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Abstract. In this work, we deal with an ill-posed boundary value problem for multidimensional second-order
evolution equations with variable coefficients. By using the given data, we reduce the problem to a functional
equation and we obtain a new representation for the solution by means of the Hurwitz formula.
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ikinci Mertebeden Evrim Denklemleri icin Koétii Konulmus Bir Simir
Deger Probleminin Coziimii Uzerine

Ozet. Bu ¢alismada, cok boyutlu degisken katsayil ikinci mertebeden evrim denklemleri i¢in bir kotii konulmus
sinir deger problemi ele alinmistir. Veriler kullanilarak problem bir fonksiyonel denkleme indirgenmis ve
Hurwitz formiilii yardimiyla bir ¢6ziim elde edilmistir.

Anahtar Kelimeler: Ikinci mertebeden evrim denklemi, kotii konulmus problem, fonksiyonel denklem, Hurwitz
formiilii.

1. INTRODUCTION

In this paper, we present a new representation for the solution of a boundary value problem for
multidimensional second-order partial differential equations with variable coefficients. Our method based
on the reduction of the problem to a functional equation and use of the Hurwitz formula. We first use our
method for an ill-posed problem for the one-dimensional wave equation and then generalize our result for
multidimensional second-order differential equations. As an example of recent studies, we refer to [1],
where some new representations of the solutions and coefficients of second-order differential equations
are given based on the algebraic-analytical identities.

2. AN ILL-POSED PROBLEM FOR THE ONE-DIMENSIONAL WAVE EQUATION

In this section, we shall obtain a new representation for the solution of an ill-posed problem for the one-
dimensional wave equation
wxt) _ 0%w(xt)

T T oz ,(x,t)eD x [0,T], (1)

with the boundary data

w(x,t)|t=¢ = s0(x), w(x, t)|t=r = sp(x),xeD, 2)
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where D = {xeR!: |x| < 7,0 < t}. It is known that equation (1) has a general solution
wxt)=fx+t)+glx—1), (3)

where f(x) and g(x) are entire functions.

We shall first consider the following boundary value problem:

Problem 1. Find the functions f (x), g(x), xeD in (3) by data (2).

Theorem 1. Let solution (3) of equation (1) be satisfy boundary data (2). If sy(x), sp(x), xeD are entire
functions, then the formulas

fG) = Tio 5@ e (37) + P (),
9(0) = 50(0) — £ (@),

are valid, where s;, are the coefficients in the power series expansion of s(x) = sy (x + t) — so(x),

k! e -1 du
lpk(x) - Eflul:@k_l_l)nmm; k= 0,1,2,

and p(x) is an arbitrary entire function with period 2T.
Proof. By using data (2), (3) we can have following equations for f(x) and g(x)

so(x) = f(x) + g(x), (4)

s; (X)) =f(x+T)+g(x—T),—0 < x < oo, (5)
In equation (5), we replaced x by x + T to have

sp(x+T) = f(x+2T) + g(x). (6)
Then by (4), (6) we obtain the functional equation

fOx+2T) = f(x) +s(x) ()
for f(x), where s(x) = sp(x + T) — so(x).

On the other hand, from Section 8 of Chapter 2 in [2], we know the following result for the functional
equations of type (7):

Let the function f(z) be an entire function with z = x + iy, i? = —1 such that
fz+h)=f(z)+a(z),h=h,+ih, #0, 8)

where a(z) is a given entire function. Moreover, we set a(z) = Yy, axz*. Then the function

fo(@) = T arh* i () (9)
satisfies equation (8), where

e%? -1 du

k!
V@) = 5 hui=rrnyn gy e K = 012, (10)
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To obtain the general solution of functional equation (8) in terms of entire functions, it is sufficient to add
an arbitrary entire function p(z) with period h, that is, f (z) = f,(2) + p(2).

Remark 1. In the special case, if f(z + 1) = f(z) + 2z, then it is easy to find a particular solution of this
equation in the form of a polynomial of degree k + 1. This is the Bernoulli polynomial By, (z) which is
determined up to a constant term, i.e., f(z) = By41(z) and

e%Z-1 By+1(2)
eU—1 = Zl?:()k-'-k—l!ukJ |u| < ZT[

Now, let us return to our problem. By Hurwitz's formula (9), the entire particular solution of equation (7)
is obtained as follows:

fol®) = Biosk @D P (%).T > 0, (11)

provided that s(x) in (7) is an entire function, s(x) := Y%, skx*, where the functions v, are defined in
(10). Hence, the general solution of (7) can be written as

fx) = fo(x) +p(x),
where p(x) is an arbitrary entire function with period 2T.

Moreover, the entire function g(x) can be determined from relation (4):

9(x) = so(x) — f (),
and so entire solution (3) of equation (1) is obtained.

It is worth noting that we have equations for f(x),g(x) when xeD only but we can also find
f(2), g(2), zeC* because f(z), g(z) are entire functions and then x = Z|y=o.

Remark 2. Problem 1 is ill-posed, because

a) The entire data sy(x),sy(x) are determined by only xeD, but in the Hurwitz's formula and
formula for the solution w(x, t), the continuous extension of these entire data from domain D to
the complex space is necessary.

b) The function p(z) is arbitrary periodic and we have nonstability and nonuniqueness.

3. NEW REPRESENTATION FOR THE SOLUTION OF A GENERAL SECOND-ORDER
DIFFERENTIAL EQUATION

Let D be an open domain in R™, for example D = {x:|x| < 7,0 < t}. We assume that a;;(x), a;; =
aj;,i,j =1.2,,..,n, are fixed complex valued continuous functions, v(x)eC?(D) is fixed complex
valued function such that

dv 0
v(x) # const, Y=, aij(x)a—;a—; # 0,B — Cv(x) # 0,xeD,

B, C are constants.

