on M by

X = n(X)¢ + X, where X is any vector field on NV and dt = 7. By the help of tensor field J, a new tensor field ¢
of type (1,1) on M can be given by

$X =JX, X eT(TN), (4.9)
for X € T(TM). So we get ¢ =0, no¢ =0, $*X = —X +n(X)¢ and < ¢X,Y >= — < X,¢Y > for X,V ¢
[(TM). Furthermore, we have < ¢X,¢Y >=< X, Y > —n(X)n(Y). Thus (M, <,>, $,£,7) is an almost contact
metric manifold. By Proposition 3.1 and similar argument as in [8] we have

P < xov > e- L0ypox. (4.10)
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Using Proposition 3.1, we get
KxY = KxY,Kx& =KeX =0,Ke€ =0,

where KxY = VxY — V%Y and KxY = VxY — V&Y.
By (4.10) and (4.8), it is readily found that the relation

We thus conclude that

~
~—

dd = f2dQ + 2(—fl(

o) (4.11)

and Proposition 3.1 leading to the following theorem.

Theorem 4.1. Let (R,dt,X V) be a trivial statistical manifold. Then the warped product M =R x; N is an almost
(=5 ((: LY _Kenmotsu statistical manifold if and only if (N,V,g,J) is an almost Kaehler statistical manifold. Moreover
KxY =KxY,Kx&=KeX =0, Kef =0, where K=V — V9, and K =V — V<>,

Chosing f = const # 0, we have following corollary.

Corollary 4.3. Let (R,dt,® V) be a trivial statistical manifold. Then the product manifold M = R x N is an almost
cosymplectic statistical manifold if and only if (N, V, g, J) is an almost Kaehler statistical manifold.

Using same methods as in [18], we get following proposition.

Proposition 4.3. Let M = I x; N(c) be a statistical warped product manifold and X,Y,Z, W & (M 1), where I C R
is trivial statistical manifold and N (c) is statistical complex space form. Then the curvature tensors R and R* are given
by

R(X,Y,2,W) = R'(X,Y,Z,W)
c (/2 . o o o
= [4f2 2 <Y, Z><X,W>-<X,Z><Y,W>]
c (f/)2 f/l _ _
+[472_ 72 +7H < X, Z><Y,0, ><W,0, >
— < Y, Z><X,0,><W,0, >+ <Y, W><X,0, >< Z,0, >
- < X, W><VY,0,><Z,0, >]
+§[ < X, 0Z>< Y, W >— <Y, 0Z,>< X W >
+2 < X,9Y >< ¢Z,W >
and [IC, K] = 0.

Remark 4.1. In [14] Furuhata et al. introduced Kenmotsu statistical manifolds. They proved that if M has a
holomorphic statistical structure, (N = R x.« M, <,>,¢,£) is Kenmotsu manifold satisfying property LxY =
KxY,Kx§ =KX =0, K& = A then N has a holomorphic statistical structure, where A € C*°(N).

We now give a new example of a statistical warped product manifold.

Example 4.1 ([22]). We consider (R?, § = dz? + dy?) Euclidean space and define the affine connection by

2 0 _ 0 o _
Vi 5o Vi 5r =0 4.12)
0 ~ 0 0
2 0 _ g2 0 _ O
V% Ay V% Ox Oz’
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Then its conjugate V2* is given as follows;

~ 0 0 = 0
2% Y _ 7 2% _
V% Ox oy’ 3 Oy 0, (4.13)
~ 0 ~ 0 0
2% Y _ 2% Y - _
V% Jy %5 Ox ox’

Thus we can verify that (R?, V2, §) is a statistical manifold of constant curvature —1. An affine connection and
its conjugate connection are defined on (R, d¢?) Euclidean space as following
-, 0 =1, 0
Vhy — =0,V = =—0.
r Ot Br Ot
On the other hand, (R x .+ R?, <, >= dt? 4 ¢?!(d2? + dy?)) is a warped product model of hyperbolic space (H?> =
{(z,y,2) eR3 | 2> 0}, G35 = M) and it has natural Kenmotsu structure. We also have (R x.: R?, <,>)

22

is a statistic manifold with following affine connection V ;

_ 0 _ 0 0 - 0 0

V%a == O,V%?—%,V%Fy—afy,

s 0 _ 0 g 0 _ 90 50 0 _ 0
Viagr T on VEor oy C o VEay  on
N R R I N )
VB%E N 8y’v6%8:v_8x’vc%8y_ o

5. Generalized Wintgen Inequality for (— J;((tt)) )—Kenmotsu statistical manifold

Let M™ be a complex m-dimensional (real 2m dimensional) almost Hermitian manifold with Hermitian
metric g5; and almost complex structure J and N” be a Riemannian manifold with Riemannian metric gy.
If J(T,N) C T,"N, at any point p € N, then is called totally real submanifold. In particular, a toatally real
submanifold of maximum dimension is called a Lagrangian submanifold.

