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Abstract: In this paper, some new generalized results related to thhded and the right-hand of the Hermite-Hadamard ingtjesll
for the class of functions whose derivatives are strosgignvex functions in the second sense are established. B@vieus results
are also recaptured as a special case.
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1 Introduction

In this section, we firstly list several definitions and somewn results.

Definition 1. Afunction f : 1 — R, @ # | C R, issaid to be convex on | if the inequality
ftx+ (1—-t)y) <tf(x)+ (1—t)f(y)

holdsfor all xy e | andt € [0,1].

Many inequalities have been established for convex funstimut the most famous inequality is the Hermite-Hadamards
inequality, due to its rich geometrical significance andlapgons(f], [12, p.137]). These inequalities state that if
f :1 C R— Ris a convex function on the intervhbf real numbers and, b € | with a < b, then

b
f(LJ;’) Sbfla/a f(x)dx < M. )

Both inequalities hold in the reversed directiorf ifs concave. We note that Hadamards inequality may be redasla
refinement of the concept of convexity and it follows easilynfi Jensens inequality. Hadamards inequality for convex
functions has received renewed attention in recent yeatsaaemarkable variety of refinements and generalizations
have been found (see, for exampld,[[5],[11],[16],[18]) and the references cited therein.

In [6], Hudzik and Maligranda considered, among others, thesa@&functions which are s- convex in the second sense.
This class is defined in the following way: a functidn: [0,) — R is said to be s-convex in the second sense if

f (tx+ (L—t)y) <tSF(X)+ (1—1)5F(y)
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holds forx,y € [0,) , t € [0,1] and for some fixed € [0,1]. This class of s-convex functions in the second sense is
usually byK3.
It can be easily see that fe= 1 s-convexity reduces to the ordinary convexity of funcsidefined or0, «) .

Definition 2. [13] A function f : | — R iscalled strongly s-convex with modulus ¢ if
f(tx+ (L—t)y) <tSF(X) + (1—-t)Sf(y) —ct(1—t)(b—a)>

In [1], Angulo et al. proved the following Hermite-Hadamard typequality for stronglyh—convex function.

Theorem 1.Let h: (0,1) — (0,) be a given function. If a function f : | C R — R is Lebesgue integrable and strongly
h—convex with modulus ¢ > 0, then

1

b
1 a+b c 1 c
e [f( 5 )+1—2(b a)}§ﬁa/f(x)dxg(f(a)+f(b))o/h(t)dt—(—s(b—a)z )

forallabel,a<hb.

Corollary 1. Supposethat f : [0,0) — R isa strongly s—convex function in the second sense with modulus ¢ > 0, where
se (0,1) (i.eh(t) =t%in (2)), then following inequalities hold;

251{1‘ (izb) ° b-a) ]gﬁ/bf < Sii(b) g(b—a)z. 3)

For more information and recent developments on ineqaalifior strongly convex function, please refer to

([11.(3].[8].[9],[10],[19,[17],[19].[20F).-

To prove our main results, we consider the following Lemmiasrgby Sarikaya et al. inl4] and Kiris and Sarikaya in
[7], respectively:

Lemma 1.Let f : 1 — R be a differantiable mapping on 1° where a,b € | with a < b. If f’ € L [a, b], then we have

b b
/p x)dx = (m— n)f(a—;b)+(b—m)f(b)+(n—a)f(a)—/f(x)dx @)

where

forne [a 22] andme [252,b].
Lemma 2.Let f : 1 — R be a differantiable mapping on I° wherea,b € | witha < b. If f' € L [a, b], then we have

at+b

n 7 m /b n+m, /a+b
ﬁ/a f(x)dx+mf%_bf(x)dx— ) f(T)_(b—a)wf 5)
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wherewf = fo%n1f’((ta)+(17t)b)dt+f%ln(1ft)f’((ta)+(1ft)b)dt ,n,m>0

The aim of the paper is to establish some new generalized ibeHadamard inequalities for function whose derivatives
absolute values are strongly-convex.

