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Abstract. In this paper, we investigate the surfaces generated by binormal motion of Bertrand curves, which is
called Razzaboni surface, in Minkowski 3-space. We discussed the geometric properties of these surfaces in
M3 with respect to the character of Bertrand geodesics. Then, we define the Razzaboni transformation for a
given Razzaboni surface. In other words, we prove that there exists a dual of Razzaboni surface for each case.
Finally, we show that Razzaboni transformation maps the surface o, which has Bertrand geodesic with constant
curvature, to the surface ¢* whose Bertrand geodesic also has constant curvature with opposite sign.

Keywords: Razzaboni surface, Minkowski space.

Minkowski-3 Uzayinda Yiizeylerin Razzaboni Déniisiimii Uzerine

Ozet. Bu calismada, Minkowski-3 uzayinda, Bertrand egrilerin binormal hareketi ile meydana gelen, Razzaboni
yiizeyi adi verilen yiizeyler incelenmistir. Minkowski-3 uzaymdaki bu yiizeylerin geometrik 6zelliklerini
Bertrand geodeziklerin karakterine bagli olarak tartistitk. Daha sonra, verilen bir Razzaboni yiizeyi i¢in
Razzaboni doniisiimiini tanimladik. Diger bir deyisle, her durum i¢in Razzaboni ylizeyinin bir duali oldugunu
ispatladik. Son olarak, Razzaboni doniisiimlerinin; sabit egrilikli Bertrand geodezige sahip ¢ yiizeyini; isareti
ters olmak iizere ayni sabit egrilikli Bertrand geodezige sahip o * ylizeyine doniistiirdiigiinii gosterdik.

Anahtar Kelimeler: Razzaboni yiizeyi, Minkowski uzay1.

1. INTRODUCTION

Bertrand curves are well-studied classical curves in Euclidean space and Lorentzian space [1, 2]. Curves
of constant curvature or torsion constitute particular Bertrand curves; and Bertrand curve shares its
principal normals with another Bertrand curve, which is called Bertrand mate. The surfaces, which admit
geodesic embedding of Bertrand curves, were deeply studied by Amilcare Razzaboni [3]. Then the class
of surfaces with Bertrand geodesics came to be called Razzaboni surfaces [4]. In particular, Razzaboni
surfaces, which have Bertrand geodesics with constant curvature or torsion, were discussed in earlier work
of Razzaboni [5, 6].

The Razzaboni surface can be considered as a surface which is generated by binormal motion of Bertrand
curve [4]. The binormal motion of curves with constant curvature and torsion is discussed in [7, 8]. On
the other hand, motion of timelike surfaces in timelike geodesic coordinates is examined in the study [9].
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In this study, we investigate the Razzaboni surfaces in Minkowski 3-space in three different cases. The
geometric properties of Razzaboni surfaces in geodesic coordinates are stated for each case. And, we
define Razzaboni transformation for a given Razzaboni surface in M3. Then, we examine the curvature
and torsion of the Bertrand geodesics of dual Razzaboni surface. Moreover, the Gaussian curvature of
Razzaboni surface is given for each case. Finally, the dual Razzaboni surfaces are examined which have
geodesics with constant torsion or curvature, respectively.

2. PRELIMINARIES

In this part, we give a brief summary of Razzaboni surface in Euclidean 3- Space, [4]. Then, some essential
properties of curves in Minkowski 3-space are given to provide the necessary background [10, 11].

Definition 1 Two curves which, at any point, have a common principal normal vector are called Bertrand
curves. Moreover, curves for which there exists constants A and B such that

Ak + Bt =1
are also known as Bertrand curves. Here «k is the curvature and 7 is the torsion of the curve.

We know that a curve is a geodesic on a surface ¢ if and only if the principal normal of the curve is
parallel to the normal N of the surface. This means that if the surface o is spanned by one parameter
family of geodesic Bertrand curves « with the same constants A and B then the Bertrand mate a* form a
parallel surface o* on which they are likewise geodesics [4].

