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(k, s)-Riemann-Liouville fractional integral and
applications
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Abstract

In this paper, we introduce a new approach on fractional integration,
which generalizes the Riemann-Liouville fractional integral. We prove
some properties for this new approach. We also establish some new
integral inequalities using this new fractional integration.
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1. Introduction

Fractional calculus and its widely application have recently been paid more and more
attentions. For more recent development on fractional calculus, we refer the reader to
[7, 12, 15, 16, 19]. There are several known forms of the fractional integrals of which two
have been studied extensively for their applications [5, 10, 11, 14, 21]. The first is the
Riemann-Liouville fractional integral of ez > 0 for a continuous function f on [a, b] which
is defined by

Jff(x):ﬁ/z (@ -0 f(B)dt, a>0, a<w<b
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This integral is motivated by the well known Cauchy formula:

/: dts /:1 dtg.../atn_l F(tn)dtn = ﬁ /: (z — )" ' f(t)dt,n € N*.

The second is the Hadamard fractional integral introduced by Hadamard [9]. It is given
by:

Jo f(z) = %a) /z (log %)ail f(t)%, a>0, z>a.

The Hadamard integral is based on the generalization of the integral

for n € N*.

In [10], Katugampola gave a new fractional integration which generalizes both the Riemann-
Liouville and Hadamard fractional integrals into a single form. This generalization is
based on the observation that, for n € N*,

x t1 thn—1 1—n x
/ tidtl/ tgdtg.../ t3 f(tn)dt, = %/ (z°t! —ts“)"*ltsf(t)dt,

which gives the following fractional version

s Ja (8 + 1)17n v s+1 s+1 a—1 g
J = -t t°f(t)dt
@ =Tt | @ ) p,
where « and s # —1 are real numbers.

Recently, in [6], Diaz and Pariguan have defined new functions called k-gamma and k-
beta functions and the Pochhammer k-symbol that is respectively generalization of the
classical gamma and beta functions and the classical Pochhammer symbol:

15 il

T(z) = tim ORI
n— oo (;Ij),%k

where (), % is the Pochhammer k-symbol for factorial function. It has been shown that

k
the Mellin transform of the exponential function e~ 'F is the k-gamma function, explicitly
given by

oo k
Tk(z) = / tzflef%dt,x > 0.
0

Clearly, I'(z) = Ilimll"k(:v), Ii(z) = k%ﬂl"(%) and I'y(x + k) = aT'x(x). Furthermore,
—

k-beta function is defined as follows
1/t e y_
Bulow) = [ T a- 0t e
k Jo

so that By(z,y) = 1 B(%, ) and By(z,y) = %
Later, under the above definitions, in [13], Mubeen and Habibullah have introduced the

k-fractional integral of the Riemann-Liouville type as follows:

a 1 N &1
J = — —t)k t)dt 0 0.
TN = g [ @ 0ET 0 a0, >
Note that when & — 1, then it reduces to the classical Riemann-liouville fractional
integral.
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2. (k,s)-Riemann-Liouville fractional integral

In this section, we present the (k, s) fractional integration which generalizes all of the
above Riemann-Liouville fractional integrals as follows:

2.1. Definition. Let f be a continuous function on on a the finite real interval [a, b].
Then (k, s)-Riemann-Liouville fractional integral of f of order o > 0 is defined by:

@1)  §J0f(z) = L;}izaf / (e — Y E e p e, x € a0,

where k > 0,s € R\{—1}.
In the following theorem, we prove that the (k, s) fractional integral is well defined:

2.2. Theorem. Let f € Li[a,b],s € R\{—1} and k > 0. Then {Jg f(z) exists for any
z € [a,b],a > 0.

Proof. Let A :=[a,b] X [a,b] and P: A — R ; P(z,t) = [(9{:3+1 - ts“)%fl ts] . It clear
to see that P = Py + P_, where

Po(tym § @) E e a<i<a<y
’ 0 a<zxz<t<b

and

Py @ =) E e a<i<a<h
IR 0 ,a<zxz<t<b.