Let M" be a submanifold of M?"*!. ¢ maps any tangent space of M" into the normal space, that is,
o(T,M™) C T;-M>™+1, for every p € M", then M" is called anti invarant submanifold. If dim (M) = 2 dim(M) +
1 and ¢, is orthogonal to T,,M for all p € M™ then M™ is called Legendre submanifold.

I. Mihai, [20],[21] obtained the DDVV inequality, also known as generalized Wintgen inequality for
Lagrangian submanifold of a complex space form M™(4c) and Legendrian submanifolds in Sasakian space

forms,
2¢2

n(n—l)(p_6)+n(n—1)’
4 c+3.c—1  (c—1)?
n(n—l)(pi 4 ) 4 8n(n —1)’

() < (IHI* = p+ ) +

()P < (1H]? = p+ o) +

respectively.
In [7], the following theorem is proved.

Theorem 5.1 ([7]). Let M™ be a Lagrangian submanifold of a holomorphic statistical space form M™ (c). Then

n(n—l)(p_z)—'_ (n—1)2

J_)2

v

(p lg(H™, H) — [[H]| [[H]]]

Now, we will prove Generalized Wintgen Inequality for almost (—%)—Kenmotsu statistical manifold.

Theorem 5.2. Let (R, dt,% V) be a trivial statistical manifold and N (c) be a holomorphic statistical space form. If M™ is
a Legendrian submanifold of the statistical warped product manifold M = R x s N(c), then we have

1 /
472(2]‘ [ e | —c+4(f')?)

+4 | HY P H P+ =P

PR A P £ A P

www.iejgeo.com


http://www.iej.geo.com

R. Goriiniis et al.

Proof. Let M™ be an n-dimensional Legendrian real submanifold of a 2n 4 1-dimensional almost

(—%)—Kenmotsu statistical manifold M =R x; N(c) and {ej, ey, ..., e, } an orthonormal frame on M" and

{ent1 = g1, enia = Pea, ..., €2, = Pen, €211 = £} an orthonormal frame in normal bundle T+ M™, respectively.
By Proposition 4.3 and (3.12), we have

g (R(X,Y)Z, W) <R(X,Y)Z,W >+ < h*(X, W), (Y, Z) >
— < WX, Z),h (Y, W) >

= [4;2—(J;I2)2][<KZ><X7W>—<X,Z><Y,W>] .1)
+ o< KXW, A(Y,Z) > — < h(X, Z),h* (Y, W) > .
and
g (R*(X,Y)Z,W) = [4—;2 - <§/32][< V,Z>< X,W>—<X,Z><Y,W >
+ o< WX, W),R (Y, Z) > — < h*(X,Z),h(Y, W) > . (.2)

for X, Y, Z, W € I'(TM). Setting X =e; =W,Y =e¢; = Zin (5.1) and (5.2), we have

c 2
g]bf(R(ezﬁ@j)ei,ej) = (@ — (ff2) )<< €5, >< €5,¢e; > — < ¢€4,65 >< €4,€5 >)
+ < h*(ei,ei),h(ej,ej) > —< h(ei,ej)7h*(ei,ej) > (53)
and
‘ c (2
gM(R (ei,ej)ei,ej) = (TfQ - f2 )(< €j,e; >< €;,6; > — < €5,e; >< €4,€; >)
+ < h(ei,ei),h*(ej7ej) > =< h*(ei,ej),h(ei,ej) >, (54)

Using (5.1) in (3.14), we have

< (RHX,Y)U,V >= 4—;2(— <X, U>< Y,V > (5.5)
+ < X,V ><OY,U >) + gu([Af, AV]X,Y),

If we make use of the equality (5.2) in (3.15), we obtain

< (REX,YV)U,V >= ﬁ(— < OX, U >< oY,V > (5.6)
+ < X,V ><oY,U >)+ gu([Ae, AJIX,Y).