2 Main results

Firstly, we will give some calculated integrals which used main results:

a+b

g

Z(b— n)s+2 (b— n)(bf a)s+l [25+l+ 1] (bf a)s+2 [Zs,JrzJr 1}

a/|xn|(bx)5dx G T ) T )
b

s_ 2(b—ms2 (b—a)**?  (b—m)(b—a)>"
4 =MbY= 72 T %sr2) | FisrD) %

b

-
.

s  2h—a? (b—a)®? (n—a)b—a)s
x=nlx—a)ix= st T 5712 T isry) ®

S z(m_ a)HZ (m— a)(bf a)s+l [25+1+ 1} (b— a)s+2 [25+2 + 1]
Ix—m|(x—a)*dx= cr D12 (s 1) + 2572 9)

\D‘ m\m‘

I
T+
o

(b—a)(n—a)® (n—a)* N 5b-a)* (n—a)(b—a)?

P

[x—n|(b—x)(x—a)dx= 3 B 197 12 (10)
and

b

' b—a)b—m)?3 (b—m)* b—a)* (b—m)(b—a)d

4|x—m|(b—x)(x—a)dx:( a)(3 m”_( 6m) +5(192a) _ m>1(2 2) . (112)

Theorem 2.Let f : 1 — R bea differantiable mapping on |9 wherea, b € | with a < b. If | f| is strongly s-convex on [a, b],
for some s € (0, 1] with modulus ¢ > 0, then following inequality holds:

< 12)

[f(a)] |2[(b—m)*"2+ (b—n)*?]
(b—a)® (s+1)(s+2)

b
(m=n)f (izb) +(b—m)f(b)+(n—a)f(a)—./f(x)dx

(2b—n—m)(b—a)>*! (b—n)(b—a)st! N (b—a)st2 (251 4 1]

|/(b)] l2[<b—m>s+2+<b—n>w]

2st1(s+1) (s+1) 25t1(s+2) (b—a)® (s+1)(s+2)
(m+n-2a)(b—a)st (m-a)(b—a)st (b—a)st2[251+1]
; 25t1(s4 1) B (s+1) 25t1(s42)
(n—a@+b-m3 (n-a)?*+(b-m?* 5b-a)* ((b—a)—(m-n))(b—a)
—c|b-a) 3 - 6 T 12 }

for ne [a,22] andme [252,b].

(© 2017 BISKA Bilisim Technology


www.ntmsci.com

(_/
s BISKA Y. Erdem, H. Ogunmez and H. Budak: Some generalized indigsatif Hermite-Hadamard type...

Proof. Taking modulus in Lemma and using the stronglsg—convexity of| f’|, we have

a+b

b
(mn)f( . )+(bm)f(b)+(na)f(a)/f(x)dx

atb

3 b
§/|x—n|]f’(x)\dx+ / Ix—ml | (x)| dx (13)
ap :
b—x ' X X—a
a/|xn|f<ma+mb> dx+4|xm|f<b—a mb) dx
%b 2
b—x\$ A\S
g/|xn|[(b—;) \f’(a)|+()t§—2) \f’(b)\c(bx)(xa)} dx
b
b—x\S A\ S
+/|x—m|[(b—;) ]f’(a)]+()t;—z) ]f’(b)]—c(b—x)(x—a)] dx
atb
/ 7 b
_ (';_(52)'5 a/|xn| (bx)sdx+a4 Ix—mj (b—x)%dx
A

atb

KON 7 .
as / IX—n[(x—a) dx+./ |x—m| (x—a)>dx

+(b—

a ath
2

atb

2 b
—c /|x—n|(b—x)(x—a)dx+/|xfm|(b—x)(x—a)dx .

atb
2

If we substitute the equalitie§)-(11) in (13), then we obtain required resultd).

Remark. If we choosan= b, n=ain Theorem2, then we have

f (izb) —ﬁ/bf(x)dx

a

< (b-a)

s+l 1 |f'(a)|+|f'(b)|] 5c
25(s+1)(5+2) [ 2 ] 96

Remark. If we choosem= n= 252 in Theoren®, then we have

oL [|f’(a)| +f'(b)

C
25(s1 1) (51 2) 2 ] 3P~
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Remark. If we choosem= &3, n= 2£8 in Theoren?, then we have

b
1 a+b 1 2x 552 (4-9)65T1 - 2x 35124 2
L i@ar (252) 1) - 52 f e

a

=(b-3) 62(s+1)(s12)

[ @]+]f'(b)]]

67

 2x 64 c(b—a)®

Forc =0 it reduces to the Hermite—Hadamard-type inequalities-fonvex functions proved by Sarikaya et al. 21]

Theorem 3.Let f : | — R be a differantiable mapping on 1° where a,b € | with a < b. If |f/|9 is strongly s—convex on
[a,b] for some s € (0, 1] with modulusc > 0, then following inequality holds.