Let 0 = g(u,v) be a one parameter family of geodesics with geodesic coordinates. Then the first
fundamental form of the surface is of the form

I = du? + 22dv?.

Here, u — parameter curves are unit speed geodesics and v — parameter curves form the orthogonal
parallels. Since g, L a,, and principal normal n of the geodesics is orthogonal to the surface, then the
tangent vectors of coordinate line should be of the form

oy, =to,=Ab

where b denotes the binormal vector field of the geodesics. The surface o is generated by the motion of a
inextensible curve in binormal direction with the speed A. Thus, a Razzaboni surface can be considered
as a surface which is generated by binormal motion of Bertrand curve with the same constants A and B.
The variation of Frenet Frame {t,n, b} of the geodesics in u — direction is given by Serret Frenet

=B o, allid

The variation of {t,n, b} in v — direction should be of the form

t (04
n] = [—a 0
by _.B v 0
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By using the compatibility condition a,,,, = 7, We get
an + Bb = —tAn + A, b.

Thus, the variation of {t,n, b} in v — direction becomes

t 0 —TA Ay rt
[n] = [TA 0 y ] [n]
b, -4, -y 01
The compatibility conditions t,, = t,,, ny, = ny, and by, = b, gives the following undetermined
system
Ky = =274y — T4,
Ty = Yy + KAy,
A = T2 A + Ky

The above system can be considered as the Gauss-Minardi-Codazzi equations for the surface with
geodesic coordinates. If the constraint

Axk+ Bt =1
is imposed then the system is well determined and the surface is guaranteed to be a Razzaboni surface [4].

In the case of A = 0, the geodesics have constant torsion. Choosing B = 7 = 1 without loss of generality,
the system becomes

K, = =2y,
0=y, + Ky,
Ayu =1+ Ky,

This integrable system may be regarded as an extension of the sine-Gordon equation;
Y,» = sinW.
A single equation is obtained as follows:

7] -0
( vuug v)u + 60,0, =0
u

by setting k = 6,, and A = —%.

In the case of B = 0, the geodesics have constant curvature. Without loss of generality, choosing A =
Kk = 1, the system becomes

0 =-2t4, — 14,
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Ty =Yut+du
A = T2A + 7.

If wesetd = \F’ then the system reduces to

1 1
Ty = [(ﬁ)uu _T\/?‘i'ﬁ .

which represents an extension of the Dym equation

1
Ty = (ﬁ)uuu-

It can be noted that, the extended Dym equation is generated by binormal motion of an inextensible curve

with the speed % For further discussions about the Razzaboni surfaces, the readers are referred to [4].

The Minkowski 3-space, denoted by M3, is Euclidean 3-space equipped with Lorentzian inner product
(u, v>]L = _ulvl + UZUZ + u3173

where u = (uq, up, u3), v = (v, V5, v3) € M3, Lorentzian inner product characterizes the elements u =
(uy, up, ug) of M3,

if (u,u);, > 0 or u = 0 then w is called spacelike,
if (u,u)y, < 0 then u is called timelike,

if (u,u);, = 0 and u # 0 then u is called lightlike or null.

The norm of u = (uy,uy, uz) € M3 is defined by ||u|| = /|{u, u)|. Lorentzian vector product of u =
(uq, up, uz) and v = (vy, v,,v3) € M3 is defined by

—€e € €3
Uy Uz us|.
12 vy, Vs

u><]Lv=

For details, see [12-14].

A curve a in M2 is called timelike, spacelike or null if and only if tangent vector field ¢ of « is timelike,
spacelike or null, respectively. Let a(s) be a unit speed nonlightlike curve in M3, ie., (a’,a’), = & =
+1. The constant &, is called the casual character of a. Frenet frame field {t, n, b}, which is an orthonormal
field along «, satisfies the Serret-Frenet equation:

R
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The functions k > 0 and t are called the curvature and torsion, respectively. The constants &, = (n,n);,
and g5 = (b, b)y, are called the second casual character and third casual character of a, respectively [10-
12].