Since < R(X,Y)Z, W > is not skew-symmetric relative to Z and W. Then the sectional curvature on M can
not be defined. But < R(X,Y)Z, W > + < R*(X,Y)Z,W) > is skew-symmetric relative to Z and W. So the
sectional curvature KV-V" is defined by

. 1
KV'VI(XAY) = 5[< R(X,Y)Y,X >+ < R*(X,Y)Y, X) >,

for any orthonormal vectors X, Y, € T,M, p € M, (see [3]).
In [3], the normalized scalar curvature p¥V-V and the normalized normal scalar curvature ptV-V are
respectively defined by

. 2 *
v,V v,V
pY = — KY'Y (e; Nej)
n(n—1) 1<Z;<n R
2
= 71 Z (< R(ei,ej)ej,ei >+ < R*<€i,€j)6j,€i >)
n(n —1) 1<i<j<n
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and
1/2

. 1 .
PV =) X Y (SRMeng)eaes >+ <R (eneenes )y
n+1<a<fB<2n+1 1<i<j<n

where {ei,...,e,} and {e, 1 = ge1,...,e2n, = de,,, €2,41 = &} are respectively orthonormal basis of T,M and
TPLM for p € M. Due to the equations (5.2) and (5.3), we obtain

R ¥Z[(L— (ff)z)+ < W(en ) hes o)) >
2n(n —1) oy 42 2 ivei), hiej,ej
1\2
- b)) >+ - )

+ < h(ei,ei),h*(ej,ej) > —< h*(ei,ej),h(ei,ej) >}

c (2

= (472 B )+ n(n = 1) ;K W (i, €;), h(ej, e5) >
+ < h(ei,ei),h*(ej,ej) > —2< h(ei,ej),h*(ei,ej) >]
BT
412 f?
T L S A e ) ) >

- < h(ei,ei),h(ej,ej) > —< h*(ej,ej),h*(ej,ej) >
—( < h(ei,ej)+h*(ei,ej)7h(ei,ej)—|—h*(ei,ej >
- < h(ei,ej),h(ei,ej) > —< h*(ei,ej),h*(eimj) >)]
Because of 2h° = h + h* and 2H? = H + H*, we thus get
Avk c (f")? 1 0 0
, _ (& 4 o e
p (4f2 12 )+2n(nl);[ < h'(eiyei), h-(ej,e5)) >
7]
- < h(ei,ei),h(ej,ej) > —< h*(ej,ej),h*(ej,ej) >
—(4 < hP%ei ), h(ei,ej) > — < h(ei,e;), hiei,ej) >
— < h(ei,e5), hr (e e5) >)].

ORI 4 || HO |2 —n® | H | —n? || 5 |
4f2 12 2n(n —1)
S R R - R

Denote 70 = h® — H%, 7 = h — Hgand 7* = h* — H*g the traceless part of second fundamental forms. Then we
find || 70 [2=[| A [|* —n? [| HO |2, || 7 |*=[| h |* —n® | H || and || 7* [|*=|| ~* |* —n® || H* ||*. Thus, we get

\vA VAR (C (f/)2

p = [4n® || H |* —n® | H || —n® || H |*

PyC R R
—@ | TP A | HOP (P - [ H P =P - | H ).

This relation gives rise to

pv,v* _ ¢ _ (f)?
i
2
9 HO 12 — 012
I
I U (5.7)
—_— T .
2 2n(n —1)
1 1
_ = H* 2 * (12
51 H e
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From (5.5) and (5.6), the normalized normal scalar curvature satisfies

. . 9y 1/2
LY. 1 g([Aen+7~27CA8n+s]eivej) + g([Aen+r7A8n+S]ei7ej)
p = n(n — 1) Z Z iz (= < deisentr >< e, enys > (5.8)
1<r<s<n+11<i<j<n + < ¢6i,€n+5 >< ¢6j, Entr >)
By Proposition 3.1 and the equations (3.10), (3.11), we have
/
. t
AX = AX = _J}((t))x . (5.9)
Hence we have
g([Az7 A€7z+3]ei’ e]) = g(AZAen«i» €i, e]) g(A5n+3 Azei7 6])
.9 f(t f(t
= - f((t)) g(AenJrs €, 6]) + f((t)) g(AenJrs €is e]) (510)
= 0
and by using similar calculation we obtain
([AenJrMA:nJrs]ei,@j) = 0 (511)
On the other hand, we recall
< ¢X,E>=0. (5.12)
Using the equations (5.10), (5.11) and (5.12) in (5.8) we find that
. oy 1/2
. 1 g([Ae,,L+7,7 Aen+s]ei’ ej)
prVV = —— % > Y F9([Aeny A2, Jeis 05) (5.13)

n(n —1) 1<r<s<n1<i<j<n 4f2 S (0irdjs — 0is0jr)

which is equivalent to

1/2
* AO AO }6‘ e)+g([A A ]6‘ 6‘) 2
1v,v €ntr entsl1CiCg Cn+ra ents Cir €
P nn—1) { Z Z [ ;+T A;rss]ei,ej) 555652 ] ; (5.14)