Since P is measurable on A, then we can write

b x x a a
/ P(z,t)dt = / P(z,t)dt = / (mS-H o ts-H)?*l dt = g (ms-H o as+1)? )

/ab |f(z)] (/ab P(x,t)dt) dx
k

_ ok /b (xs-&-l . as+1)% \f(2)| da

By using the repeated integral, we obtain

/ab (/ P(x,1) /(=) dt) de

< Eet-aE [ @)l o
That is
/ab (/:P(m,t) |f(:v)|dt) dr = /ab If ()] (/abp(m,t)dt) de
k

< S =@ @)y, < oo

Therefore, the function @ : A — R; Q(zx,t) := P(x,t)f(x) is integrable over A by
Tonelli’s theorem. Hence, by Fubini’s theorem f; P(z,t) f(x)dx is an integrable function
on [a,b], as a function of ¢ € [a,b]. That is, 7J5 f(z) exists. |

Now, we prove the commutativity and the semigroup properties of the (k, s)-Riemann-
Liouville fractional integral. We have:
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2.3. Theorem. Let f be continuous on [a,b],k > 0 and s € R\{—1}. Then,
W [M2F@)] = @) = WL TS @),

for alla>0,8> 0,z € [a,b].

Proof. Thanks to Definition 1 and by Dirichlet’s formula, we have

(s+ 1)17%

s Je [ ZJff(x)} = kTk()

/ (@ — )T g8 f(tdt

_a _5 3
_ (54—1)1 k © s+1 s+1\ 51 ,s (S-‘-l)1 k t (ys+1 s+1 21 s
= kDL (a) fa (x -t ) ot [ kT (B) fa (t -7 ) Pt f(r)dr| dt

_a _B 3
o (s+D)PTR pmopost1 s+1\ T =1 s (s+1>1 E ot (1s+1 s+1 2-1
= e fa (x —t ) Bt {7“;&6) fa (t -7 )’“ 7°f(7)dT| dt.

That is

(2.2)
v [ 1725 = W / rtfn) [ / T (@t Sty B e (ot et B dt} ar.

T

Using the change of variable y = (15S+1 — T5+1) / (:cSH — 7'5“) , we can write

(2.3)
v s+1 s+1\ 51 /,s+1 s+1 %—1 s (zs+1775+1)"‘;5—1 1 a_q1 B_1
(1: -t ) (t -7 ) tdt = s+1 fo (1 _y)k yFEdy
atpB a+pB
2S5t _ s+l 1 o B8 _ 2S5+l s+l !
) F T 5+1) Jo(l—y)ttyrtay ) F s+1) kB (a, B).
According to the k-beta function and by (2.2) and (2.3), we obtain
at+pB
s Jo s 18 . (S+1)1iT * s+1 s+1 M*l s
kJa |: kJa f(x)] = m . (l’ — T ) k T f(T)dT
= @)
This completes the proof of the Theorem 2.3. O
2.4. Theorem. Let o, 3 >0,k >0 and s € R\{—1}. Then, we have
8_ atf
A APl oo pup—C R S
(s+ DI Tu(a+B)

where T'y, denotes the k-gamma function.
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Proof. By Definition 1 and using the change of variable y = (27! — t**1) / (2°T' —a**) ;2 €
la, b], we get

ZJ;‘[(xS“—a”l)%’l] - 7(5];;12;;% /I(xs“—ts“)%*lts(té‘“—as“)aTw*ldt
k a

a atB 4

(5.|_ 1)‘% (xs+1 _ as+1) * /1 « q B_4
1—y)k tyrd
EAE) ; 1-y)*F 'y Yy

atf_q
_ ($S+1 o as+1) %
= (S—"—l)%rk(a) Bk(aMB)

The case a = z is trivial. The proof of Theorem 2.4 is complete. O

2.5. Remark. (i:) Taking s =0,k > 0 in (2.4), we obtain

el _ 5_1 _ Fk(ﬁ) _
(2.5) kg [(m a)* ] = That B (r—a)
(23 :) The formula (2.4) for s = 0,k = 1 becomes
@ — F(/B) « -1
PAY- Lo N _ +8
Ja[(x a) ]7F(a+ﬁ) (z—a) .
2.6. Corollary. Let k > 0 and s € R\{—1}. Then the formula

a+pB
e -1

1 a_g
2.6 pJa(1) = - SHL_ oty
(2.6)  xJa (1) G+ Tr(a+ k) (z a®)

is valid for any a > 0.