3. RAZZABONI TRANSFORMATION OF SURFACES IN MINKOWSKI 3-SPACE
In this part, Razzaboni surfaces in Minkowski 3-space are investigated in three different cases.
Case 1: Geodesic Bertrand curves of Razzaboni surface have timelike principal normal.

Let ¢ = o(u, v) be a one parameter family of geodesic Bertrand curve with timelike principal normals in
M3. And let u and v be the geodesic coordinates of the Razzaboni surface . Then the first fundamental
form of the surface is of the form

I = du? + A1%2dvZ.

Here u — parameter curves are unit speed spacelike Bertrand geodesics and v — parameter curves form
orthogonal spacelike parallels. Since (o, 6,,);, = 0 and the principal normal n of geodesics are normal to
the surface, then the tangent vectors of coordinate curves are given as

o, =tandag, =Ab

where b denotes the binormal vector field of geodesics. The variation of the Frenet Frame {¢t,n, b, } of
Bertrand geodesics in u — direction is obtained as follows:

A R

u

by setting (&1, €2, &3) = (1,—1,1) in Equation 1. The variation of {t,n, b} in v — direction must be in the

following form:
t 0 a Prt
[n] = [a 0 y] [n]
b -8 vy O0lbp

v
The compatibility condition a,,,, = g, implies that
an + b = (—At)n + A, b.

So, we get « = —At and § = A,,. Then the variation of {t,n, b} in v — direction becomes

t 0 —At Ayt
[n] = !—Ar 0 y ] [n]
bi, Ay Y 0 It

On the other hand, the compatibility condition t,,, = t,,, implies that
tuy = (—kn)y = (AkT)t + (—Ky)n + (—ky)b,

tou = (—Atn + A,b),, = (AkT)t + (—Aty, — 22, 7)n + (—kY)Db.
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S0 we get
Ky, = Aty + 24,T.
And by the compatibility condition n,,,, = n,,, we obtain
Nyy = (—kt — th), = (—kKy, + 4,0t + (kAT — ty)n + (—A kK — 7,)b,
Ny, = (—Att +yb), = (—A, 1 — Aty )t + (kAT — 7¥)n + (y)b.
Thus, we get
Ty = —AuK = V.
Finally, the compatibility condition b,,,, = b,,, gives that
by = (=), = (At*)t + (—1y)n + (—71¥)b,
byy = (=Aut +yn)y = (Ayy — KVt + (Ayk + y)n + (—77)b.
Then, we get
Ay = —AT% — Kky.
The system
K, = Aty + 22,7,
Ty = —Ayk = Yy,
Ay = =A% — Ky
may be regarded as the Gauss-Minardi-Codazzi equations for the surface. If the constraint
Axk+ Bt =1
is imposed then the system is well determined and the surface o is guaranteed to be a Razzaboni surface.

Now, let’s suppose that ¢ is a transformation between two Razzaboni surfaces in M3 defined as ¢* =
@(o). And let {t*,n*, b*} be the Frenet Frame of Bertrand geodesics of Razzaboni surface ¢*. Then the
u* — parameter curves are unit speed spacelike Bertrand geodesics and v* — parameter curves form
orthogonal spacelike parallels. If the following properties are satisfied

i) | —o*| = constant;
io—o" Lb;
iii) 0 —0* Lb"

iv) (b, b*); = constant,
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then ¢ is called a Razzaboni transformation and the surface o* is called dual Razzaboni surface of o. By
the first property, the distance between corresponding points of the surfaces is constant. So, we can write

o*(u,v) = p(c(u,v)) = o(u,v) + An(y, v).
Since the geodesics of the Razzaboni surfaces ¢ and ¢ * are Bertrand mates, we have n = n*. Also we get

o, = o, + An, = (1 — Ax)t — Atb = (Bt — Ab).