1<r<s<n1<i<j<n 4f2 7 (0irjs —
where 247 = A¢, + Af . By the Cauchy-Schwarz inequality, we have the algebraic inequality
A+ p+v+w)? <40 + 2 + 2+ w?), Y\ v e R (5.15)
We obtain from (5.15) that

S (% (169([A2 LA | Jei,e;)? 1/2

. 2 1<r<s<n 1<i<j<n
V.,V
P < n(n _ 1) +g([Ae'rL+7'7 Aen+s]§i’ €j>2
+o([AL,, Anps Jeie)” + 352 (005 — 0isdyr)?
) 1/2
< 2 4can (nf]- Zl ;1 169([A2T7A2J6i76j)2
> 1 r,s i,j= . .
nED | g(lAe . AcJene)? F g([AL AL Jere)))?
&2 1/2
9 4f2 n?(n —1)2
<

nn—1) ] +1 Z (16]/[A

’I”S*

(A, AcJIP + 1[AE, A 1%

Now we define sets {SY, ..., 5%}, {S1, ..., Su}, {S7, ..., Si:} of symmetric with trace zero operators on T, M by
< SXY >=<71%X,Y), & >,
< S XY >=<7(X,Y), & >,
< SIX)Y >=<71"(X,Y),& >
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forall X,Y,e T,,M, p € M. Clearly, we obtain

Sg = AOQ_<H07£Q>I7
Sa = Ag,— < H, 60 >1,
Sto= AL - <H'.&>1
and
[Se. 58] = [AL,, ALl
[Sousﬂ] = [AﬁavA&ﬁ]a
[Sa. S5 = [Ag. ALl
Therefore, it is clear that
) ) Lo 1/2
1LV.Vr < € 2 \2 b 0 072 2 Q)2 ' 1
/ —n<n_1>{4fz” (= 1%+ 3 3 (02 SEP + S+ S+ 1S5 511 >} (5.16)

n [19], Lu proved following theorem.

Theorem 5.3 ( [19]). For every set { B, ..., By} of symmetric (n x n)-matrices with trace zero the following inequality
holds:

n

S [l1Ba, Bsll < ZHB %)

a,B=1

By Theorem 5.3, (5.16) can be written as

* C *
ooy < L f' Z S22 + ZH 15,12 + Z I1; 1

lc| 4 02 1 2 1 2
< =t _— — 7. 17
S e K G s K s ] R (5.17)
Using (5.7) in (5.17), we get
2
LV o |C| 8 012 19,V.V" _ 2c 2(f") 1
—4 | H° ||2+HH||2+|| H*|]?

On the other hand normalized scalar curvature p° of M™ with respect to Levi-civita connection V' can be
obtained as

0 ¢ (f")? 1 2 02 02
P (Ei 12 )Jrn(n—l)[n | H” [ = 27 7] (5.19)
(see [24]).
Now, if we set || 79 [|2=|| h° ||> —n || H° ||? in (5.19), then we get
o_ ¢ (f")? 02 1 0|2
= (er B )+ H | “an—1) 11" (5.20)

In view of the equations (5.18) and (5.19), we have

1V, v

p < 2pVV

~ 8+ 7f | —c+4(P)
4 EC P HP P

which completes the proof.

O
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Corollary 5.1. Let (R, dt,® V) be a trivial statistical manifold and N(c = 0) = C" be a holomorphic statistical space
form. If M™ be a Legendrian submanifold of the statistical Kenmotsu manifold R x .. C", then we get

YV <2V 0 A HO P | H | H P

In this case R x .. C" is locally isometric to the hyperbolic space H*"1(—1).

Corollary 5.2. Let (R,dt,® V) be a trivial statistical manifold and N (c) be a holomorphic statistical space form. If M™
be a Legendrian submanifold of the statistical cosymplectic manifold R x N (c), then we have

* * * 1
pJ_V,V SZPV’V —8p0+4HH0 ||2+HH||2+”H ”2—&—1(2‘C|—C).
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