2.7. Remark. (a:) For s =0,k > 0 in (2.6), we get

I R L
(b:) For s =0,k = 1 we have
) = g -0

3. Some new (k, s)-Riemann-Liouville fractional integral inequal-
ities
Chebyshev inequalities can be represented in (k, s)-fractional integral forms as follows:

3.1. Theorem. Let f and g be two synchronous on [0,00). Then for allt >a >0, a >
0, B > 0, the following inequalities for (k,s)-fractional integrals hold:

(3.1 kJafe(t) > 57100) rda f(t) kJag(t)

(3.2)  FJSfe(t) RIEQ) + RJEfa(t) PIS(1) > RISF(E) wILg(t) + RIS g(t) RJILF ().

Proof. Since the functions f and g are synchronous on [0, 00), then for all z,y > 0, we
have

(f (=) = F(y) (g (x) — g(y)) = 0.

Therefore

33) f@g@+fWaw)>f(@)gly)+fy)gx).
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Multiplying both sides of (3.3) by % (5 — x‘9+1)%71 x°, then integrating the
resulting inequality with respect to = over (a,t), we obtain

(5+ )1_7 K s+1 s+1 %*1 s
W/a (75+ —:U+) z°f () g (z)dx

A [ = e ) g de

& %/ (1 =2 F T (@) g () da

(s+ 1)17% i s+1 s+1y 71 s
T @) /a (T =" E 2 f (y) g (x) da,
ie.

(34) RIS fa®)+fWa) iJa (1) >g(y) vl f(t)+F(y) iJag().

1-< o
Multiplying both sides of (3.3) by % (L5t — gyt F ! y®, then integrating the

resulting inequality with respect to y over (a,t), we obtain

o 5—1—11_%
L2 Fa(t) /

CkTy(a) é“)iil ydy

(s+1) 7%
ki ()

o 5—1—1 %
= ) C kTg(a) /

S « S+1 17% ¢ S S g_l S
+ k%ﬂﬂ%/ E =y ET Y f (y) dy,

a+1
s S+1 17% s+1 s+1 *_1 s
+RJa (1) )E (g (y)dy
s+1

S 1 S
— ) gy dy

that is

LI F0(t) > Sy 120 12 a(0)

The first inequality is thus proved.

-2 5_
Multiplying both sides of (3.3) by % (ts+1 — ySH) . y*®, then integrating the

resulting inequality with respect to y over (a,t), we obtain

B
S (6% S+1 17% t S S é71 S
kJafg(t)%/ E =y gty

-2 8,
O el T an L OPIL

B
S (a7 S+]‘ 17? t S S ﬁ_l S
> mhf(ﬂ%/ (" =y Y g(y)dy

-8 8,
+}1J§g(t)%/ (tS“—y”l)[’z v f (y) dy,
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that is
RIS Fa(t) RIS (1) + D Fa(t) RTe (1) > RJSF() 2TEg(t) + IS g(t) 2L F(t)

and the second inequality is proved. The proof is completed. O

3.2. Theorem. Let f and g be two synchronous on [0,00), h > 0. Then for allt > a >
0, a >0, B> 0, the following inequalities hold:

( +1)5; (B+ k) (tSH_“SH)%2 kJa Fgh(t)
S k1L

1 s4+1 s+I\ 72 s 48
+ 5 e - b kJafghlt
(s+ 1)F (e + k) ( @) wJa fgh(®)

> RJafh(t) RIEg() + RI2gh(t) RJLF(t) = RISR(E) R Fe(t) — RIS Fg(t) RITAE)

+ RIS F() RIEgh(t) + RIS g(t) 2 T8 fh(t).

Proof. Since the functions f and g are synchronous on [0,00) and h > 0, then for all
xz,y > 0, we have

(f () = f() (g (x) = g(v)) (h(x) + R (y)) > 0.