That is
t* = \/ﬁ(st—Ab).
Since b* = —t* X n*, we obtain
b = ﬁmt + Bb).
And

du* =+/A? + B2tdu.
Then, we have

(6" —0,b), = (An,b);, = 0,

1
c*—o0,b*)y = ——=(An, At + Bb); =0,
(b,b*), = —W(b,At + Bb)y, = Ny

Thus, the properties ii), iii) and iv) are also satisfied which means that ¢:0 — ¢* is a Razzaboni
transformation. On the other hand, we have

b= B A _ —kB+ At

t, — ——nN.
WA+ B T A2+ BT T (A2 + BT

Then, the curvature of Bertrand geodesic of dual Razzaboni surface is found as

oty = —kB + At i Bx — At
T e T T 02 e T T a2 1 B
Moreover, we have
be. = A - B b _—AK—BT _ -1
W T A2+ Bt v (A2 + B YT (A2 +BHr T (A2 +BYr
Then, we get
. . -1 1
T = (bu*,n )[L = <n, n)[L

(A% + B2)t T (AZ+ BY)r
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Thus, we have proved the following theorem.

Theorem 1. Let ¢ = o(u, v) be Razzaboni surface with geodesic Bertrand curve having timelike
principal normal. Then, the curvature and torsion of Bertrand geodesic of dual Razzaboni surface ¢* are
found as

. Bk — At
T+ B

1
U T @+ Y

respectively.
Case 2: Geodesic Bertrand curves of the Razzaboni surface have timelike binormals.

Let 0 = o(u, v) be a one parameter family of geodesic Bertrand curve with timelike binormals in M3,
And let u and v be the geodesic coordinates of the Razzaboni surface . Then the first fundamental form
of the surface is of the form

I = du? — 2%dv?.

Here the curves u — parameter curves are unit speed spacelike Bertrand geodesics and v — parameter
curves form orthogonal timelike parallels. Since (g, 6,,);, = 0 and the principal normal n of geodesics
are normal to the surface, then the tangent vectors of coordinate curves are given as

o, =tandag, = Ab

where b denotes the binormal vector field of geodesics. The variation of the Frenet Frame {¢t,n, b, } of
Bertrand geodesics in u — direction is obtained as follows:

bl - b

by setting (&4, €5, €3) = (1,1, —1) in Equation 1. The variation of {¢,n, b} in v — direction must be in the

following form:
t 0 a Pt
[n] = [—a’ 0 y] [n]
b gy 01lb

v
The compatibility condition a,,,, = g, implies that
an + b = (At)n + A, b.

So, we get @ = At and B = A,.. Then the variation of {t,n, b} in v — direction becomes

t 0 AT A1t
n| = [—AT 0 vy ] [n .
b\, A, v 01



Erdogdu, Ozdemir | Cumhuriyet Sci. J., Vol.40-1 (2019) 87-101

On the other hand, the compatibility condition t,,, = t,,, implies that
tuy = (kn)y = (—AkT)t + (1)1 + (ky)b,
tou = (Atn + A,b)y, = (—AkD)t + (At + 24, T)n + (ky)b.
S0 we get
Ky, = ATy + 24,T.
And by the compatibility condition n,,, = n,,,, we obtain
Nyy = (—xt + th), = (—k, + 1,0t + (—xkAt + ty)n + (A, + 7,)b,
Ny = (—Att +yb), = (—A, T — At )t + (—KkAT + TY)n + (¥ )b.
Thus, we get
T, = Ak + Yy
Finally, the compatibility condition b,,, = b, gives that
byy = (tn), = (=At?)t + (r,)n + (17)b,
by = (Ayt +yn)y = (Ayy — KVt + (Ayk + y)n + (T)b.
Then, we get
Ay = —AT? + kY.
The system
Ky, = Aty + 22,7,
T, = Ak + Vi
Ay = —AT?2 + Ky
can be considered as the Gauss-Minardi-Codazzi equations for the surface. By the constraint
Ax + Bt =1,
the system is well determined and the surface o is guaranteed to be a Razzaboni surface.
Similar to case 1, we can define Razzaboni transformation ¢: o — ¢* as
o*(u,v) =o(u,v) + An(u, v).