a+b ; a)% a+b p+1]
(m—n)f(—)+(b—m)f(b) (n—a)f /f a7 (n—a)p“—f—(——n)
2 1 2
a
p1]3
1 o a+b
x<m[[2s+11}}f )"+ (b ) (b— mp+1+<m7> ] (14)
o [ @]+ [t —1] |f'(b
25t1(s+1)
for ne [a, 252 andme [252,b] wherep,q> 1, 1+ =1.
Proof. From Lemmal and by using the Holder inequality , then we have
o b
(m—n)f (%) +(b—m)f(b)+(n—a)f(a)—/f(x)dx
a
ath
ajb
= [ Ix=nl]f'(x \dx+/|x m) | ()| dx (15)
a a+b
asp B /g a ) 5 i
< /|xfn|pdx /|f’(x)\qu + /|xfm|pdx /\f (x)|“dx
a a at+b a+b
ab
pr1]s [ 2
1 . (n—a)p+l+(a—J2rb—n) ] /\f’(x)\qu
(p+1)P a
1
pi1]5 [ B ‘
+ 1 T (bm)p+l+<m a_erb) ] /|f’(x)|qu
(p_|_]_)p atb
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Using the stronglg-convexity of| /|9, we have

b
(mmf<3§9)+(bmfm)un@f@)!/fumx (16)
< 1 1 [(n a)p+1+(a+b_ )D+l]p

(p+1)°
< /KH) \f’(a)\qu()t:TZ) \f'(b)\“c(bx)(xa)] dx
] -
+|(b m)p+1+<ma—J2rb)p+]
b . a
x L/[(g_g) H%aﬂq+(%:g)|f%mw(Xbxﬂxaﬂdx
By simple computation, we have
%) s i s (bf a)s+l [25+l — 1}
a/(b—x) dx:ﬁé (x—a)de= g (7)
7 P e -ar
a/(xa) dxé(bx) dx:m (18)
2P b b a?
/(b—x)(x—a)dx:/(b—x)(x—a)dx:( Iza) : (19)

If we substitute the equalitied 7)-(19) in (16), then we obtain resultld).

Corollary 2. If we choose m= b and n = a in Theorem 3, then we have

f(a—;b> —/bf(x)dx

1

_ %) s+1 ! q 1 q )2\ @
s 1) {([z r@F+ O b a)) 0)

p+1 25(s+1) 6

F@P 21 (b-a?)]
*( 25(s+ 1) “5 '
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Remark. Choosings= 1 in Corollary2, we obtain the inequality

b 1 1
a+b b—a/ 1 \? ) [3]f@+|f'®)* (b—a))"
f(—?ﬁz*“mxﬁir(a:ﬂ {( 2 BT )

F@E 3BT (b-a?)]
(rerspmor_ vy

Corollary 3. If wechoosem=n= a—szb in Theorem 3, then we have

1

ba( 1 >é{(pw‘l}|f’<<’=1>lq+|f’<b>|qC<ba>2>a (21)

b

f(a) + f(b) /
S0 [ty <
2 / e e 2571 (54 1) 12

[f(@)%+ [2571 1] [f'(B)|*  (b—a)? d
+ (51 1) “1 '

Remark. Choosings= 1 in Corollary3, we obtain the inequality

b—a/ 1 \b [ [3F@° LB (b-a?)
x§T<pT1> {( 2 12 )

. (|f'<a>|(‘+3|f'<b>|q _C<b—a>2>%'}.

b
f(a)erf(b) —/f(x)d

4 12

Corollary 4. 1f we choose m= 253 and n = %P in Theorem 3, then we have

1
b—a /2Pl 1\P
< - 22
7% (6<p+1>) (22)

1 a+b ;
5 [f(a)+4f (T) +f(b)} —/f<><)d><
x { (Egrareren_ o), (e e C<ba>2)%}.