Hence,

(3.5) f@)g (@) h(z)+f(y)gy)h(y)

Y

f@)gy)h(@)+f(y)g()h(x) = f(y)gy)h(z)

—f(x)g(x)h(y)+f(x)g@) h(y) + f(y)g(x) h(y).
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1-< o
Multiplying both sides of (3.5) by (S;Fllj(a)k (L5 — sty * ' 2°, then integrating the

resulting inequality with respect to = over (a,t), we obtain

v
@
—~
N
=
=

=
ES
—

Q
=
@\“

—~
—
Py
+
=
8
w
+
—
SN—
>R
|
A
w
~
—
N
>
—
8
NI
IS
8

+f(y) M/ - CCSH)%ﬂxsg (z) h(z)dz

*f(y)g(y)(krTé)/ (T — 2 2oh (2) da

a

—h (y) OR /a (ts+1 — $s+1)%71 z°f (x) g (z)dz

(s+1 =%

+g(y) h(y) T@)

t (e
/ (tsJrl - :vSH)Z_l z° f (z) dx

+f(y) h(y) %/ e+ - ms+1)%71msg () dz.

That is

(3.6) kJa fgh(t) + f () g () hly) ¥Ja (1)

\Y]

g (y) ko fh(t) + f (y) #Jagh(t) — f(v) g (y) wJah(t) — h(y) iJa fa(t)

+9 () h(y) wJa f()+ () h(y) wJag(t)
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1-2 5_
Multiplying both sides of (3.6) by % (Lt — sty E ! y°, then integrating the

resulting inequality with respect to y over (a,t), we obtain

B
S (8% S+1 17? t S S E_l S
g fgh(t)i( ) / (" =y ) P T ydy

kCe(B)  Ja
1_§ t B_4
+ZJ5(1)%/ (=) ()9 () hw)dy

-2 B _
> ZJgfh(t)%/ (ts+1—ys+1)g 1ysg(y)dy

-8 8
* ijggh(t)% [ =

-2 8,
_paen@ETD E [ e =™ i)y

kTw(8)
17% t B _4
_ st‘fg(t)%/ (tsﬂ,ysﬂ)i y h(y)dy
-2 ot 64
+ ZJff(t)%/ (=) g () h () dy

-2 8
+ 2%‘59@)%[ (ts+1 —ys+1)£ 1ysf(y)h(y)dy.

Consequently,

LIS Fah(O)i T (1) +5 Jo (V)0 fgh(t) > wJafh(t) 2J2g(t) + 5JSgh(t) 2L f(t)
— JSh(t) 25 Fa(t) — wTe fg(t) 2 JE ()

+RJaf(8) RIZgh(t) + RITg(t) RIEFR(D).
The proof is thus complete. O
3.3. Corollary. Let f and g be two synchronous on [0,00), h > 0. Then for allt > a >
0, a > 0, the following inequalities hold:

1
(s+1)%Tx(a+k)

Z o fh(t) WJag(t) + ko gh(t) ko f(t) — kJah(t) ke fg(t).

(1 = a ) E 7 R fgh()

3.4. Theorem. Let f,g and h be three monotonic functions defined on [0, 00) satisfying
the following

(f () = F(¥) (g (x) = 9(y)) (h(x) = h(y)) 20
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for all x,y € [a,t]. Then for allt > a >0, a >0, 8> 0, the following inequalities are
valid:
1

(s +1)RT(B + k) (tSH_asﬂ)%2 kJa fgh(t)
S k1l

1 s41 s+I\ 72 s 48
_ _ t — k Jo fah(t

> RJafh(t) RIEg() + RI2gh(t) RJLF() = RISR(E) 2L Fe(t) + RIS Fg(t) RITA(E)

—iJa f(t) 22 gh(t) — T2 g(t) 22 Fh(1).
Proof. We use the same arguments as in the proof of Theorem 3.2. O

3.5. Theorem. Let f and g be two functions on [0,00). Then for allt > a >0, a >
0, B> 0, the following inequalities for (k,s)-fractional integrals hold:
1

(s+1)%T%(B + k)

1 s+1 s+I\E—2 s 18 2
+ - "7 —a k JL g (t
(s—|—1)?I‘k(a—|—k)< ) #Jag(?)