It is easily seen that the transformation ¢ satisfies all properties of Razzaboni transformation. Here u*
and v* are the geodesic coordinates of dual Razzaboni surface o*. And let {t*,n*, b*} be the Frenet Frame
of Bertrand geodesics of dual Razzaboni surface o*. Then the u* — parameter curves are unit speed
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spacelike Bertrand geodesics and v* — parameter curves forms orthogonal timelike parallels. Since the
geodesics of the Razzaboni surface and its dual are Bertrand mates, we have n = n*. Also we have

oy = oy + An, = (1 — Ak)t + Atb = ©(Bt + Ab).

That is
_ Bt+Ab
T JVBZ—AZ
Since b* = —t* X n*, we obtain
—At + Bb
b* = ——.
BZ _ AZ

And

du* =+/B?% — A%7du.

Moreover, we have

o B _— A b = kB + At
w T BZ A2y v (BZ—Af)r t T (B2— AR
. . kB + At kB + At
K = (t,n*), = m(mn)m =B a7
b = A - B b = —Ak + Bt
w T T Bz A2y v T (BZ— At T (B2 — ARV
. . —Ak + Bt —Ax + Bt
" = (b, n*)y, = m(n, ny, = B? — A7

Theorem 2. Let ¢ = g(u, v) be Razzaboni surface with geodesic Bertrand curve having timelike
binormal. Then, the curvature and torsion of Bertrand geodesic of dual Razzaboni surface ¢* are found
as

. kB + At
= (B% — AT
. —Ak + Bt
b T B Ay

respectively.

Case 3: Geodesic Bertrand curves of the Razzaboni surface are timelike.
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Let 0 = o(u,v) be a one parameter family of timelike geodesic Bertrand curve in M3. And let u and v
be the geodesic coordinates of the Razzaboni surface a. Then the first fundamental form of the surface is
of the form

[ = —du? + 212dvZ.

Here the u — parameter curves are unit speed timelike Bertrand geodesics and v — parameter curves form
orthogonal spacelike parallels. Since (o, g,,);. = 0 and the principal normal n of geodesics are normal to
the surface, then the tangent vectors of coordinate curves are given as

o,=t and o,=41b

where b denotes the binormal vector field of geodesics. The variation of the Frenet Frame {¢t,n, b, } of
Bertrand geodesics in u — direction is obtained as follows:

t 0 k O t
[n] =k 0 -1 [n]
b, 0 7 O b

by setting (&4, €3, €3) = (—1,1,1) in Equation 1. The variation of {t,n, b} in v — direction must be in the

following form:
t 0 a Prt
[n] = \a 0 y] [n]
by B —vy 0llb

The compatibility condition a,,,, = g, implies that

an + b = (At)n + A, b.
So, we get @ = At and 8 = A,.. Then the variation of {t,n, b} in v — direction becomes

t 0 At A,rt
[n] = [/11 0 y ] [n]
bi, Ay —VY b

u

On the other hand, the compatibility condition t,,, = t,,, implies that
tuy = (kn), = (AkT)t + (k,)n + (ky)b,
tyu = (Atn + A,b)y, = (AkT)t + (At + 22, T)n + (kY )b.
S0 we get
Ky, = Aty + 24,T.
And by the compatibility condition n,,, = n,,, we obtain
Ny, = (kt — th), = (k, — A0t + (KAt + y)n + (Ayk — 1,)b,

Ny, = (Att +yb)y, = (ATt + Attt + (KAt + y)n + (y,,)b.
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Thus, we get
T, = Ak — Yy
Finally, the compatibility condition b,,, = b,,, gives that
byy = (tn), = (Ar?)t + (r,)n + (ty)b,
byy = (Aut —=yn)y = (Auy — KVt + (Ayk — v )n + (Ty)b.
Then, we get
A = A72% + Ky
The system
K, = AT, + 24,7,
Ty = Ay = Yu
Ay = AT% + Ky
may be regarded as the Gauss-Minardi-Codazzi equations for the surface. If the constraint
Ak +Bt =1

is imposed then the system is well determined and the surface o is guaranteed to be a Razzaboni surface.