25t1(s+1) 12 25t1(s+1) 12

Remark. Choosings= 1 in Corollary3, we obtain the inequality

: [f<a>+4f (a—;b) +f<b>} —a/bf<x>dx

1

_b-a (zp+1+1)é { <3|f’(a)|q+|f’(b)|q _C(b—a)2>q

=712 \3(p+1) 4 12

F@P 3B (b-aP)]
+< 4 12 ) }
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Theorem 4. Let f : 1 — R be a differantiable mapping on 1° where a,b € | with a < b. If |f/| is strongly s—convex on
[a,b] for some s € (0, 1] with modulusc > 0, then following inequality holds.
m 25t2 53

n [z m b n+m, /a+b /
bal, ”X>dx+m./%bf<x>dx‘ 7 f(T) §<b‘a>{[zs+2(s+z>+”zs+z(s+1><s+z) @)

m 2572 53 , 5¢c(m+n)
+[25+2(s+2)+n25+2(s+1)(s+2)]‘f(b)‘ 192 (ba)z} (23)

wheren € [a,2 b] me [a”’ b].

Proof. From Lemma2 and using strongly s-convex of |, we have

at+b

n [z m P n+m, /a+b
—bia./a f(x)dx+—ba/%_bf(x)dx— ) f(—z)

< (b—a){/Ozrrt]f’((ta)Jr(l—t)b)\dt

+/lln(l—t)|f’((ta) \dt} (b— a){/% [ @]+ (1% ()]~ ct (1-1) (b~ 2)?]
+/ 1-1) [t/ (@) + (2~ 1°| ¥ (b)| — et (1-1) (b~ a)}} (24)
— (b— a{myf y/ t*1dt + m| ' (b \/ ot — (b—a)zl/jtz(l—t)dt
+n|f'(a \/ 1-t)tSdt+n|f' (b ]/ t)5 1t — (b—a)zl/_;t(l—t)zdt}.

Using the facts that

.1 1
2 s+l :/ _ s+1 _ 1
./Ot = [, (10 = e

2
1

L s 1 oS 252 _5_3
/0 t(1-t) dt_/% (-0 = s gy

i, 1 2 5
/O t (17t)dt:/%t(1ft) dt=—

and

one can obtain required result.

Remark. If we choosen= nin Theoren¥, then Theorem reduces to Remark

Corollary 5. Under assumption of Theorem 4 with s= 1, we have

athb b B
/T X) dx+ % G ”;mf (a; b> gb24a [(m+2n) | ' (8)| + (2m+ ) | (b)]]
5¢c(m+n)
fT(bfa)g’. (25)
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Theorem 5.Let f : | — R be a differantiable mapping on 1° where a,b € | with a < b. If |f/|9 is strongly s—convex on
[a,b] for some s € (0, 1] with modulusc > 0, then following inequality holds::

at+b

n [z m P n+m, fa+b
—bia/a f(x)dx+—ba/%bf(x)dx— - f(—2 )’

boa/ 1\ (IF@EITOFZ-1 cb-a?)]

<> (7) {m< 2o 6 .
F@P[ZE-1+ B cbaf)?

o (511 " 6

wheren € [a, 25P] ,me [252 b] and%wL%1 =1.

Proof. From Lemma2 and using Holder Inequality, then we have

atb

n [z m P n+m, /a+b
—bia./a f(x)dx+—ba/%_bf(x)dx— ) f(—z )‘

/Olrrt|f (tat+(1-t)b |dt+/ 1-t)|f' (ta+ (1 \dt}
(/o% (m)pdt>ﬁ (/o% \f’(ta+(1—t)b)\th>%
+</llnp(1t)pdt)%</ll|f’(ta+(1t)b)|th) }

Using stronglys-convexity of| f/|%;

/f dx+—/f x) dx n+mf(l)‘ (b— a){(/j(m)%t)

wherefy, = (@L [’[S| f’(a)|q+ (17t)s| f/(b)|qf ct(1-t) (b,a)z} dt)

inequality £6) can be easily established.

<(b-a)

<(b—a)

ak

1
5 1

O+ (/; [n(lt)pdt]) i em}

andl = %b By simple computation, the desired

ol

Remark. If we choosem = nin Theorenb, then Theorend reduces to Remark

Corollary 6. Under assumption of Theorem 4 with s= 1, we have

atb b

n [z m n+m_/a+b b—a/ 1
_ AL - <
et L Sy AR TCL S f( ; )‘_ ; (p+1)

2

ol
QalR

Q-
W—’

{m(@q)3 +n(6p) (27)

(@) "(b)|? 1(q)]9 1|9
where 6, = (3|f (@] 4+|f o c(baa)z) and 6 — (|f @) :3|f o) C(b6a)2)
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3 Conclusions

In this study, we presented some generalized Hermite tygguilities for the mappings whose derivatives are strongly
s-convex functions in the second sense are establishedrtlefustudy could be assess weighted versions of these
inequalities.
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