B_
(3.7) A L &SI 1)

> 2J5f() R Ilg(t)
(38)  RJESA) RIZGPH) + RILFIH) IS (t) = 2 I8 fa(t) 7L fg(t).
Proof. Since

(f(z) —g(y)* >0,

then, we have
(3:9)  fi=)+4°(y) > 2f(2)g(y).

- o -2 B _
Multiplying both sides of (3.9) by % (ts+1 — ¥t * ' 2° and % (L5 — ot R ! v,

then integrating the resulting inequality with respect to z and y over (a,t) respectively,
we obtain (3.7).
On the other hand, since

(f(@)g(y) — f(y)g(x))* >0,

then, with the same arguments as before, we obtain (3.8). O

3.6. Corollary. Let f and g be two functions on [0,00), then for allt > a >0, a > 0,
the following inequalities are valid:

1
(s+1)%Tk(a+k)

(! =) EE [l 0 + e )]

> 23J3 f(t) ke g(t)
RGP RIe g’ () = [k fa()]
3.7. Theorem. Let f: R — R with:

flz) = /z t’f(t)dt, ©>a>0, s R\{-1}.
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Then, for oo > k > 0 we have:

B2 () = ¢ e )

Proof. By definition of the (k, s)-fractional integral and by using Dirichlet’s formula, we
have

S « 17% N S S 371 S ¢ S
plo f(x) = (M‘T/ (z H—t“)’“ t/uf(u)dudt

)
(

= s+ % 12 * /x u’ f(u) /r (ﬂcs+1 - ts+1)%_ltsdtdu
)

_ (5+1 k / (ms+1 —u5+1)%u5f(u)du

= kI ().
This completes the proof of Theorem 3.7. (]
We give the generalized Cauchy-Buniakovsky-Schwarz inequality as follows:

3.8. Lemma. Let f,g,h: [a,b] — (0,00) be three functions 0 < a < b. Then

(3.10)
([ smwmaron) ([ sovomoe) ([ on (t)f(t)dt)2 ,

where m,n,x,y arbitrary real numbers.

Proof.

/ [\/gm(t)h”(t)f(t)\/ / g”(t)hy(t)f(t)dt—\/g"(t)hy(t)f(t)\/ / gm(t)hz(t)f(t)dt] dt >0

b b b
/ [gm(t)hx(t)f(t) / " (ORY () F(E)dE + g™ (OB (D) £ (D) / g™ (R (8) f()d

2 (t)h“'ﬁy(t)f(t)\/ / gm(t)hz(t)f(t)dt\/ / g”(t)hy(t)f(t)dt] dt

([ owwron) ([ s onosoan)

> 2 (/abg”fz*" (Hh"=" (t)f(t)dt> \//abgm(t)hZ(t)f(t)dt\//abg”(t)hy(t)f(t)dt

which gives the desired inequality. O

3.9. Theorem. Let f € Li[a,b]. Then

a_ n(e— mtn o _ T 2
(3.11) (ZJ;n(k 1)+1f7‘(x)) (ZJa(’“ 1>+1fp(x)> > (ZJa fn (o 1)+1f 2p(m)) 7

fork,m,n,r,p >0 and a > 1.
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Proof. By taking g(t) = (z*+! — t+1) ¥ 71 f(t) = LCED R 4nd p(t) = £(2) in (3.10),

kT ()
we obtain
et F /z s+l s+1\m(EF—1) s or (54—1)71_% /Z s+1 s+1\n(E—1) s op
(St [ @ ey E e ) (SRl [t ey E 0 e i
a 2
(s+1)'"* /z o+l _ ety ZER(§ 1) s 1R
> —_— — 2tk 2
> ( i) ), (z ) tf 7 (t)dt
which can be written as (3.11). O

3.10. Remark. For k =1 in (3.11), we get the following inequalities:

(J:i(a—lHlfT(x)) (k.];(“_l)ﬂfs(x)) > (kJam;n (a71)+1f%($)>2~
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