Again, we define the Razzaboni transformation ¢: ¢ — o™ as follows;
o*(w,v) =o(u,v) + An(u,v).

Let u* and v* be the geodesic coordinates of dual Razzaboni surface o*. And let {t*,n*, b*} be the Frenet
Frame of Bertrand geodesics of dual Razzaboni surface a*. Then the u* — parameter curves are unit speed
timelike Bertrand geodesics and v* — parameter curves form orthogonal spacelike parallels. Since the
geodesics of the Razzaboni surface and its dual are Bertrand mates, we have n = n*. Also we have

o, = o, — An, = (1 — Ax)t + Atb = 1(Bt + Ab).

That is
t* = ! (Bt + Ab)
VB2Z — A2 '
Since b* = —t* X, n*, we obtain
b* = ! (—At + Bb)
VB2 — A2 '
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And

du* =+ B? — A%7du.

On the other hand, we have

o B - A b = Bk + At
w T (BT A% v (BZ— A2 % (BZ— AR "
. . Bx + At Bx + At
K = (tu*;n )]L = (BZ _ AZ)T (nln)l = (BZ _AZ)T'
b o —A - B b _ —Ax+ Bt
W T (BZ— A%y v (BZ—Af)r * T (B2- AR "
. . —Ak + Bt —Ak + Bt
T = <bu*,n )]L = (BZ _AZ)T <n, n)]L = (BZ _AZ)T'

Theorem 3. Let ¢ = o(u, v) be Razzaboni surface with timelike geodesic Bertrand curve. Then, the
curvature and torsion of Bertrand geodesic of dual Razzaboni surface o* are found as

. Bx + At
T BT
. —Ak + Bt
b T B Ay

respectively.
4. CONCLUSION
In the first case, we obtain that the solutions «, 7, A and y of the system
K, = Aty + 22,7,
Ty = —Ayk = Yy,
A = —AT? — Ky,
Ak + Bt =1

constitute the spacelike Razzaboni surfaces in M3. In the second case we obtain that the solutions , , 1
and y of the system

K, = Aty + 22,7,
Ty = Ak + Yy,
Ay = —AT2 + kY

Ak + Bt =1
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constitutes the timelike Razzaboni surfaces with timelike v — parameter curves in M3,

For first and second cases, the second fundamental form of the surface o is of the form
A
I = —kdu? — 2Atdudv + E(—/luu — At?)dv?.

Then the Gaussian curvature of the surface is obtained as

In the last case, we obtain that the solutions k, 7, A and y of the system
K, = Aty + 22,7,
Ty = AyK = Yy,
Ay = A% + Ky
Ak+ Bt =1

constitute the timelike Razzaboni surfaces with timelike u — parameter curves in M3. In this case, the
second fundamental form of the surface is of the form

A
Il = —kdu? — 2Ardudv + ;(—Auu + At2)dv?.

Then Gaussian curvature of the surface is obtained as

then Razzaboni transformation of the surface coincides to the main Razzaboni surface. That is

p(0) =o.

In the case of B = 0, which means that Bertrand geodesics of the surface ¢ must have constant curvature,
we have

=
Il
| =

Thus, Razzaboni transformation is defined as

p(oc(u,v))=0c"(w,v) =0(,v)+ %n(u, V).
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Since
K'=——=—kK,

then Razzaboni transformation maps the surface o, whose Bertrand geodesics have constant curvature, to
the surface o, whose Bertrand geodesics also have constant curvature with the opposite sign. Moreover,
the torsions of Bertrand geodesics of the surfaces satisfy the relation
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