In the future, we shall consider the second-order equation with known complex valued coefficients

0%w dw v

0%w _
AX) S5 = =1 aij (%) oxi0x, +u(x) XF =1 a5 (x) mox = Lw, (12)
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where

v ov 1 2CA(x)
AG) = o 1y (T2 7%, W) = =315 [ ook + o @4 () 5]

If the coefficients in (12) are real and A(x) > 0,%-; a;;(x)§; &5 = K|&|?,K > 0, then (12) is a
hyperbolic equation.

In the case of n = 1 and a4 (x) = a(x), equation (12) has a form

a(x)(v (x)) 9tz oaxz (B—cv(x))

7 aw(3)

and if all functions are real, then

20%0 0w 1 [zm(x)(v’(x)) a(x)v”(x)] v'(x), a(x) (v’ (x)) >0

cztx)za(x)(v’(x))z is velocity and p(x) =

v 2Ca(x)(v’(x))2
an (L)’ (B-vw)

+ a(x)v”(x)] is pressure.

Then we have the following lemma.

Lemma 1. Let f(z), g(2), zeC! be arbitrary entire functions. Then the solution w(x, t) of (12) has a form

w(x,t) = [f ) +6) + g(w(x) — O] + &(x,0), (13)

(B- Cv(x))
2
where @(x, t) is a common solution for n > 1, that is, A(x)% =L and @(x,t) =0forn = 1.

Proof. By relation (13), we have

%w 1 " " 2%
2 = oy S WO + 0+ 9" - O] + 55, (14)
v
dw _ Caxlf @)+ +g(w(x)-1)] 1 o ., , 9%
R T ACCRD R G ORI s (15)
and
2w 2Ci(f+9) v v c(f+g) 0%v 2¢(f'+g") v v (r'"+g'") v v

dxidx; (B—Cv(x))3 dx; 0x; (B—C];(x))z dx;0x; (B—Cv(x))z dx;0xj  (B—Cv(x)) ax; ax]

(F'+g') 9% | 0@

+ (B—Cv(x)) 0x;0x; = 0x;0x; (16)
By (14)-(16), we can see that identity (12) holds.
Now, we shall consider the following boundary value problem.
Problem 2. Find the functions f(z), g(z), zeC* in (13) if the data
W|t=g = o (%), W|t=r = W7 (%), B|t=g = Do (%), B|¢=r = D7 (x) 17)

are known forn > 1.

In (17), @y (x), @y (x), xeD, can be regarded as noises. It is clear that @y (x) = @y (x) = 0 forn = 1.
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Next, we introduce the functions
So(x) = wo(x) — @y (x),S7(x) = wr(x) — @r(x), xeD,

where
Ble=o = Bo(0) = o) — ooy I (V) + 9 (v ()]

Ble=r = &r(x) = wr(x) — m [fwG) +T) +gw(x) -]
Moreover, we set
S(wx)) = (B—Cwx) +T))Sr(w(x) + T) — (B — Cv(x))So(v(x)) := Ti=o Sk z*
Hence, we have the following theorem.
Theorem 2. Let solution (13) of equation (12) satisfy data (17). Then the formulas
(@) = B0 5@ ¥ (5) + P (),
9(z) = (B = C2)Sp(2) — f(2),
are valid, where P(z) is an arbitrary entire function with period 2T.
Proof. By using (13), (17) we can write
(B = Cv(0)So(v() = f(v() + g(v(x)),
(B = Cv(0)Sr(v(®) = [f (w(x) + T) + g(v(x) - T)].
In the last equality, we replace v(x) by v(x) + T to have
(B—Clwx) +1))Sr(w(x) +T) = [f(w(x) + 2T) + g(v(x))].
Then from (20), (22) we obtain
fw(x) +2T) = f(v(x)) + S(v(x)),
where
S(v(x)) = (B - Cw(x) + T))Sr(w(x) + T) — (B — Cv(x))Se(v(x)).
Finally, taking v(x) = z yields the functional equation

f(z+2T)=f(z) +S(2)

z=v(x)"

(18)

(19)

(20)

(21)

(22)

for f(z) and then by Hurwitz’s formula we obtain (18). The entire function g(z) can be calculated by the

formula

9(z) = (B = Cz)Sp(2) — f(2).

Thus, Theorem 2 is proved.
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Example 1. If n =1,a,;(x) =1, v(x) =x,B=1,C = 0,@,(x) = 0,@7(x) = 0in (12), (13), then we
have

w _ 0%w
a2~ 9x2’

and
wo(¥) = f(x) + g(x), wr(x) = f(x +T) + g(x — T),xeD c R*,

for the entire functions f(z), g(z),zeC*.

1 i=j
Example 2. If n = 3,a;;(x) = §;; = {0 i ij. ,v(x) = |x|,x # 0,B = 0,C = —1, then we have
2w
ﬁ— Aw,

and (13) has the following form

0@, t) = =[xl + 0 + gzl - O] + 6(x, ),

2~
where 'ZT‘;’ = A®, that is, @ is a common solution. Here the boundary value problem is to find the entire
. ~ 1

functions f(2), g(2), zeC' for Sp(x) = we(x) — @o(x) = o L UxD + g(xD]L, Sr(x) = wr(x) —
~ 1

@r() = S Uxl +T) + g (x| = D]

Here we note that, in the complex case, all the functions including v(x) are complex and the solution,
data and the other functions should be entire. Example 2 is not correct in this case. But in the real case,

all the functions are real and in the special hyperbolic case we have different variants. It is clear that f
and g must be entire. Example 2 is correct in this case without x = 0.
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